SKOLTECH, REPRESENTATIONS OF FINITE GROUPS PROBLEM SET 2
CHARACTERS, IRREDUCIBLES, FOURIER TRANSFORM.

Problem 1. Let C" be the standard representation of S,, and C" =V & C,,;, is its decomposition into
irreducible representations. Prove that A*V is irreducible for any 1 < k < n.

Problem 2. Let T be a faithful representation of G and let yr be the corresponding character.
a) Show that |x(¢)| < dim7 and x(¢g) = dim T only for g = e.

6) Compute the character x of (T ® Cyi)®Y and (x7, x)-

B) Show that any irreducible occurs as an irreducible summand for 7% for some N.

Definition. An algebraic integer is an element z € C which is a root of a monic polynomial with integer
coefficients.

Proposition. Algebraic integers form a subring of C.

Problem 3. a) Let C' C G be a conjugacy class. Show that the element oo = >
and hence acts by a scalar A¢ on any irreducible representation.

6) Show that the ring Z[G] is Noetherian Z-module. Deduce from this fact that A¢ is an algebraic integer.
B) Let T be an irreducible representation of finite group G. Compute (x7, xr) and show that dimT"| |G].

gec 9 is central in C[G]

Problem 4. Show that characters of a finite abelian group form a group G which is isomorphic to G (not
canonically).

Definition. Let f : G — C be a function, GG is a finite abelian group. The Fourier transform of f is a

function f: G = C, f(x) = 3. f(z)x(x). The Fourier transform is a map
zeG

Fo =F : Fun(G) — Fun(G)
Problem 5. (“Fourier inversion formula”) Let S¢ : Fun(G) — Fun(G),f ~ ¢ such that g(z) =
f(z™)Vx € G. Show that Fz o F¢ = Sg. Equivalently, for any f € Fun(G)

1 P
f(z) = €] > fa)x(@).

xe@

Let G be an arbitrary finite group. Then there is an isomorphism of vector spaces a : C[G] — Fun(G),
a(x) = 6, for any x € G. Define the convolution on Fun(G):

fux fa=ala (e (f2)).
Notation: Fun,(G) = (Fun(G), *).
Problem 6. a) Show that (fi * fo)(z) = Y. fi(y)f2(2) = > fily) foly™'z)

yz=x yel@

~

6) Let G be a finite abelian group. Then F : Fun,(G) — Fun(G) is an isomorphism of algebras.
B) (“Plancherel"theorem”) F¢ is a unitary isomorphism (here we use the second orthogonality formula for

A

characters in order to define a Hermitian form on Fun(G)).
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