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1 Introduction

Quite often, a group appears as a set of symmetries of some object - a set
equipped with geometrical, algebraic or combinatorial data. The theory of
quantum groups enlarges the notion of symmetry; a quantum group (often)
describes “generalized symmetries” of an object. In the case of a linear
(orthogonal, symplectic) quantum group, this object is a linear (orthogonal,
symplectic) quantum space - an algebra with certain quadratic relations. A
study of these underlying objects, the quantum spaces, helps to understand
the structure of the quantum groups. In these lectures I will illustrate the
role of the quantum spaces on two examples: non-perturbative effects in the
theory of Yang-Baxter operators and real forms of quantum groups.

To talk about non-perturbative effects, one should explain first, what
means “perturbative” or “deformational”. This is the subject of the sub-
section 2.1. The initial data for a quantum deformation of a Lie algebra £
is conveniently encoded in terms of another Lie algebra D(L), the Drinfeld
double of L. The Lie algebra D(L£) has an invariant scalar product and [ have
included a subsection 2.2 on the structure of Lie algebras with an invariant
scalar product.

For a semi-simple Lie algebra £, the most important deformations are
those which are called quasitriangular. They are classified by Belavin-Drin-
feld triples. The subsection 2.3 contains some information about the combi-
natorics of the Belavin-Drinfeld triples.

In section 3, after a geometrical interpretation of the quantum deforma-
tions of Lie groups, we introduce an algebra of functions on a quantum group;
a definition of GL-type quantum groups and quantum spaces is given in sub-
section 3.1. In subsection 3.2 we explain how to use a differential calculus on
a GL-type quantum space for calculating the Poincaré series.

Subsection 3.3 is devoted to 3-dimensional quantum spaces. We exhibit
an unexpected appearance of Yang-Baxter operators and give an example of
a non-perturbative Yang-Baxter operator. We prove the Poincaré-Birkhoff-
Witt theorem for the quantum space defined by this Yang-Baxter operator.

Subsection 3.4 deals with effects specific to quantum groups at roots of
unity. We introduce a terminology of formatted matrix algebras over local
graded rings, which is useful in the study of non semi-simple algebras. We
describe the matrix structure of the reduced quantum enveloping algebra and
the reduced function algebra for s,(2).



Subsection 4.1 contains a summary of the theory of quasi-triangular Hopf
algebras. In subsection 4.2 we classify Yang-Baxter matrices, which can have
non-zero entries only at places where the pair of lower indices is a permutation
of the pair of the upper ones. Subsection 4.3 gives a construction of the Yang-
Baxter matrices for orthogonal and symplectic groups from the Yang-Baxter
matrices for G'L.

In section 5 we describe a method of classification of real forms of quantum
groups. The method is based on the study of the corresponding quantum
spaces.

Throughout the text, a sum over repeated indices is assumed. If X =
{X;} and Y = {Y'} are two operators, the indices are summed as (XY)! =
X}CYJk in their product.

2 Lie bialgebras

A Hopf algebra H is a collection of data { H,m, A, S, ¢}, where H is a vector
space over a ground field k; m : H@ H — H a multiplication; A: H - HQ H
a comultiplication; € : H — k is a counit and S : H — H an antipode. For a
precise formulation of various relations between these maps see e.g. [1]. Let
me just remind that for a Hopf algebra H one knows how to build tensor
products of representations and it is given universally by A; the counit gives
rise to a trivial representation; the antipode is needed to build contragredient
representations.

The classical examples of Hopf algebras are group algebras k[G] of finite
groups (¢ and universal enveloping algebras U(L) of Lie algebras L.

2.1 Deformation of the coproduct

Let £ be a Lie algebra over C and i/ its universal enveloping algebra. Denote
by {X;} a basis of L. The classical coproduct Ag : U — U @ U is given on
generators X; by AgX; = X; ® 1 +1® X;. The map Ay is a coassociative
homomorphism (coassociativity means (Ag@[)Ag = (1@ Ag)A for the maps
U — URURU; here | is the identity map). In this subsection we shall study
deformations of the coproduct Ag. A deformation of Ag is, by definition, a
coassociative homomorphism AU — U Q U,

Ala) = Aola) + adi(a) + oz2qb2(a) +... . (2.1.1)
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The right hand side is a formal power series in the parameter a, which is
called a deformation parameter. The coefficients ¢y (a) are elements of U @U.

Our task is to understand which deformations are “essential”, in the sense
that they cannot be removed by some redefinition of generators. Here is the
answer modulo o?.

Theorem 1. Any deformation of Ay, after a change of generators, takes a
form (in the first order in «)

The antisymmetric tensor /,sz (/,Lfk = —/,ij) is a 1-cocycle with values in A2L,
€ ZHL,A*L); explicitly:
ab 5 . a

K3

where Nf}b = F?y/,L;fb and [ab] means antisymmetrization in indices a and b,

tlabl — yab _ b for 4 tensor t*°. Here Ffj are the structure constants of the

Lie algebra £, [X;, X;] = ', Xk

Proof. Assume that A is a deformation of the classical coproduct Ay. On
the generators X; we have

with some ¢; € U @ U, where dots denote higher powers in a.
The coassociativity, in order o', is equivalent to a following equation on
qbi in U®3
G 1+ (MA@ D) =1@ ¢ + (1@ Ag)y (2.1.5)
I is the identity operator. The algebra U®? is the enveloping algebra of
LBLEL. Let X;, Y; and Z; be the generators of the first, second and third

copies of L, respectively. Then the equation (2.1.5) can be rewritten as
S+ (X 1YV, Z) = () + (XY +7) . (216)
The statement that A is a homomorphism reads, in terms of ¢;, as

(X + Y5, @] — [X; + Y], 6] = T (2.1.7)



(the algebra U @ U is the enveloping algebra of £L & L; X, and Y; are the
generators of the first and second copies of L).
Let o : U QU — U U be the flip, o(x @ y) = y @ x. Decompose ¢; into

symmetric and antisymmetric parts with respect to o,
qbi = S; + a; (218)
with o(s;) = s; and o(a;) = —a,.

Proposition 2. If ¢; satisfies (2.1.5) and (2.1.7) then both s; and «; satisfy
(2.1.5) and (2.1.7).

Proof. We have A'(X;) = Ao(X;) + adl + ..., where ¢ = o(¢;) = s; — a;.
If A'is a coproduct then A" = 00 A is a coproduct as well, so ¢! satisfies

(2.1.7),

(X + Y, &)+ [X; + Y], 6] = T4 (2.1.9)

and (2.1.5),
Holt (Mol =1ed+erd.  (2110)
Take the sum and difference of (2.1.5) and (2.1.10) (respectively, (2.1.7) and
(2.1.9)) to finish the proof. O

In particular, each part (symmetric or antisymmetric) of ¢; alone defines
a coproduct in order ol.

Clearly, a redefinition of generators can change only the symmetric part
of ¢;. We start by analyzing this case (the case of symmetric ¢;).

Proposition 3. Assume that A is symmetric in order o', ¢! = ¢;. Then
the a! terms can be removed by a redefinition of generators.

Proof. U is the algebra of polynomials in the generators X;. It is filtered by
the degree of polynomials, Ff are polynomials of degree < k. The associated
graded term FylU/Fy_1U is isomorphic to S*L, the symmetric power of L.
Any element u € U has a well-defined “highest symbol”: if u € FyUd \ Fr_1U
(\ is the set-theoretic complement) then its highest symbol is the image of
u in S*L. Denote by x; the basis of commuting variables corresponding to
generators X;. The highest symbol is a homogeneous polynomial in a set of
commuting variables x;.

The algebra U @U is the enveloping algebra of L& L, the highest symbols

are homogeneous polynomials in two sets of variables, z; and y;.
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Let f; be the symbol of ¢;. Then f; is a polynomial in two sets of variables,
fi = fi(x,y). The symmetry condition implies that f;(x,y) = fi(y,x).
The coassociativity implies, in order o', an equation

He+y,2)+ flz,y) = flz,y+2) + [y, 2) (2.1.11)
for each f;.

Lemma 4. Let f(x,y) be a homogeneous polynomial, symmetric with re-
spect to the flip @ « y. The polynomial f satisfies (2.1.11) if and only if
there exists a homogeneous polynomial g(x) (a polynomial in only one set of
variables ;) such that

flz,y) =glz+y)—g(x) —gly) . (2.1.12)

Proof. 1t is straightforward to see that f(z,y) = g(a +y) — g(x) — g(y)
satisfies (2.1.11).

Assume now that f satisfies (2.1.11). Let M be a total degree of f. If
M = 0 then f = ¢ is a constant and it is enough to take ¢ = —c. Assume
that M > 0.

Applying 8%1' to (2.1.11) and evaluating at @ = 0, we obtain an equation
(after replacing y — = and z — y)

01 floy = W flowry — Oiflow (2.1.13)

where 9! are the partial derivatives in the first set of variables.
Applying % to (2.1.11) and evaluating at z = 0, we obtain an equation

a§f|l’7y = a§f|x+y,0 - a§f|y,0 9 (2114)

where 0} are the partial derivatives in the second set of variables.
Since f is homogeneous of degree M, we have (x;0%+y;95) f = M f, which,
together with (2.1.13) and (2.1.14), gives

Mf =20 flowry + i05 S lovyo — 201 flow = yi0yflyo - (2.1.15)

The symmetry of f, f(z,y) = f(y,x) implies that 9} f|,, = 9?f|,.. There-
fore we can rewrite (2.1.15) in the form (2.1.11) with g(z) = ;20 flo... The
proof of the Lemma 4 is finished. a



We proved that for each ¢ there exists ¢;(x) such that

filz,y) = gl +y) — gi(x) — g:(y) - (2.1.16)

Let ¢Y(X) be an element whose highest symbol is ¢;(2). The combination
g (X +Y) =g/ (X) — ¢g/(Y) satisfies the equation (2.1.6). Therefore, an
element ¢;(X,Y) — ¢/ (X +Y) + ¢/(X) + ¢/ (Y), which has the filtration
degree smaller than the degree of ¢;(X,Y), satisfies (2.1.6) as well, and we
can apply the Lemma 4 again.

Repeating this process a needed number of times, we shall finally build a
set of elements v; € U such that

Pi(X, V) = (X + V) —5(X) —%(Y) . (2.1.17)

Let X = X, — ay;(X). It is straightforward to see that in the order o'
the coproduct for the generators X;' is classical, A(X]) = X/ @1+ 1@ X/.
It is left to show that one can choose ~; in such a way that the generators

X satisfy the same Lie algebraic relations as the original generator X;. It

will be so if and only if [X;,v;] — [X;, 7] — I}, = 0 for all i and ;.
Since A is a homomorphism, it follows immediately that elements v;; =

[ X, 7] = [ X5, %] — Ffﬂk satisfy relations
Vi (X +Y) = 35(X) +45(Y) . (2.1.18)

Equation (2.1.18) implies that the functions v;; are linear, ;;(X) = 75 X.
We shall need a short digression into the general theory of universal en-
veloping algebras (see, e.g. [2]).

An element v € U can be uniquely decomposed into a sum
u = symb”(u) + symb! (u) 4 ... + symb?(u) , (2.1.19)

where d is the filtration degree of u and symbA(u) = c“"'”‘XZ»1 ... X, for some
completely symmetric tensor ¢4, Elements of the form ¢4 X, ... X;,
with a completely symmetric ¢''4 form a subspace Y4 C U and the above
decomposition of u implies that ¢ is a direct sum of U4, U = B5_,U*. Each
U is a L-module (that is, commutators of generators X; with symb™(u) are

again in U4); in other words,

symb? ([ Xy, u]) = [X;, symb? (u)] . (2.1.20)
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The module 2/# is isomorphic to the symmetric power S4L.

