
ËÈÑÒÎÊ 2 ÏÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÌ

ÓÐÀÂÍÅÍÈßÌ

Ëèñòîê ñäàåòñÿ î÷íî 19 äåêàáðÿ ïî ïðåäâàðèòåëüíîé çàïèñè (ñì. ãóãë-ôîðìó íà
ñòðàíèöå êóðñà). Çàïèñü çàêàí÷èâàåòñÿ 16 äåêàáðÿ. Çàïèñûâàþòñÿ òå, êòî ðåøèë íå
ìåíåå òðåõ çàäà÷.

1. 1 (1+3). Äîêàæèòå, ÷òî êîðíè óðàâíåíèÿ zn = 1 îáðàçóþò ãðóïïó ïî óìíîæåíèþ
ïîðÿäêà n. Ñôîðìóëèðóéòå è äîêàæèòå îáðàòíóþ òåîðåìó.

2. (3 + 1) a) Ïîêàæèòå, ÷òî åñëè ìàòðèöû A(t) êîììóòèðóþò äðóã ñ äðóãîì ïðè
ðàçíûõ çíà÷åíèÿõ t, òî äëÿ ðåøåíèÿ óðàâíåíèÿ ẋ = A(t)x âåðíà ôîðìóëà x(t) =
exp

∫
(A(t)dt)c, ãäå c � ïðîèçâîëüíûé âåêòîð.

b) Íà ïðèìåðå ñèñòåìû ẋ = y, ẏ = tx ïîêàæèòå, ÷òî ýòà ôîðìóëà íåâåðíà â îáùåì
ñëó÷àå.

3. (7) Äëÿ ëþáîé íåïðåðûâíîé ôóíêöèè f íà îêðóæíîñòè R/2πZ è ëþáîãî óãëà
ϕ äëÿ êîòîðîãî îòíîøåíèå ϕ

2π
èððàöèîíàëüíî, äîêàæèòå, ÷òî âðåìåíí�îå ñðåä-

íåå ôóíêöèè f âäîëü îðáèòû èððàöèîíàëüíîãî ïîâîðîòà íà óãîë ϕ � âåëè÷èíà
limn→∞ 1

n

∑n−1
0

f(x+ kϕ) � ðàâíà ïðîñòðàíñòâåííîìó ñðåäíåìó 1
2π

∫
S1 f(x)dx.

Óêàçàíèå. Ðàññìîòðèòå ñëó÷àé, êîãäà f � òðèãîíîìåòðè÷åñêèé ìíîãî÷ëåí, à çà-
òåì âîñïîëüçóéòåñü òåîðåìîé Âåéåðøòðàññà î ïðèáëèæåíèè íåïðåðûâíîé ôóíê-
öèè òðèãîíîìåòðè÷åñêèì ìíîãî÷ëåíîì.

4. (3) Ïîëíî ëè ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé íà îòðåçêå [0, 1] ñ íîðìîé

∥f∥ =
∫ 1

0
|f(x)|dx?

5. (5) Íàéäèòå ïðîèçâîäíóþ 2π-ïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ ẋ + sinx =
ε cos t, îáðàùàþùåãîñÿ ïðè ε = 0 â x ≡ 0, ïî ε ïðè ε = 0.

6. Ïóñòü A(t)� 2π-ïåðèîäè÷åñêàÿ íåïðåðûâíàÿ 2 × 2-ìàòðèöà ñî ñëåäîì trA(t) =
sin t. Ïóñòü M �ìàòðèöà ìîíîäðîìèè çà ïåðèîä ñèñòåìû ẋ = A(t)x. Äîêàæèòå,
÷òî åñëè | trM | < 2, òî íóëåâîå ðåøåíèå ýòîé ñèñòåìû óñòîé÷èâî ïî Ëÿïóíîâó, à
åñëè | trM | > 2, òî íåóñòîé÷èâî.

7. (5 + 2) Èññëåäóéòå íà óñòîé÷èâîñòü íóëåâîå ðåøåíèå ñèñòåìû ẋ = A(t)x, ãäå
ìàòðèöà A 2-ïåðèîäè÷åñêàÿ, ïðè÷åì

A(t) =

(
1 −b
b 1

)
, t ∈ [0, 1),

A(t) =

(
−3 0
0 1

)
, t ∈ [1, 2).

a) b = π
2
b) b = π
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