Let v; = Y symb®(y;) be a decomposition of the form (2.1.19) of the
element ;. We have seen that +;; is in U* for each ¢ and j. It follows then
from (2.1.20) that v; = [Xi,symb'(7;)] — [X;,symb' ()] — Ffjsymbl(’yk).
Therefore, [X;,%;] — [X;,%] — %4 = 0 for all 7 and j, where 3, = v —
symb!(v;). Therefore, the elements X' = X7 — a?;(X) satisfy the same Lie
algebraic relations as the original generators X, [)N(Z,)N(]] = Ffj)N(k.

Moreover, since for an element ¢* € U', the combination ¢'(X + V) —
g'(X) — g"(Y) vanishes, the elements 3; = v; —symb' (%;) still verify (2.1.16).
Therefore, as before, the coproduct for the elements X; is classical.

Thus, the elements X; provide the needed redefinition of the generators
X;. The proof of the Proposition 3 is finished. O

Using, if necessary, the redefinition of the Proposition 3, we get rid of the
symmetric part of ¢;. Assume therefore that ¢; is antisymmetric. Again, let
fi be the highest symbol of ¢;. The symmetry condition is now fi(x,y) =
—fi(y,x). As before, the coassociativity implies, in order o', the equation

(2.1.11) for each 1.

Proposition 5. Let f(x,y) be a homogeneous polynomial, antisymmetric
with respect to the flip © < y. Assume that the polynomial f satisfies
(2.1.11). Then

flz,y) = v'*z (2.1.21)

for some antisymmetric tensor v, v7% = —p/",

Proof. The derivatives of f satisfy equations (2.1.13) and (2.1.14). There is
one more equation which we didn’t need for the Lemma 4. It is obtained by
applying aiy to (2.1.11) and evaluating at y = 0 (we change variables, z — y)

O floy + 05 f oo = 0flay + 0 floy - (2.1.22)

The antisymmetry of f, f(z,y) = —f(y,z), implies 9} fl., = —0*f|y-
Substituting 9% f|,, and 9%f|,., from (2.1.13) and (2.1.14) into (2.1.22) and

using the antisymmetry, we find

B flowty = O flow + 8 floy - (2.1.23)



Thus, 9! flo. is a linear function. Substituting (2.1.23) into (2.1.13), we find
i flowt+y = 0; floy. Thus, 8} |, is a linear function which depends on the
second set of variables only. In other words, ; f|,., = 11 y;.

Similarly, 9% f|., is a linear function which depends on the first set of
variables only, 9% f/|,, = I/éjl']‘.

The antisymmetry, 9} f|,, = —07f|,., implies that Vi = i Let
v =1}, Then

aif|l’,y — Vijyj and a%f|x,y = _Vijwj . (2124)

Since the derivatives of f are homogeneous of degree 1, the function f
itself is homogeneous of degree 2. So 2f = (z;0} + y;05)f. Substituting
expressions (2.1.24), we find

2f = l’il/ijy]‘ — yil/ijxj = I/[ij]:z;iyj , (2.1.25)
where the square brackets mean antisymmetrization, v1¥ = 1% — 7% and the
assertion of the Proposition 5 follows. O

After the Propositions 2, 3 and 5 it is only left to check a condition that
A is a homomorphism in the first order in a. A straightforward calculation
gives the cocycle condition (2.1.3). The proof of the Theorem 1 is finished.
O

Remark. Tt is not necessary to assume that the ground field is C. The
Theorem 1 holds for an arbitrary field of characteristic 0 (and it is not true
if the characteristic is different from 0).

Repeating the proof of the Proposition 3 consecutively in powers of «, one
obtains a version of the Milnor-Moore theorem (for its general formulation
see, e. ¢. [3]):

Corollary 6. A formal (i.e. given by a formal power series in ) cocommuta-
tive deformation of the coproduct on a universal enveloping algebra is always
trivial, that is, it can be removed by a formal redefinition of generators.

In the rest of this subsection we explain what happens in the next order
in o, in the o?-terms.
It turns out that the consistency in the a? terms imposes new conditions
ik
on pl".
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Assume that we can extend the deformation (2.1.2) to a*-terms,

AX; = AoXi + apl™ X; @ X + o2 (2.1.26)

and A is coassociative up to o®. Coassociativity implies

i1+ (Ao@id)i+ " X, @ Xy 0 Xo = 109+ (1d@ Ao)phi+ " X, 0 Xy @ X
4 4 (2.1.27)

with a notation: pf*® = pi°u?" for a tensor ik

To cancel the u-terms, one has (in order to get trilinear in X expres-
sions) to choose v; in the form

i = AT X, Xy @ X+ B X, @ X, X, . (2.1.28)

with tensors A% and B¢ symmetric in indices {a,b}. In the next formulas,
the lower index is omitted.
Coassociativity (2.1.27) gives

Q(Bbca . Aabc) — Iuabc 4 Iubca ) (2129)

Exchange b and ¢ in (2.1.29) and subtract from (2.1.29), taking into account
the symmetry of B¢ in {a,b}:

Q(Aacb . Aabc) — Iubca 4 Jabc 7 (2130)
where
Jabc — Iuabc _I_Iubca _I_Iucab ) (2131)

The tensor J¢ is totally antisymmetric. Under the exchange a ¢ b, eqn.
(2.1.30) becomes
Q(Abca . Abac) _ Iuacb T Jbac ) (2132)

Under the exchange a <> ¢, eqn. (2.1.30) becomes
Q(Acab . Acba) _ Iubac T Jcba ) (2133)

The combination (2.1.30) - (2.1.32) - (2.1.33) gives (due to the symmetry of
A% in {a,b})
0=4J . (2.1.34)

This is the Jacobi identity (2.1.40) for pu.
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Now from 6 permutations of {a, b, c} one gets only two equations

Q(Aacb o Aabc) — Iubca 7 (2135)

(A — APy = b (2.1.36)

The tensor A%, being already symmetric in the first two indices, can have

two types of symmetry, corresponding to Young diagrams ‘ and

The totally symmetric part (the diagram \:I:I:l ) of A cannot be
defined by (2.1.35)-(2.1.36), it is arbitrary. The part, corresponding to the

diagram satisfies

Ao APt A = () (2.1.37)

Together, eqs. (2.1.35), (2.1.36) and (2.1.37) can be easily solved and we
conclude (taking into account the totally symmetric part) that the general
solution for A is

1
Aabc — 8(Iucba 4 Iucab) 4 Xabc (2138)

with totally symmetric y2%.
iFrom (2.1.29) it follows then that

1
Bbca — 6(Iuabc 4 Iuacb) 4 Xabc ) (2139)

In particular, A% = B,

The totally symmetric part y*°
for g the equation (2.1.12) with f(z,y) = x***(x.2pye + TYals))-

We conclude that the coassociative extension of A to the a’-terms is
possible only if the Jacobi identity for p is satisfied,

¢ can be removed by a redefinition (solve

13 + cycle in (a,b,¢) =0 . (2.1.40)

This extension has the form

2
«

(57 4 1) (X Xy @ X, 4+ X, @ X, X)) .
(2.1.41)
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However, in general, A does not preserve the original commutation relations
(X, X;] = Fijk, the multiplication structure of ¢/ has also to be deformed
in the order o?.

Fzercise. The map A preserves the following relations [4]

2
«
[Xi, Xg] = TG Xk 4 i T X X Xy (2.1.42)
with round brackets in X, X; X,y denoting the symmetrization, X; X;, X;,) =
ZXig(l)Xig(z) XZ'U(S), the sum is over all permutations o € Ss.

Given the multiplication (2.1.42) and the comultiplication (2.1.41), one
needs to know the counit and the antipode to complete the Hopf algebra
structure.

FEzxercise. The counit ¢ stays undeformed,
¢(X;) =0 mod o ; (2.1.43)

for the antipode mod o® one has

1 1
S(X:) = —X; + SaMiXo + Zamf’Mﬁr;ch : (2.1.44)
where M? = —pvT* — /,L],szga = 'Y, (Note that S stays linear in gener-
ators.)

It is known today that in higher orders in & no further restriction on g
appears; in other words, if Mfk satisfies the Jacobi and cocycle conditions,
there exist, as formal power series in «, the multiplication, which begins as
(2.1.42), and the comultiplication, which begins as (2.1.41) (and the counit
and antipode). Moreover, there exists such deformation that each term in
the formal power series (for the multiplication, comultiplication and the an-
tipode) is expressible in terms of the tensors Mfk and Ffj only.

2.1.1 Discrete groups

The situation with discrete groups is different. It is an easy exercise to
analyze the formal deformations of the coproduct for the group algebras of
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discrete groups. In contrast to the case of universal enveloping algebras, the
result is trivial.

Let G be a discrete group, U = C[G] its group algebra over complex
numbers.

Theorem 7. U does not admit a nontrivial deformation of the standard
coproduct.

Proof. Assume that there is a first order deformation of a coproduct,

Agzg@g—l—aZC;’lk@l, (2.1.45)
kol

where o? = 0.

(1) The coassociativity condition in the first order in « gives

ZCg’“l(k®l®g—l-k®k®l—g®k®l_k®l®l):0' (2.1.46)

kel
Collecting terms a @ b @ ¢ with fixed a and ¢, a # ¢ and ¢ # g, one finds
Cyfa=Crrc. (2.1.47)

This holds for all ¢ and ¢ different from g. Therefore, only €4, Cj’g, Cg’k
and Cj’k might differ from 0.
Now the condition (2.1.46) becomes

Y ACI gokog-—gokok)+ (' (kokog—gakag)
k#g

+ O kokog—gkek)}=0. (2.1.48)
This implies that there is a set of constants BZ; for k # ¢, s. t.
Cot=Cr =Bl CF=-BF kg, (2.1.49)
This solves the coassociativity condition. Thus, we have

Ag:(1—|—ozcg)g®g—|—ozZB§(g®k—l—k®g—k@k). (2.1.50)
k#g
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(1) The condition that A is a homomorphism implies (in the first order in

a):
Bg_lk + B;“h_l = B;“h and ¢y, = ¢4+ ¢ . (2.1.51)
Let
g =(1+ac)g+ay Bk, (2.1.52)
k#g

A direct calculation shows that (2.1.51) is exactly the condition saying that
g — ¢ is an algebra homomorphism, ¢'h’ = (gh)'.
Again a straightforward calculation shows that

Ad=¢g2q¢ . (2.1.53)

Therefore, given a deformation of the standard coproduct, we can explicitly
construct an isomorphism with the original bialgebra. The proof is finished.
O

In the same way as the Corollary 6 followed from the Proposition 3, we
obtain the information about the formal deformations in this case.

Corollary 8. At formal level, all deformations of the coproduct for the
group algebras of discrete groups are trivial.

2.2 Lie algebras with an invariant scalar product

We have seen in the previous subsection that the essential role in the theory
of deformations of the coproduct on universal enveloping algebras is played
by a tensor /,Lfk All the conditions on the tensor p are expressed in terms of
the Lie algebra itself, without any reference to the deformation theory. The
relevant classical notion is a “Lie bialgebra”.

Definition. A Lie bialgebra is a Lie algebra £ equipped with a map ¢ : £ —
AL, 6X; = /,Lkaj @ X, where the tensor p (antisymmetric in the upper
indices) satisfies the Jacobi identity and belongs to Z*(L, A*L).

Both I and y satisfy the Jacobi identity. The condition p € Z1, written
explicitly as (2.1.3), is symmetricin 4 <+ I'. So the notion of the Lie bialgebra
is self-dual (like the notion of the Hopf algebra). In other words, if £ is a
Lie bialgebra then there is a Lie bialgebra structure on the dual space L£*,
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the roles of I' and p being interchanged. There is an object which explicitly
realizes this symmetry between p and I'. It turns out (Fuercise: verify it)
that all the data for a Lie bialgebra can be conveniently expressed as the
Jacobi identity for a larger Lie algebra with generators X; and X°*, satisfying

[Xi, X;] = Fijk , for generators of L, (2.2.1)
(X', X7] = p/ X* | for generators of L~ (2.2.2)
[Xi, X7 = =I5 X% 4 uF X, (2.2.3)

This Lie algebra is called a Drinfeld double of the Lie bialgebra £ and denoted
DL. As a vector space, DL is isomorphic to £ & L*.

Definition. A scalar product (x,y) on a Lie algebra £ (i.e. a nondegenerate
symmetric pairing £L ® £ — k) is called invariant if ([z,y], z) = (x,[y, 2]) for
all x,y,z € L.

Example: The Killing form on a semi-simple Lie algebra is invariant.
The natural pairing between £ and L£*, given by
<Xi7Xj> =0 ’ <X27XJ> =0 ’ <X27X]> = 52] (224)

is an invariant scalar product on DL. Moreover, the commutation relations
between X; and X’ can be reconstructed (with relations (2.2.1) and (2.2.2)
being given) from the demand of invariance of the natural pairing. Indeed,

let [X;, X/] = A), X* + B/*X,.. Then
—Afa = <[Xj7Xi]7Xa> = <Xj7 [XivXaD = <Xj7F?aXb> = an
and similarly for B".

Definition. A set of data {g,£,Ls} where g is a Lie algebra with an
invariant scalar product, £ and £, are isotropic Lie subalgebras of dimension

= ir% and g = L1 @ Ly is called a Manin triple.

A Lie bialgebra £ defines a Manin triple {DL, L, £*}. Conversely, a
Manin triple {g, £1, L2} defines a Lie bialgebra £;. {From this perspective,
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the study of Lie bialgebras splits into two parts: Lie algebras with an in-
variant scalar product; their maximal isotropic subalgebras. I will shortly
comment on the first part.

Denote by {g,¢} a Lie algebra g with an invariant scalar product ¢
(¢(x,y) = (x,y)). The pair {g, ¢} is called indecomposable if it cannot
be represented as a direct sum {gy, @1} @ {92, d2}.

Example of {g,¢}. Let M be a Lie algebra with generators X;. Let
g = M x M* (the semi-direct product with respect to the coadjoint action).
Then the scalar product

<Xi7Xj> =0 ) <X27XJ> = fij ) <X27X]> = 52] ) (225)

where £(X;, X;) = &; is an arbitrary bilinear symmetric form, is an invariant
scalar product.

Generalization of this example. Let {W.¢} be a Lie algebra with an
invariant scalar product. Suppose that a Lie algebra g acts on W by deriva-
tions, T,[x,y] = [Tux,y] + [z, Tuy], where T' is the action, T : g @ W — W,
a@w +— T,(w); suppose that the operators Ty, a € g, are antisymmetric with
respect to the scalar product on W, ¢(T,x,y) = —é(x, T,y) for all z,y € W
and a € g.

FExercise. Show that the map 3 : A*W — g* defined by (a,B(z,y)) =
o(T,x,y), where (-,-) is the natural pairing between g and g, is a 2-cocycle,
B e Z*(W,g*) (g* is considered here as a trivial W-module).

As a 2-cocycle, ( defines a central extension of W by g*. In other words,
the bracket

[z, y] = [z, ylw + B(z,y) (2.2.6)

where [z, ylw is the commutator of z and y in the Lie algebra W, defines a
Lie algebra structure on W & g*. Denote this Lie algebra by W.

FEzxercise. Fora € gx € W and f € g* let
To(x + f) =Tox +ad>f (2.2.7)

where ad” is the coadjoint action. Show that the formula (2.2.7) defines an
action of g on W.

We have therefore a Lie algebra structure on the space A =gd W ¢ g™
a semi-direct product g x W with respect to the action (2.2.7).
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Define a scalar product ¢4 on A: the pairings between the generators of
g and g* are given by (2.2.5); the restriction of ¢4 on W is ¢; all the other
pairings are 0.

FEzxercise. The scalar product ¢4 is invariant.

The Lie algebra A with the scalar product ¢4 is called the double exten-
sion of {W, ¢} by S (and the action of S on W).

Theorem ([5]). If a Lie algebra with an invariant scalar product is not
simple or 1-dimensional then it is either decomposable or a double extension.
Moreover, one can always choose g to be simple or 1-dimensional.

This theorem gives a way to construct higher-dimensional Lie algebras
with an invariant scalar product from lower-dimensional ones. However, this
is not a classification.

Example of a nontrivial double extension: g = so(n), W is the n-di-
mensional fundamental representation of g; consider W as an abelian Lie
algebra. The cocycle, giving a bracket on W & g* is given by the natural map
B:WAW — g, and A=gx (V& g").

FEzercises.

In dimension 2 there is only one non abelian Lie algebra; choose a basis
{z,y} in such a way that the commutation relation is [z, y] = y. Denote this
Lie algebra by L.

1. Show that any bialgebra structure on Ly can be written (after possible
redefinitions) in one of two forms:

dx=0,dy=xANy (2.2.8)
or
dx=xANy, dy=0. (2.2.9)

2. Show that for the bialgebra structure (2.2.8) the double is gly; for
(2.2.9) the double is a semi-direct product C x A" of a one-dimensional Lie
algebra (with a generator W) and the three-dimensional Heisenberg algebra
N (with generators X,Y,Z and relations [X,Y] = Z, [Z,X] = [Z,Y] = 0);
the action of W on N is given by [W, X| = 2X, [W,Y] = —2Y and [W, Z] = 0.
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3. Show that operations
Ar=2@14+1®z, Ay=y@1+e "Ry (2.2.10)
and
szx@(l—Zozy)_1+1®x, Ay=y@1+ (1 -20y)y (2.2.11)

provide Hopf algebra structures on corresponding completions of U/ Ls.

4. Show that the Hopf algebra structure, defined by (2.2.10) (respectively,
(2.2.11)) is a quantization of the Lie bialgebra structure (2.2.8) (respectively,
(2.2.9)). Note that the terms of order 1 in the deformation parameter «
are not antisymmetric, but, as you remember, the symmetric part can be
removed by redefinitions.

5. Let L = sly & sly. Show that any invariant scalar product on L has a
form v & cv, where v is the Killing form on sl and ¢ is a constant.

6. Let ¢ = —1. Show that the diagonal g; = sls is isotropic. A subalgebra
g2 with a basis {(e4,0),(0,e_),(h,—h)} is a complementary isotropic subal-
gebra ({h,eq,e_} is a standard basis in sly, [h,ex] = £2ey, [e4,e-] = h).
Thus, this Manin triple provides a Lie bialgebra structure on sls.

7. Classify all Manin triples on L.

8. Classify 3-, 4- and 5-dimensional Lie algebras with an invariant scalar
product.

2.3 Belavin-Drinfeld triples

Let £ be a simple Lie algebra over C. In this case, every 2-cocycle is a
coboundary (see any textbook on Lie algebras, e.g., [6]) so one can solve the
cocycle condition for pu: p = dp or, explicitly, Mszj @ Xi = [AoX;, p], with
p=p?X, @ X, an element of the wedge square of £ (that is, p®* = —p).

Now the Jacobi identity for p can be rewritten as a non-linear equation
for the element p.

Notation: for an element Ac U QU, A=), 2, Dy, let Ajs =32, ®
Yo @1, Az =3, 2,01 @y, and Ay3 =3, 1 ® z, @ y,; the elements Ay,,
Az and Asz are from U QU @ U:
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Fzercise. Show that the Jacobi identity for p can be rewritten in terms of p
as

[[p12, p13]+[p12, pas] +p13, pos), Xi@1@1+10 X, @1+121@X;] =0 (2.3.1)
for all 1.

The element [p12, p13] + [p12, p23] + [p13, p23] belongs to the third wedge
power of L, i.e., it has a form AY*X; @ X; @ X} with totally antisymmetric
AUk The space of invariant elements in A*L, for the simple £, is known (see,
e.g., [6]) to be one-dimensional; it is generated by an element v = I'* X; @
X;@ Xy, where T'% = %, B*B%  B,; = (X;, X;) for the Killing form (-, -) and
BY is inverse to B;;, BY By, = 4}, (8} is the Kronecker delta). We conclude
that the Jacobi identity for u = dp is satisfied iff [p12, p13]+[p12, p23] + P13, p23)
is proportional to ~.

Let C == B”XZ X XJ‘.
Fzercise. Show that [Cyq, C13] + [Ch2, Ca2s] + [C13, Ca23] is proportional to ~.

Therefore we can find a combination r = p 4 const - C' for which
[r12, 18] + [r12,723] + [T13,723] = 0 . (2.3.2)

Note that we still have /,Lkaj @ X = [AX;,r] since B commutes with Ay X
for all ©. The equation (2.3.2) is called the classical Yang-Baxter equation
(cYBe). We explained that for a simple Lie algebra £ the problem of finding
the Lie bialgebra structures on £ reduces to ¢YBe for r which satisfies: r 41/
is proportional to C, r+7' = zC with z € C (+" is the flipof r, 7' = 7 X; @ X;
for v’ = 117X, ® X;). If © # 0 one can set @ = 1 by rescaling r.

The Yang-Baxter equation (which reduces to the cYBe in the classical
limit) is

Ri12R13R23 = R23RiaRua - (2.3.3)

Solutions of the cYBe for which « # 0 are the most interesting - their quan-
tizations find lots of applications in statistical models, knot theory, represen-
tation theory ete.

FExercise. In the situation of the exercise 6 from the previous subsection,
show that the corresponding coproduct on sly arises from an r-matrix, r =

ih @ h+ e_ @ ey. Verify the cYBe for this r.
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We shall now explain how the solutions of ¢cYBe with r+r' = (' are classi-
fied in terms of so called Belavin-Drinfeld triples. A procedure of quantizing
these solutions is known today [7, 8]. It is however interesting to enumerate
the Belavin-Drinfeld triples, which is a combinatorial question; in the end of
this subsection we shall discuss and partly answer it.

Classification of solutions.

Fix a Cartan subalgebra h. Let R be the set of roots, R = R, U RE_, and
I' the set of simple positive roots.

Definition. A Belavin-Drinfeld triple (I'y, 'y, 7) consists of the following
data: I'y and I'y are subsets in I' and 7 : ['y — 'y is a one-to-one mapping
which satisfies properties:

(1) 7 preserves the scalar product, that is, (7(a), 7(3)) = (e, ) for all «
and @ from I';.

(12) 7 is “nilpotent”. It means the following. Assume that 7(«), which is
an element from Ty is still in I';. Then 7%(«) is defined. If again 7%(a) € Ty
then there is 7°(«). Nilpotency means that the sequence must terminate,
that is, for some k € N, an element 7%(a) is not any more in I'; for any
aely.

Given a Belavin-Drinfeld triple, consider a system of equations for a tensor
To € h @ hv
ro + r6 =1 )
(2.3.4)
(T(a) @id+id @ a)(rg) =0 forall a el .

Here to is the “Cartan part” of ¢: for a basis H, of b let By, = (H,, H,);
then ¢ty = B°*"H,H, where B°"” is the inverse to B,,, B°*'B,, = 55.

The system (2.3.4) is compatible [9].

Recall that g = h & @,er 8o, Where [h, 2] = a(h)z for x € g,, dimg, = 1.

Let A; be a Lie subalgebra generated by e, with a € I';, i = 1,2. Then A
is the direct sum of those g, for which the expansion of a in terms of simple

e

roots contains simple roots from I'; only.

The map 7 : I'y — I'y extends to an isomorphism 7 : 4; — A, (denoted
also by 7), by the formula e, + e;(4. It is an isomorphism because the only
relations in A; are Serre relations which depend on the scalar product (.,.)
only and 7 respects the scalar product.
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For each a € R choose €, in such a way that

(i) (e-ar€a) =1,

(i1) €r(a) = T(€s) Whenever 7(e,) is defined (e, € Ay).

Define a partial order: o < 3 for a,3 € R means that there exists a
natural k such that 7%(a) = 3.

Theorem [9]. Let

r=ro+ > ea®@et+ Y. (e_a@es—ez@e_y), (2.3.5)

a€Ry a,fER;a<B

where rq is a solution of (2.3.4).
Then
(1) the tensor r satisfies cYBE(r) =0 and r + 1" = t;
(17) any solution of equations ¢cYBE(r) = 0 and r + ' = ¢, after a suitable
change of the basis, is of the form (2.3.5).

The r corresponding to the trivial Belavin-Drinfeld triple (I'y and I'y are
empty sets), with ro = %to, is called the “standard” r.
2.3.1 Maximal triples

I shall say several words about the combinatorics of Belavin-Drinfeld triples.
The whole information about scalar products is contained in the Dynkin
diagram for the algebra g. We shall consider the most interesting case of the
Lie algebras of the type A (that is, Lie algebras sl(n)), for which the Dynkin
diagram is

Fig. 1

Given a Belavin-Drinfeld triple, it is useful to draw a diagram, corre-

sponding to it, like:
\.\.\x
@

Fig. 2
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The upper and lower rows are two copies of the Dynkin diagram As, the lines
between the rows carry an information about the triple; the lines should be
thought as going from the upper low to the lower one; the roots from I'y are
the roots at the upper row from which the lines start; the roots from the
lower row are those at which the lines end; they are from I's. The angles
between the roots are determined by the number of edges connecting the
corresponding vertices of the Dynkin diagram; it is therefore easy to under-
stand, looking at the picture, whether the map 7 preserves scalar products.
To check the nilpotency one needs to draw more than two rows - depicting
the powers of 7. For example, for the diagram on Fig. 2 one draws:

Fig. 3

The meaning of Fig. 3 is clear: the lines going from the first row to the third
one represent 72, from the first row to the fourth one represent 72, ete.

There are two types of natural equivalences for triples:

(i) Ty o (T4, T, 7) = (3, Iy, 771); this corresponds to a reflection of the
picture of the triple in the horizontal mirror, Tf = id;

(17) if a Dynkin diagram has a symmetry « then (k(G), k(G2), k7K™ is
a triple and the equivalence is T, : (G, Gq, 7) = (k(G1), k(G2), kTR™1).

For A,-diagram there is a symmetry: a reflection of Fig. 1 in the vertical
mirror; let T, be the corresponding equivalence; we have T2 = id.

If Ty is any subset of I'; then (fl,r(fl),ﬂfl) is clearly a triple. So it
is interesting to look only for “maximal” triples, i. e. those to which one
cannot add any more vertices.
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For example, the only nontrivial triple for A, is

Fig. 4

Exercises. 1. Show that for As there are, up to equivalences, two maximal

triples:

Fig. 5 Fig. 6

2. Show that for A4 there are, up to equivalences, four maximal triples:

AN

Fig. 7 Fig. 8

Fig .9 Fig. 10

With the growth of rank it becomes more and more difficult to decide if
a given triple is maximal. For example, the triple on Fig. 11
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Fig. 11

is maximal, but one has to draw several rows (like on Fig. 3) to see that
loops appear when one adds one more vertex.

If I'\ I'y consists of only one vertex (or #I'y = #I' — 1) then the triple is
certainly maximal. We shall enumerate triples with #I'y = #I' — 1.

Proposition 9. For the Dynkin diagram A;, the number of triples with
#I'y = 1 — 1 is $O( + 1) where ® is the Euler function, ®(n) = #{j €
{1,...,n}|j is coprime to n}.
Proof.
(1) (I + 1) is the number of primitive roots of unity of order (I + 1).

We shall first associate a Belavin-Drinfeld triple to any primitive root of

unity of order ([ +1). Let ( = exp(%). Label the vertices of the Dynkin
diagram A; as shown on Fig. 12:

¢ ¢ ¢ ¢!
@ @ @ T @
Fig. 12

If @ and b are labels of two vertices then @ is connected by an edge to b if
and only if @ = (*b.

Fix a primitive root q. Let 'y = {q,¢%, ..., ¢ '} and I'y = {¢*,¢°,.. ., 4"}
(more precisely, I';, © = 1,2, are the sets of vertices of A; labeled by the
corresponding roots of unity). Since ¢ is primitive, each of the sets I'y and
I’y contain ([ — 1) distinct elements.

Let 7 : 'y — 'y be the multiplication by ¢. Multiplying a label ¢' by ¢,
we obtain a sequence ¢¢ — ¢'t' — ... — ¢', and the sequence terminates
since ¢'t! =1 is not a label of any vertex. Thus, the map 7 is nilpotent.

The condition of being neighbors, ¢' = (¥¢’ is stable under the multipli-

cation by ¢, therefore 7 preserves scalar products.
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Thus, (I'y, 'z, 7) is a Belavin-Drinfeld triple. Call it 7.

Consider an arbitrary Belavin-Drinfeld triple T = (I'y, 'y, 7) with #I'y =
[ — 1. We shall prove that it coincides with one of 7,’s.

(17) Denote the vertex omitted from T'y by ¢~'. It divides the row of the
diagram A; (as on Fig. 1) into two segments I and [5:

[1 q—l [2

*— 00— —0— —06—0—0
Fig. 13

We have ¢! = (* for some a. Making, if necessary, a vertical reflection,
we can, without loss of generality, assume that #1; < #15.

Let ¢’ be a label of a vertex omitted from I';. The lower row of the picture
corresponding to 7T is also divided by ¢’ into two segments .J; and J» (J; to
the left of ¢/, J» to the right of it). The map 7 preserves neighbors and it
follows that either 7: [y — Ji, I = Jyor 7 : [y — Jy, I3 — Ji. The former
case is excluded since otherwise Iy = Ji, I, = J; and restrictions of 7 on
the sets I;, 1 = 1,2, are permutation of these sets and therefore 7 cannot be
nilpotent.

Thus, 7: Iy = Jy, [ — Jy and ¢ = q.

We cannot have #1, = #1, — then restrictions of 72 on [;, 1 = 1,2, would
be permutations of these sets. Therefore, #1; < #1,.

(1i7) Consider the restriction of 7 on the set I, 7 : [y — J;. There are
two possibilities: 7 preserves the order or reverses it. We shall prove that 7
cannot reverse the order. Indeed, if T reverses the order then 7 maps ¢ to
q~' (it is useful to draw a picture here). Then 7 induces a permutation on
the set I' \ (¢U ¢™') and cannot be nilpotent.

Let us collect obtained information about the triple 7 in a picture:

— o5

N
-/

Fig. 14
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(1v) For the restriction of 7 on the set I; we have again two possibilities,
the order is reversed or preserved. We shall prove that it is preserved. If
the cardinality of I; is 0 or 1, there is nothing to prove, so, without a loss
of generality we assume that #1; > 1, in other words, ¢ > 3. Thus we have
[ > 6 since #1; > #1,.

Extend 7 toamap 7: T — [ by 7: ¢ + ¢ (and 7 = 7 on [';). The
map 7 is a permutation of I'. Decompose 7 into a product of cycles. Since
q~! maps to ¢, the decomposition contains a cycle ¢ = (...¢ 'q...). If there
are other cycles, 7 = ¢-¢; - ¢y ... then the product ¢; - ¢y ... is a permutation
of some set S. This permutation is the restriction of 7 on S, thus 7 cannot
be nilpotent. We conclude that 7 is a cycle.

Explicitly, the action of 7 is

(s L i=1,...,n—a,
o (2.3.6)
=y e=1,...,a.

We shall follow a sequence 7"(¢~!). First, ¢~' = (* maps to ¢~! = 1.
Then it goes back, (17 s (H1=20 s 1 (H17F where [ +1 —ka < a
but [+1—(k—1)a>aorl+1< (k+1)a but [+ 1> Eka. This requires
k steps (i.e. this is the result of the action of 7% on ¢7!). At the next step,
CH1=R maps to (% and then again goes back, (** — (*=De s s (o
This takes k& more steps. Thus, 72¥(¢~!) = ¢~ 1.

But 3k < ak <+ 1. Therefore, 2k < ZITH < [ because [ is at least 6.

Therefore, the permutation 72 has a fixed point and 2k < [. Thus 7
cannot be a cycle.

We are left with only one possibility: the restriction of 7 on [; preserves
the order.

(v) The map 7 preserves the order on Iy by (i7¢) and on [y by (iv). Written
explicitly, it means that the map 7 is the multiplication by ¢. It will not be
nilpotent if ¢ is not primitive, therefore, the triple 7 coincides with one of
T,'s.

(vi) The group, generated by flips 7} and T, is Zy X Zy. But on triples
7, the operations Ty and T, coincide: each of them is 7, — T,-1 (in general,
it is not so, even for maximal triples: consider the triple corresponding to
Fig. 11). Therefore, only Zy acts on the space of triples 7,. This action
does not have fixed points and we conclude that the number of triples, under
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equivalences, is %CI)(Z + 1) as stated. The proof of the Theorem 9 is finished.
O

3 Quantum spaces

We shall briefly, without going into details, give geometrical motivations
which lead to the notion of quantum spaces.

Let GG be a Lie group, g its Lie algebra. In the section 2, Lie bialgebras
appeared in the study of deformations of the coproduct on the universal
enveloping algebra Ug. Geometrically, Lie algebra g is the Lie algebra of
left-invariant vector fields on (. The universal enveloping algebra of the Lie
algebra g can therefore be realized as the algebra of left invariant differential
operators on (. Up to topological and functional analytic considerations
(convergence, etc.), a function on R™ can be reconstructed, as a Taylor series,
from the knowledge of its derivatives at the origin. For a Lie group G, the
knowledge of derivatives of a function f at the origin is replaced by the
knowledge of values on f of all left invariant differential operators at the
unity of (G. The elements of Ug are linear functionals on the space FG' of
functions on G, so, up to topological considerations, the spaces Ug and FG
are dual to each other, the pairing between X € Ug and f € FG is given
by (X, f) = X(f)|., where e € G is the unity element. It follows then
that the coproduct on Ug corresponds to the product on FG - the usual
product of functions. Thus, deformations of the coproduct on Ug correspond
to deformations of the commutative algebra FG' of functions. Infinitesimal
deformations from Section 1 correspond to particular Poisson brackets on
(G — Poisson brackets which are compatible with the group structure. One
says that Poisson brackets are compatible with the group structure if the
multiplication m : G x G — G is a Poisson map. In other words: define, for a
given function f on G, a function f~on G'xG by the rule f*(z,y) = f(x-y); the
compatibility of the Poisson brackets {.,.} means {f,¢g}" = {f7, ¢}, where
the Poisson brackets on ¢ x ¢ are Poisson brackets of the direct product of
two Poisson manifolds. Groups with compatible Poisson brackets are called
Poisson-Lie groups.

In the other direction, it is not difficult to check that if G carries com-
patible Poisson brackets then its Lie algebra g gets a Lie bialgebra structure.

Compatible Poisson brackets are of a very special form. We shall illustrate
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it on an example of a matrix group G (a subgroup of the group of invert-

ible matrices). Let a) be matrix elements. Assume that {a},a"} = ®{7(a)
are compatible Poisson brackets. Then {a%by,a’b7} = ®}7(ab) (this is the

equality {f7, ¢} = {f,g} for f = a} and ¢ = a7"). On the other hand,
{albh, b} = {ab, a0y + (b, 00 Yatam = B ()b + B (b)atar be
cause G X (& is equipped with the Poisson structure of the direct product.
Therefore ® must be homogeneous of degree 2 (this reflects the fact that y;
in the deformation of the coproduct on Ug belongs to g @ g). Thus, the Pois-
son brackets are quadratic. To quantize constant or linear Poisson brackets,
one simply replaces the Poisson brackets by the commutator. However, it is
not obvious how to quantize quadratic Poisson brackets - we cannot replace
Poisson brackets by the commutator because we don’t know how to order

consistently the quadratic right hand side.

Fzxercises. 1. Show that formulas

{a,b} = ab, {a,c} =ac, {b,d} =bd,
(3.0.1)
{e,;d} =cd , {b,c} =0, {a,d} = 2bc

are Poisson brackets for four variables a, b, ¢ and d.

2. Show that if a, b, ¢ and d are matrix elements of a matrix A = @ b )

c d
then the Poisson brackets (3.0.1) provide G'L(2) with a Poisson-Lie structure.

3. Show that the Poisson brackets (3.0.1) of the determinant of A, det A
with all matrix elements vanish.

The main interest about the most commonly appearing groups, like G'L,
SO, Sp, ... - is that they arise as groups of symmetry (of a vector space, of
a vector space with a bilinear form, ... ). The Poisson-Lie groups one can
interpret in this way too. One says that a Poisson-Lie group GG acts on a
Poisson manifold M in a Poisson way if

(1) G acts on M,

(17) the action G x M — M is a Poisson map, where ¢ x M is equipped
with a Poisson structure of the direct product.

Again, for a matrix group (' acting on a vector space V2, 2! — aé:z;j, a
similar calculation shows that the Poisson brackets of coordinates, {z*, 27}
must be quadratic in .
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Fzercise. For a two dimensional vector space with coordinates z! and 22 let
{z' 2%} = 2'2? . (3.0.2)

Show that (G L(2) with the Poisson structure given by (3.0.1) acts in a Poisson
way on this Poisson vector space.

It turns out that from the point of view of the theory of quantum groups,
the appropriate way to quantize the Poisson brackets (3.0.2) is provided by
the following commutation relations:

vla? = griat . (3.0.3)

This is the first example of a quantum vector space. Denote this quantum
vector space (that is, the algebra of polynomials in z' and z* subjected to
the relation (3.0.3)) by V.

The linear group of transformations preserving the relation (3.0.3) is poor,
it consists only of rescalings ' — ¢;2' with some constants ¢;. It is the
quantum group which is the right analogue of the symmetry group of the
quantum vector space.

General picture.

Let U be a quasitriangular Hopf algebra with a universal R-matrix R.
Let U™ be a dual Hopf algebra. The pairing between U and U™ satisfies
(Aa,z @ y) = (a,zy) and (a @ b, Ax) = (ab, ).

We shall think of ¢ as of analogue of the universal enveloping algebra
of a semi-simple Lie algebra. Ideologically (in the spirit of the Peter-Weyl
theorem) the dual Hopf algebra is generated by matrix elements of represen-
tations of U.

Let p be a representation of U/ on a vector space V', p maps an element
v € U to a matrix T}(z).

The coproduct A on matrix elements T7! looks especially simple:

(AT, x @ y) = (T}, zy) = Ti(zy) = Ti(=)TF(y)
. , (3.0.4)
= (Tf,a)(TF,y) = (T, @ Tf,x @ y)

and therefore

AT =T @TF. (3.0.5)
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The commutation relations between the matrix elements T]? are expressed in
terms of a numerical R-matrix R, the image of the universal R-matrix R =

> a; @ b; in the representation, R =3, p(a;) @ p(b;). Let Az =3, uy @ v,.
(T'Ty,2) = (11 @ T2, ua @va) =Y Ti(ua)To(va) - (3.0.6)

By the definition of R we have S u, @ vy = R7! Y v, @ uyR. Therefore
(Ty @ To, Y uy @vg) = (11 @ Ty, R Y v, @ usR)

= Tl @ TQ(R_l Z Vo & uaR)
(3.0.7)
= T1 ® TQ(R_I) . T1 ® TQ(Z Va ® ua) . T1 ® TQ(R)

= R_l ZTl(va)Tz(ua)R = R_l ZTQ(UQ)Tl(Ua)R .

The “” means matrix multiplication.
Arguments u, and v, are now in the same order as in (3.0.6). Therefore,
T1T2 == R_ITQTlR or
RTlTQ - TQTlR . (308)

Because of the form of this relation, this algebra is often called the “RTT”-
algebra.
The algebra U* was first written in the form (3.0.8) and (3.0.5) in [10].
We shall write the relations (3.0.8) in a different way. Let P be a permu-
tation of factors in V@V, Pt @ y) =y @ x. Let R = PR. Then (3.0.8) is
equivalent to

RT\T, = T\TLR . (3.0.9)

A motivation to use R instead of R: the eigenvalues of R have a represen-
tation-theoretic meaning. A theorem, due to Drinfeld [11], says that there
exists an element F such that R = Fy¢'F~', where ¢ = exp(a) (a is the
deformation parameter), ¢ is the invariant tensor BYX; @ X;. Let C =
BYX;X;. Now let V@V = =W, be a decomposition of the tensor square
of the space V into irreducible representations. We have AgC' =C®@1+1®
C + 2t, where Ay is the classical coproduct. Therefore, t|w., = %C|W7 —Cly.
Denote this quantity by t,. We have R = PFP¢’®*F~!  therefore, R =
FPgrort) p-1,

First of all, V @ V' decomposes into the symmetric and antisymmetric

parts, V@ V = S*V & A?V. The operator P takes the value (+1) on S*V
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and (—1) on A?V. Every W, is either is either in S*V or in A*V so the “sign”
of W,, depending on whether W, is S?V or A*V, sign (W,) := Plw, is well
defined.

Since ¢#®* ]y = ¢'" we have
]%|va = FPq"*" Wy = ¢ sign(W,) . (3.0.10)

Thus, the projector decomposition of R reflects the decomposition of the
tensor product of representations.

Polynomials in the matrix elements Tj are “quantized” functions on the
group. We also had the Poisson brackets on the coordinates z* and a* — T’

was a Poisson map. On the quantum level we have the RTT relations for
TJZ Which relations can we impose on z’s in such a way that the map
a' = Tix! is an algebra homomorphism? These relations should also quantize
the Poisson brackets for x’s. Since the quantization of the Poisson brackets for
Tj produced quadratic relations, we expect to have quadratic relations for the
algebra of 2’s as well. Impose a set of quadratic relations for a’s, Egx'a? = 0,

a labels relations. Then for Ta we have FeTig “T = KT T] @ b SO we

ijla ijla
have to understand which tensors we can move through T T]

The defining relation (3.0.9) shows that we can move R and therefore any
function of R. As we have seen, R= S v, 1L, where v, = ¢'sign (W) and
IL, is the projector on the space F'W,. So essentially, all functions of R are
linear combinations of projectors.

Conclusion: covariant algebras are given by relations (II, )M:L' kol = 0 for
some 7 (one or several). Denote by Al (I for “left”) the quadratic algebra
defined by one projector IL,. Equally well, there is a covariant “right” algebra
AL (the algebra of covectors x;), defined by x;z;(IL,);; = 0, the covariance is
= a1

An important fact is that the RTT-relations can be reconstructed from
the requirement that all the algebras Alw (or all the algebras A ) are covariant.
Indeed, Alw is covariant means

(L) TR e = 0, (3.0.11)
therefore, (HW)ZTfTbl must be proportional to IL, whose lower indices are
a, b:

(IL)YTET! = B9 (I1,)% . (3.0.12)
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Multiplying (3.0.12) by (IL,)® with 7 # ~, we find
1L 7, 1311, = 0 (3.0.13)

for all pairs {7, |7 # ~v}.

Lemma 10. The system (3.0.13) of relations for the matrix elements T]? is
equivalent to the RTT-relations ]%Tng = TlTQI%.

Proof.

(1) (3.0.9) implies (3.0.13).

We have R = > vy IL,; moreover, 3-II, = 1 is a decomposition of unity.
Multiplying ]%Tng = TlTQI% by IL, from the left and II; from the right, we
find v, IL, VT, = v 1L TV TRI0,. If v # 7 then v, # v; and it follows that
the relation II,T1T511, = 0 is satisfied.

(47) (3.0.13) implies (3.0.9).
We have RT\T, = RT\Ty-1 =3, v 1L,/ T1T511,. The last expression, due

to the relations (3.0.13), can be rewritten as

ZVWHWTlTQHW . (3014)
~

Similarly, N TyR = 1-TyToR = 5, v, 1L Ty ToI1,. Again, due to (3.0.13), this
equals >~ v IL, T1T5IL,, which coincides with (3.0.14). Thus, (3.0.9) holds.
O

If & appears in the process of a deformation then there is a candidate
for an especially nice quantum space. Again, V @ V = @ W, classically;
denote the set of {y} by J, J = Jy U J_ where Jpx = {v|sign W, = £1}.
Then projectors Ilx = >= ;. II, have ranks rkIl+ = % Therefore, a

set (H_)Zxkxl = 0 contains M%l relations - exactly the number of rela-
tions which we have classically for commuting variables. The quantum space
defined by relations (H_)Zxkxl = 0 is the only reasonable candidate for the
quantization of CV on which a group ¢ acted in a Poisson way. Similarly,
the quantum space defined by relations (I1,)7z*z" = 0 is the quantization
of the algebra of odd (grassmanian) variables.

For GL(N), in the decomposition V @ V = S*V & A?V, the summands
S?2V and A%V are irreducible. It is natural therefore to call an ]%, which

contains only two projectors, an R-matrix of GL type. One usually rescales R
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to have R = gy — g™ '1I_, where II; and II_ are projectors, which are called,
due to their origin, the g-symmetrizer and the g-antisymmetrizer respectively
(and we shall often denote Il by S and II_ by A).

To conclude:

o Geometrically and physically meaningful R-matrices decompose into
projectors

alIf + oo I + B0y + .. B0 (3.0.15)
S A

and we know which projectors constitute the g-symmetrizer S and
the g-antisymmetrizer A, respectively (as shown by underbracing in

(3.0.15)).

The ranks of the projectors S = Il = IIf +...1If and A = [I_ =

Iy + ...+ 1II; are classical, rk 11 = NWVED

2
o Covariant algebras are quadratic algebras of the form (Hw)z:pkxl =0or
z;x;(11,), = 0 where IL, is one of the projectors in the decomposition

(3.0.15).

e The algebra of functions on a quantum group is given by the relations
(3.0.9) and these relations are equivalent to the condition that all the
algebras Alw are covariant; in other words, the RTT-algebra can be
reconstructed from the Alw algebras. The same holds if one replaces left
algebras by the right ones.

3.1 GL type

For (GL-type algebras we have only two projectors?, R= qS — ¢ A In this
case, to reconstruct the RTT-algebra, it is enough to require covariance of
two algebras, A{I_ and A’ defined by relations S,Z:z;kxl = 0 and Az:zjkxl =0
respectively [12].

As we have seen, he covariance of the algebra Alw implies the condition
IL,TVT511, = 0 for all 7 different from . Thus, in the G L case, the covariance
of the algebra A{I_ implies

3When R has two eigenvalues, one says that R is of Hecke type. We require additionally

that the ranks of the projectors are fixed tk .S = w, tk A= w
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while the covariance of AL implies

On the other hand, the covariance of the algebra A”, implies the same relation
(3.1.2). Together, relations (3.1.1) and (3.1.2), are equivalent to the RTT-
relations. This shows that in the L case, one can interpret the RTT-
relations in two ways: either as the condition of the covariance of the algebras
A{I_ and Al or as the condition of the covariance of the algebras A{I_ and A’
We shall use the latter interpretation in the sequel.

The algebras A{I’_r are the left and right quantum spaces. If they are
good deformations then the dimension d(N,k) of the space of polynomials
of degree k coincides with the dimension of the space of polynomials in NV
commuting variables,

N+k_1) (3.1.3)

d(N, k) = ( .

So, quantum spaces are quadratic algebras with correct Poincaré series.
As we shall see below, the behavior of Poincaré series is intimately related
to the theory of quantum groups.

Definition. Given a set of tensors & = {E* = EZ}, 1,7 = 1,...,n, define
an algebra Ag with generators 2’ and relations

Eiz'z? =0 for all o . (3.1.4)

Let d(N,k) be the dimension of the space of polynomials of degree k in
z'. We say that Ag has a Poincaré-Birkhoff-Witt property (or that Ag is a
PBW-algebra) if (3.1.3) is satisfied. In particular the range of the index o is
{1,... M=y

Relation Hglxkxl = 0 (with II a projector) is an example of (3.1.4) but in
general the tensors K* are not organized in a projector.

Requirement that z' are covariant, that is, that the relations (3.1.4) are
satisfied by Tj:z;j implies some relations between T]?"s.

Assume that we are given two quantum spaces, AL with generators 4:1;2' and
relations EZO;J}ZJ}] = 0 and A’z with generators z; and relations J}Z'J}]‘Fé] = 0.
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Definition. We say that the quantum spaces AL and A’z are compatible
if the covariance algebra of Tj has the PBW property (that is, its Poincaré
series coincide with the Poincaré series for N* variables).

Next subsection is a digression on the Poincaré series; then we shall con-
tinue with a discussion of compatible quantum spaces in dimension 3.

3.2 Technics of checking the Poincaré series

Consider an algebra with generators z* and relations (3.1.4). Sometimes it
is useful to try to apply the diamond lemma [13, 14]. In its easiest form it
says: assume that there is a basis {z!,..., 2"} in which relations look: for
g >4, 272" is a sum of monomials z%z® with @ < b and all the monomials in
the sum are lexicographically smaller or equal z/z!. Take these relations as
instructions: replace 27z by the right hand side. Apply these instructions to
aF2i2’, where k > § > 1, in two ways, starting from ¥z’ or from x/z!. If both
ways will eventually produce the same result, to which no more instructions
can be applied then the ordered monomials x§" ...z form a linear basis in
the algebra, which implies that the algebra has the PBW property.

Note that whether one can apply this procedure depends on a choice of
a basis in the algebra. Such a basis might not exist.

We shall now describe another way of checking the Poincaré series which
one can apply in the G'L case. It uses a differential calculus on quantum
planes, developed in [15].

3.2.1 Daifferential calculus and Poincaré series
Assume that the quadratic relations are given by
Aaral =0, (3.2.1)

where A is the g-antisymmetrizer in the Hecke ]%—matrix, R= qS —q LA,
Let £ be generators of the odd quantum space for ]%, that is, the relations
for £ are -
Sa€te =0. (3.2.2)
One can unify generators z* and ¢ into one quadratic algebra by requiring
that
2 = R (3.2.3)
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Fxercise. Verify that relations (3.2.3) are compatible with (3.2.1) and (3.2.2).
The compatibility here means the following. Let ¢ be a combination of
quadratic expressions S;76%¢!. Then ¢ = 0 in the algebra with generators
¢'. Take an element z'¢ with some i and use (3.2.3) to move x to the right.
We obtain an element of the form 3, Y;xd, with some quadratic (in &'s)
elements v;. Since ¢ was 0, we must have 1»; = 0. In other words, for each
7, the element ; must be a combination of expressions S}3£%¢". In the same
manner, there is a compatibility check when one moves ¢' to the left through
relations (3.2.1) for «’s.

At the next step, one adds “g-derivatives” ; in the generators z'. An
algebra of the derivatives 0; is the algebra with generators J; and relations

D0, AL =0 (3.2.4)

(note the order of i, 7).
To add d;, one needs cross-commutation relations with the already exist-
ing generators z' and £'. These relations are:

O’ =14 qR 29, (3.2.5)
0,60 = (R)EE', . (3.2.6)

FExercise. Verify that relations (3.2.5) and (3.2.6) are compatible with (3.2.1),
(3.2.2) and (3.2.3) (in the above sense of compatibility).

Finally, one adds derivatives &; in €. An algebra of the derivatives §; is
the algebra with generators d; and relations

56,51 =0. (3.2.7)

The cross-commutation relations between §; and the generators z', £' and 9;
are:

Six! = Rifx's, | (3.2.8)

560 =1— gR¢S, (3.2.9)

8:0; = (B! 06y . (3.2.10)
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Fxercise. Verify that relations (3.2.8), (3.2.9) and (3.2.10) are compatible
with (3.2.1)- (3.2.7).

We shall need the following singlets, the FEuler operators . and F, and
the differentials d and 4:
Ee == xi&, EO == 5252 5
' ' (3.2.11)
dzfl&,ézx%.

Their relations with the generators of the algebra are (Fwercise: verify
the relations):

Eel'i = xl(l ‘|‘ que) ” aiEe = (1 —I_ que)ai ?

o (3.2.12)
E =¢E., i, = Eod; ’
Eol'i = l’iEo 5 aiEo = ani ’
o (3.2.13)
EO§Z = 52(1 + quo) ’ 5iEO = (1 + quO)(Si ’
dat = & + qa'd , 9;d = qdo;
| | (3.2.14)
dfl = —qud R (SZd = (1 ‘|‘ (q2 - 1)Eo)az - qd(sl 9
(Sxi = qu(S , 825 = (1 + (q2 - 1)Ee)52 + q(sal )
(3.2.15)

8¢ =a' — qf'5 | §;0 = —q7'66; .

Using operators N, = 1 + (¢* — 1)E. and N, = 1 + (¢* — 1)E,, appearing
in the right hand sides of (3.2.14) and (3.2.15), one can rewrite (3.2.12) and
(3.2.13) in a form

Nex() = ¢z Ne , Nedjpy = ¢ 29 Ne
(3.2.16)
Ne&up = &uiNe , Nedpy = oy Ne

Nowq = 2 No , NoOpy = Oy N,
(3.2.17)
Nobu = @?§uNo 5 Nodpy = ¢ 281y N,
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Exercise. Verify:
1. The Euler operators commute,

E.E, = E,E, . (3.2.18)

2. Commutation relations between the Euler operators and the differen-
tials are

dE. = (1+¢*E.)d or N.d=q*dN.d,

E,d=d(1+¢*E,) or N,d=¢q*N,,

E.5=6(1+¢*E,) or N.5=¢*N,, (3.2.19)
SE,=(14+¢*E,)§ or N,0=q *N,.
3. The differentials square to zero,
d>=0, =0 . (3.2.20)
4. For the anticommutator of d and § we have
1
AN:=ds+éd=E, +E,+ (¢ —1)E.E. = — 1(NON6 —1). (3.2.21)
q JE—
The last exercise implies that
Az’ =2 (PA+ 1), A8 =E(PA+1) . (3.2.22)

Let M, be a space of polynomials in 2 and &, of degree a in x and of degree
bin . For ¢ € M, one finds, by induction,

Ad = o((a+b)p + ¢#TIA) | (3.2.23)

where the g-number (n), is defined by (n), = 11__—(]; =14+qg+q*+...+q L

Let M, = Gaqpp=nM,p and M = @22 M,,. The space M is a Zy-graded
vector space, the grading is given by the degree of a monomial in £’s.

One can consider d; and ¢; as operators acting on the space M. To this

end, one introduces a vacuum Vac, which satisfies d;Vac = 0 and §;Vac = 0.
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Let X be an expression in ', £, d; and §;. To evaluate it on an element
¢ € M, take an element X¢. Using the commutation relations, we move all
0; and ¢; to the right and evaluate on the vacuum. This gives an element of
M which we denote X (¢). The consistency requires only that the vacuum is
a representation of the algebra of 9; and §; which is clearly true.

For instance, we have A(¢) = (a + b),20 for ¢ € M, .

For each n, the space M,, = @,4p=n M, 1s finite dimensional. We have
dim M, , = d.(a)d,(b), where d.(a) and d,(b) are dimensions of the spaces of
polynomials in = of degree a and in £ of degree b, respectively. The grading
of M, is (—1)".

The space M, is closed under the action of d and é. Therefore, the
supertrace of their anticommutator (of the operator A) vanishes, Str A = 0,
which implies

> de(a)d,(b)(—1)"(a +b)2 =0 (3.2.24)
a+b=n
for each n.

One can write the set (labeled by n) of identities (3.2.24) in a compact
form. Let ¢ be an indeterminate. Denote by P. and P, the Poincaré series for
even and odd variables, respectively; that is, P, and P, are the generating
functions for the dimensions d. and d,, P.(t) = Y., d.(a)t” and P,(t) =
>ado(a)t®. We have

P.)P(=1) =3 > de(a)d,(b)(—1)" . (3.2.25)

" a+b=n

Introduce a ¢-derivative in ¢. It satisfies, by definition, a relation 0 =
1 + ¢*td;. By induction,

attn = (n)thn_l —I— qzntnat . (3226)

As above, d; becomes an operator after we define a vacuum - a one dimen-
sional representation of the algebra of polynomials in d;, Vac;, by 9;Vac, = 0.
In particular, 9,(") = (n)2t"*.

The formula (3.2.26) shows that the action of d; on the formal power
series in t is well defined.

Now, (3.2.24) implies

D Po(t)P(—1)) = 0 . (3.2.27)
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Note that the series P. and P, start with 1, P.(t) = 1 + O(t), P,(t) =
1+ O(t). Therefore,
P.(t)P,(—t) =14 O(t) (3.2.28)

as well. Classically (¢ = 1), equations (3.2.27) and (3.2.28) imply that
P.(t)P,(—t)=1. (3.2.29)

For a generic ¢ the same conclusion (3.2.29) holds. Here “generic” means
that ¢ is not a root of unity. However, if ¢? is a primitive root of unity of
order [ one can conclude only that P.(t)P,(—t) = 1 +t'F(#') for some power
series F'. By a different method, without using the differential operators, the
formula (3.2.29) for generic g was obtained in [16].

The advantage of having a formula like (3.2.29) is that in the G'L case
the relations for the odd generators ¢ are strong enough to force the space
of polynomials in £ to be finite-dimensional. Then P,(¢) is a polynomial and
instead of checking the infinite number of coefficients in P.(t) one has only
finite number of checks for P,(?).

3.3 Geometry of 3-dimensional quantum spaces

In dimension 2, a quantum vector space is a quadratic algebra with two
generators and one relation. This situation can be quickly analyzed [17] and
we shall not stop at it here.
For a 3-dimensional quantum space we need 3 generators and 3 relations.
Let
Ela'a’ =0,0=1,2,3, (3.3.1)

be the three relations. The number of independent monomials of degree k in

kt+2 3+2):106ubics.

dimension 3 is

k 2

In the free associative algebra with three generators there are 27 cubics.

), so we need to have

Thus we need 17 relations for cubics. How many relations can we deduce
from (3.3.1)7 We have 9 relations of the form (E;‘]“:I;Zx])xk = 0 and 9 relations
of the form :I;k(Ef;:z;Z:z;]) = 0, altogether 18 relations. Therefore they cannot
be independent, there should 18-17=1 linear combination of them which
vanishes. Therefore,

e ES, = EL fan (3.3.2)
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for some tensors e;, and fgz. We shall assume that the tensors e;, and fgy
are nondegenerate.

Let Eijr = ein b5, (all the indices of E;;; are now of the same nature;
before, a, 3 labeled relations, while i, j, k labeled variables). The equation
(3.3.2) now becomes

B = Q' Fy; (3.3.3)

where Q; = fo;(e71) (7! is inverse to e,

eai(e_l)aj = 55 and eai(e_l)m = 55 , (3.3.4)
§/ and 52 are Kronecker delta’s; the fact that two relations (3.3.4) hold is
because in dimension 3, both indices i and « run from 1 to 3).

A direct inspection shows that classically (for commuting variables) Fjj
is the e-tensor. The e-tensor has a good behavior under all permutations
of indices. The moral is that for the PBW-algebras, it is enough that the
E-tensor behaves well only under cyclic permutations of indices - the effect
of a cyclic permutation is a rotation in one index by an operator Q).

This simple behavior under cyclic permutations makes possible a clas-
sification of PBW-algebras in dimension 3: go to a basis in which @ has a
normal form then solve the cyclicity equation (3.3.3) for the F-tensor and se-
lect nondegenerate solutions (which give exactly three relations for quadrics).
The article [18] contains the result of the classification. The list of PBW-
algebras is quite large; for us it is the beginning of the work: one has to
classify compatible pairs of quantum spaces.

We have now two tensors, F;;; and F“*¥. The analysis is quite lengthy -
because one has to work with the Poincaré series of nine variables TJZ But
the final result [19] is surprisingly simple.

It turns our that Ejmnme = :1;5; where x is a number (in fact, this
relation describes a little more narrow S L(3)-case, when the quantum group
has a central determinant and one can define a corresponding special linear
quantum group; for the general situation, see [19]).

Define A}) = 2By, F. Then the resulting equations say that A is a
projector, A2 = A and

(1 + li)trg(AlgAnggl) == $_1P12Q1_1 + 1 5 (335)

where Py is a permutation of spaces 1 and 2 and k = x tr ().
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Surprise: the equations for A imply that R=1+ (1 — ¢)A satisfies the
Yang-Baxter equation, where ¢ is a solution of ¢* 4+ (1 — x)g + 1 = 0 (the
other root defines ]%_1). Classically, k =3, g =1 and R=P.

This R-matrix is of G/'L(3)-type and the relations for Tj ensuring that
the compatible left and right spaces are covariant are nothing else but the
RTT-relations.

In the beginning there was no demand to have a solution of the Yang-
Baxter equations. The demands were to have PBW-algebras and the com-
patibility between them. So, unexpectedly, the study of the correct Poincaré
series is a machine to produce R-matrices and quantum groups.

In the list of R-matrices found in this way in [19] there is an example
which stands out for several reasons. The left quantum space is defined by
relations

Cza + Py +22=0,
24 ya+ Clay =0, (3.3.6)
2y 4+ Tyz + 2?2 =0

Here ( is a primitive 9-th root of unity; the operator ) has the form

¢
Q= ¢4 . (3.3.7)
C7

The left quantum space (3.3.6) is compatible with an (isomorphic as an
algebra) right quantum space; one can take # = 1. Thus we have a quantum
group and an R-matrix.

The R-matrix is given by

k=(4 DY, (3.3.8)
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where

<°4

<°2

¢® 1 ¢
¢t ¢® 1
A 1 ¢
Y= & 1 ¢ , (3.3.9)
¢7 ¢? 1
1 ¢t ¢°
<=5 1 C7
¢7 ¢® 1
and
D = diag(02,09,01,02,05,03,01,03,01) (3.3.10)
with
3ou = (") (CHTY,
300 = (C"HCH—=(CP+ Y, (3.3.11)
305 = (4 -+
We have g = (7.

For the standard Drinfeld-Jimbo deformation, the left quantum space is
given by z'z/ = ga’z' for i < j. When ¢ is a primitive root of unity of order
[, then the left quantum space has a center generated by elements (z')!. If
one requires that the covariance algebra of Tj preserves relations (z°)!
one obtains additional relations for T7. The quotient algebra of the algebra

of T]? by these relations is called a “small quantum group” [20].

prnd 027

The center of the algebra (3.3.6) is a polynomial ring generated by three
elements of degrees 3,6 and 9. The algebra (3.3.6) is finite-dimensional over
its center, the dimension equals 162 ([18]). Therefore, the quantum group
defined by the R-matrix (3.3.8) has finite-dimensional quotients as well.

The algebra (3.3.6) does not admit ordering. In other words, in any basis,
the defining relations are not ordering relations, ordering of 2°z%x! will always
produce loops. The algebra (3.3.6) is the first example of a PBW-algebra with
this property. Therefore, the R-matrix (3.3.8) is a very particular point in
the moduli space of solutions of the Yang-Baxter equation in dimension 3.
Another peculiarity is that the R-matrix (3.3.8) is an isolated point in the
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space of solutions of the Yang-Baxter equation; it cannot be obtained as a
deformation of any other solution; in particular, one cannot reach it starting
from the classical solution (the permutation). In this sense, this R-matrix is
non-perturbative.

Call € the algebra (3.3.6). In the next subsection we prove some of its
properties mentioned above, in particular, the PBW property.

3.3.1 Grobner base for &£

For a homogeneous element f of a free associative algebra A with generators
{zb,..., 2V}, let fbea “highest symbol” of f, the lexicographically highest
word in f.

Let B be a quotient algebra of A4 by some homogeneous relations Sy =
{ri,...,ra}t. Every relation r we write in the form 7 = terms, smaller than
r; we understand it as an instruction to replace # by the right hand side.
Taking, if necessary, linear combinations of relations, we always assume that
all 7 are different.

Let So = {r1,..., "M}

A word can contain several entries of the form r, for some «. Comparing
different ways of applying instructions to this word, we may obtain new
instructions - relations, whose highest symbols do not belong to So. We add
these relations to Sy and obtain a new set §;. Let again 3’1 be the set of
highest symbols.

Continuing the process, we shall build an (eventually infinite) set & =
U2,S;, which is called a Grobner base for A (it depends on a choice of gen-
erators {z!,..., 2"V} and on a choice of an order). Let S be the corresponding
set of highest symbols.

Now the basis of A, as a vector space, consists of “normal” words -
words, which do not have subwords belonging to S. This gives sometimes a
way to estimate the Poincaré series of the algebra. See, e.g., [21] for further
information about Grobner bases.

For the algebra &£, written in generators {x,y, z}, as in (3.3.6), the Grob-
ner base seems to be infinite ant non analyzable.

There are several other nice sets of generators and one of them leads to
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a finite Grobner base. Let
r=yC(A+ B+ 00),

y= A+ B+C), (3.3.12)

:=7(A+(°B+(C),

1+¢2
14 ¢

In terms of new generators A, B and C the relations are

where ~ satisfies v> = ¢

(A*+ (PAB+ B*=0,
CC* 4+ (FCA+ A2 =0, (3.3.13)
(B*+ (°BC+C*=0.

Choose the order A > B > (. Then the set (3.3.13) of relations gives the

following set of instructions
A2~ —(C? = (5CA
B~ —(*BC — (3C? (3.3.14)
AB~ —C*+ (CA+ (®BC .
Possible overlaps are A2B, AB?, A® and B®. This leads to new instructions
ACA~ BCO? + CPCAC + (SCBC 4+ (BC?*A + C3C*B — (C?
BCB~s —(*C*B — (3C? (3.3.15)
AC? s —(1BC? — (SCAC — (CBC — (3C*A — ("C%B .

One has new overlaps and they, in turn, lead to new instructions with highest
symbols BC?® and ACBC. We shall not give more details, but it turns out
that now overlaps are all compatible, so the construction of the Grobner base
is completed and we have

S =1{A%, B?, AB,ACA, BCB,AC? BC? ACBC} . (3.3.16)

46



For such & it is possible to explicitly describe the normal form.

For a word w = xyx3...2, let Bj(w) be the beginning, of the length
J (that is, first j symbols), of a word www...w (the word w repeated
sufficiently many times). For example, 84(ACB) = ACBA, 55(ACB) =
ACBAC.

Lemma. For S, as in (3.3.16), the normal words have a form

C'3;(BCCYBL(ACB) . (3.3.17)

Corollary. The algebra £ has the PBW property.

Proof. Normal words (3.3.17) are characterized by ordered triples of numbers
{1,7,k}, as for monomials z¢a)zk. 0.

3.4 sl,(2) at roots of unity

The simplest example of a quantum space is the algebra qu with two gen-
erators z' and a? subjected to the relation (3.0.3). If one chooses for a left
quantum space (V*)2 an algebra with two generators 1 and z; and the same
relation

T1Tg = qaoTy (3.4.1)

then the quantum group (rather, bialgebra, for the moment we will not talk
about invertibility of quantum matrices) which preserves the relations (3.0.3)

and (3.4.1) is the standard Mat,(2), the matrix elements of T' = ( Z fl )

satisfy relations

ab = qgba , ac= gca , bd = qdb , cd = gdc ,
(3.4.2)
be=cb, ad =da+ (q—q ')be

(this is a correct quantization of the Poisson brackets (3.0.1)).
If ¢ is a primitive [-th root of unity, the bialgebra Mat,(2) has a finite
dimensional quotient Mat,(2), one adds

ad=d=1,t=d=0 (3.4.3)

to the relations (3.4.2).
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The bialgebra Mat,(2) has a symmetry interpretation as well. The ele-

ments =} and z!, lie in the center of V2. Let V! . bea quotient of V? by
relations (2')' = py and (2?)' = p, for some constants gy and po. If one

requires that all the algebras qumuz are preserved by the coaction, one finds
the extra relations (3.4.3); the same relations (3.4.3) one finds from a demand
that all the left algebras (V*)2  — are preserved.

In this subsection we shall illustrate, on this simple 2-dimensional ex-
ample, some phenomena, pertinent to a situation when a non-commutative
quantum space has a large center: loss of quasi-triangularity, loss of semi-
simplicity, appearance of finite-dimensional Hopf quotients etc.

We shall give a description of the reduced universal enveloping algebra and
of the reduced function algebra in terms of matrix algebras over local rings.
This language seems to be quite appropriate to talk about such algebraic
concepts as Ext-groups, a scheme of an algebra, its Cartan matrix etc. The
material on the matrix structure is partly taken from [22].

Notation: n, is a g-number, n, = % and n,! = 1,2,...n, is a
q—4q
g-factorial. Let ¢ be a [-th primitive root of unity, [ > 2 (so ¢* # 1). Denote
- [, =1 (mod?2)
I= { 1/2 . 1=0 (mod 2) (3-4.4)

Thus, ¢** =1 <= 2n =0 (mod () < n=0(modl);n, =0 < n =
0 (mod lN) Denote v = [/l and § = ¢*; § =1, § is a primitive [-th root of
unity.

3.4.1 Preliminaries

The Hopf algebra which gives rise (as in the section 3) to the quantum space
V2 is an algebra U = U,(sl,), generated by elements K, K, E and F' and
relations

KK'=K'K=1, KE = ¢*FK ,
[( _ [(—1 (345)

?

KF=q*FK , [E F]= -
q9—q
the coproduct is defined on the generators by

AK=K@oK, AE=EQK+1@FE, AF=F1+K'®@F; (3.4.6)
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the counit ¢ and the antipode S are defined on the generators by
e(K)=1,eE)=0,¢(F)=0, (3.4.7)
S(Ky=K"', S(E)=—-EK™", S(F)=—-KF . (3.4.8)
The algebra U, (sly) has a central element, a ¢-deformed Casimir operator:
C=qK+q¢ 'K+ (¢g—q")'FE. (3.4.9)
If ¢ = exp(er) and K = exp(aH), the combination ((1_0(1%21)2 — 1 tends to the
standard Casimir operator HT2 + % + F'I in the classical limit o — 0.
Consider a vector space V(o,7), j € Z/2, 7 =0, %, cees 1—71 and 0 = +1
with a basis {7 , m = j,j —1,...,—j}. Denote by K(o,j), F(0,j) and
F(o,7) the operators

K(o,j)ep = og?mer

E(o,j)el = et (3.4.10)

J
F(O‘,j)@;ﬂ = U(j + m)q(] —m+ 1)!167_1 .

In these formulas, the right hand side should be replaced by 0 if m + 1 runs
out of the allowed range.

The operators (3.4.10) realize standard representations of U,. When ¢
is not a root of unity, the representations V(o,j) exhaust the list of all
irreducible representations.

The expression

—1\ym
R=e" % Mq’"("ﬁ‘” (E @ F)™ (3.4.11)
m>0 Myg:
being understood informally, intertwines the coproduct with the opposite
coproduct. However, because of the denominators, the expression (3.4.11)
does not make sense when ¢ is a root of unity. One may ask whether it is
possible to redefine R at these values of q. The answer is negative. A stan-
dard argument goes as follows. If R existed, we would have an isomorphism
VoW ~W®YV for any two representations of U, for which R is defined

(R would intertwine the tensor products).
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Elements @ = Ei, Yy = Fland z = K" are central; we have
Ar=z:@z,Ae=2@2+1Qz, Ay=y1l+2'Qy. (3.4.12)

There is a family of representations W, of dimension [ (the index j runs
from 0 to [ — 1):

a —2;
K v pg v,

F:vjl—>vj+1f0rj<l~—1,
(3.4.13)

1

E:vj— (%]’q—l—ab)v};l , for 7 >0,

Frivp  —=bvy, E:vgr—avy_, .

The values of the parameters y, a and b are not restricted (one only needs
p#0).
In the representation W, the value of the element y is b, the value of

the element z is p'.
Assume that V @ W ~ W @ V. Then, applying the formula (3.4.12) for
the coproduct of the element y, we find

yv + 2 yw = yw + 2 yv (3.4.14)

where yy and zy are the operators, corresponding to the elements y and z
in the representation V' (the same for W).
Take V = W4 and W = W,4. Then (3.4.14) implies a relation between

i, v, b and d, a contradiction.
1. Hopf ideals

Here we collect some information about Hopf ideals of a finite codimension
in .

The Hopf subalgebra of Laurent polynomials in K coincides with the
group algebra C[Z] of the additive group Z of integers.

Lemma. Let [ be a proper Hopf ideal in C[Z]. Then [ is generated by
(K’ — 1) for some j.

Proof. Any ideal I in C[Z] is a principal ideal, [ = (f), where f(t) =
i+ aj_ltj_l + ...+ ap is a polynomial with ag # 0.
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The element
Af(K) =K' @ K 4 a; K77 @ K774+ 4 ag (3.4.15)
equals
(a1 K77 o dag) @ (a K77 4 ag) Fa KT @ KT L g
in the algebra C[Z]/I @ C|Z]/I. If I is a Hopf ideal then the element (3.4.15)

must be zero. In particular, in the expression above, the coefficient in 1 @ K
for 1 < ¢ < j — 1 must vanish, which gives aga; = 0. Therefore a; = 0.
Vanishing of the coefficient in 1 @ 1 gives ag(ag + 1) = 0, therefore ag = —1.
Thus, f(K) = K — 1, and it is straightforward to check that (f) is a Hopf
ideal for such f. a

Consider a Hopf ideal I of a finite codimension. If £ € [ then K? —1 =
(¢ — ¢ ")K|E, F] € I, therefore

(K? = 1)F = F(q*K* = 1) = Flg™* = 1)(mod [) € I ,

so I' € I. Thus the factor-algebra is C[Z].
Assume now that £ ¢1. Let U be the factor-algebra of U by I.
According to the Lemma, (K7 — 1) € I for some j. Therefore,

(K' = 1)E = E(¢* K’ —1)= E(¢* —1)(mod 1) € I,
which implies j = ml, so z™ = 1 in the factor-algebra U (z is the image in U
of the central element z = K' € U).

Lemma. The central elements = = E! and y = Fl belong to 1.

Proof. Let & be the image of « inii;l. Let f(t) = 4 b 7 4 4 bg be a
characteristic polynomial of & in &. We have
Af(r) = (122 + Slfz)i +bi_1(x129 + Slfz)i_l +...+bo,
where r1 =2 ® 1, x5 =1 ® x and z; = 1 ® z. Thus, in 4 @ U one has
0=Af(F) = —(bi_1(T12) " + ... +b) — (b1 Z5 " 4+ ...+ bo)
' ; ' ' (3.4.16)
+ 30 ( ) (2122)°25° + b1 (T1Za + T2) P+ ...+ Do

S
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where 21 =2 @1, 12 = 1®x and 2z, = 1@ 2. The coefficient in, for example,
(125 ") is Zyi. Thus, 7 = 0, therefore, # = 0 or # € I. Similarly,y € [. O

Denote by [, the ideal
L, ={EL F K™ —1} . (3.4.17)

We shall call it a congruence ideal, and the number m - level.
We have shown that each Hopf ideal of a finite codimension contains a
congruence ideal [, for some m. The minimal m for which it happens, we

shall call the level of the ideal.

Denote U,/ I,, by U, , and the images of the elements I, I and K by F,
F and K.

We shall give a complete description of U, ; (and of U, ;) as an algebra®.

2. Equation for '

We shall find a polynomial x(x) such that x(C') = 0 (C is the image of
the Casimir operator C (3.4.9)). Later we shall prove that x is a minimal
polynomial for C'.

One has
(q—q'VFE=C—(¢gK+q¢'K™). (3.4.19)

Lemma. The following relation holds in U,:
i—1

(VP FE = TC— @K+ 7K. (3420)

a=0

*We shall not use it, but it is known (see, e.g. [23]) that Uy and Uy » are quasitrian-
gular, say, for U, ; the universal R-matrix is

i i Ny
Z —Zij[/ri [’] (q — 9 1) s(s=1) Es Fs 4.1
q x®x278' q- 2 @F° . (3.4.18)
s=0 q

1,j=0

R =
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Proof. For i = 1 this is (3.4.19). Induction in i:
(q o q—1)2i+2Fi+1Ei+1 — (q o q—l)zF HZ_:IO(C o (q1-|-2aK T q—l—zaK—l))E

— (q _ q—l)zFE HZ_:IO(C _ (q1-|-2a-|-2K T q—1—2a—2[(—1)) ]

(3.4.21)
Use (3.4.19) to finish the proof. O
Corollary. In U, one has
-1 - -
[I(C— (¢ K +¢"K™")=0. (3.4.22)
a=0
Proof. For i = I, the lhs of (3.4.20) belongs to the ideal I,,. O
Denote by p(x) a polynomial p(z) =1+ a + ... 21 and let
1 _ N
Pa = 7p(q~“K) ,a=0,...,0—1. (3.4.23)
Then )
Kp, =q¢"p, . (3.4.24)
The elements p, are the usual idempotents, decomposing 1:
PaPb = 6Py , L =po+ ... +pj_, - (3.4.25)
Define a polynomial y(x),
-1
X(@) = [[(z = ¢ —q7'7*) . (3.4.26)
a=0
More precisely,
(e —q"—q™"), v=1
x(x) = i (3.4.27)
Mito(z —qq* —q7'¢") , v =2
Lemma. In i, ;, one has B
() =0. (3.4.28)
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Proof. We have (using (3.4.24), the Corollary above and the fact that C and

K commute)

0= I(C — (@K +q7 K)oy 19,
3.4.29

= TI525(C = (¢ 4+ ¢~ =247 )p_y = x(C)pos

for all b. Summing over b and using (3.4.25) we conclude that y(C)=10. O

Remarks. 1. For odd [ the eigenvalue in (3.4.27) corresponding to a = 0 is
simple, the others have the multiplicity 2 - pairs (a,! — a). For [ even, [ odd:
the eigenvalue corresponding to a = (ZN— 1)/2 is simple, the others have the
multiplicity 2 - pairs (a,lN— 1 —a). For [ even, [ even: all eigenvalues have
the multiplicity 2 - pairs (a, [—1-— a).

2. If we knew that y is a minimal polynomial, we could immediately
state that there are indecomposable but not irreducible representations: the
center of a semisimple algebra is semisimple.

3.4.2 Formatted matrix algebras over graded rings

Let I' be a finite abelian group, [ its dual.
Let A be a I'-graded ring over C, that is, A = @, A, and if a« € A,
be Ay then abe A, .

Let 7 be a set. A couple ¢, consisting of the set 7 and a map 7 — ' we
shall call a “format”.

Definition. A set of matrices X = {X!} with indices belonging to the set
7 and with entries in A will be called a matrix algebra of format ¢ over A

(and denoted by My(A)) if X; € As(iyo()—1-
Clearly, M,(A) is an algebra.

In our examples the ring A will satisfy two conditions:

C1 A is local, that is, A/rad A is isomorphic to C.

C2 The part of A which corresponds to the trivial representation of I' is C
itself; in other words, rad A = @ A,

nontrivial x
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The simplest example is the algebra M, (C) of matrices of size n x n.
Here the group I is trivial. The algebra M, (C) has only one representation
- a column of the matrix.

Similarly, for any algebra My(A), the columns provide representation
spaces. Now there might be several types of columns, corresponding to the
chosen format ¢.

An advantage of the introduced terminology is summarized in the follow-
ing lemma, which generalizes the properties of M,,(C).

Lemma. Assume that A satisfies conditions C1 and C2. Then the columns
realize principal projective modules of M,(A). The set of principal projective
modules is in 1-1 correspondence with types of columns (that is, with the
image of ¢). The classes of isomorphism of the quotients of the principal
projective modules of each type are in 1-1 correspondence with the graded
quotients of A.

Therefore, a knowledge that some algebra is isomorphic to M,(A) gives a
complete information about the representation theory for this algebra; there
is no need to study first irreducible representations, then their extensions ete.

Let Ay be the Grassmann algebra in two variables £ and 5. It is graded
by the parity; the group I' is Z,. Essentially, the format is specified by two
numbers, m and n; we shall write ¢ = m|n. The algebra M,,,(A;) is the

(30, .

the entries of the matrices X and W are even, the entries of the matrices Y

algebra of matrices

and Z are odd elements of A,.

Remark. Let B be an algebra. Suppose that we know that it belongs to the
class of formatted algebras over graded rings, ¢. e. it can be represented as
M, (A) for some choice of I'; A, 7 and ¢. One may ask, how intrinsic the ring
A is, whether it is defined by the algebra B. It turns out that for different
rings A and A’, the formatted matrix algebras over them can be isomorphic.
In this case we shall say that A and A’ are GM-equivalent (GM stands for
“Graded Matrices”).

Example. Let A’ be a ring over C generated by two elements 6; and 65,
satisfying 62 = 02 = 0 and 0,0, = 6,6,. The ring A’ is graded by Z,, the
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grading is given by a degree in the variables 6;, degf, = 1, «+ = 1,2. The
format is again specified by two numbers, ¢ = m|n. The algebras M (A3)
and M);(A’) are isomorphic, the isomorphism is given by

ay + a2én ‘ bi& + ban ay + ax0,0, ‘ b0 — by,
s 3.4.31
( 1€+ cam ‘ dy + dyén 16 + 20, ‘ dy — dy0,0, ! )

where a;,b;,¢;,d; € C, 1 =1,2.
Thus, the rings Ay and A" are GM-equivalent.

3.4.3 Matrix structure

In [24], after a description of irreducible and some indecomposable represen-
tations of U, 2, a regular representation of U, o was decomposed into a direct
sum of indecomposable representations. As a consequence, the algebra U,
decomposes into a direct sum of ideals. It was noticed in [24] that each of
these ideals is isomorphic to a subalgebra in the matrix algebra whose matrix
elements belong to a Grassmann algebra in two variables.

We shall adopt an opposite point of view and start by establishing ho-
momorphisms into the matrix algebras with Grassmanian entries. Then we
shall prove that the reduced enveloping algebras are direct sums of formatted
matrix algebras over the local ring A;. As explained above, this immediately
provides an entire information about all modules, in particular, the principal
projective modules.

Some homomorphisms into matrix algebras, odd [

Here we shall consider the case when the number [ is odd.

Let © =25 4+ 1. Let K(1), E(:) and F(¢) be operators corresponding to
o =1 in formulas (3.4.10) (pay attention to the order of the basis vectors:
m = j,7—1,...,—7J; say, the matrix of the operator E(7) is upper-triangular).

We shall also use a matrix M(7), defined by

M(i)e;” —en! (3.4.32)

on the same basis as in (3.4.10).
Let £ and 1 be two Grassmann variables, £ = n? = &n +né = 0.
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Let

K@) ‘ *
K(i)= : (3.4.33)
. K(i—i-1)
b | Er
E(i)= | — : (3.4.34)
¢ L5 —i—1)
F(i) ‘ B M) *
Fi)= ; ° +én ‘ (3.4.35)
IR . ‘—M(%—@—l)

Dots mean that the corresponding entries are zero.
The diagonal entries of the operator K(¢) form a sequence {a,}, n € Z/IZ,

. . iy L_Z'_ ~ L_Z._
{QN}:{qzlqu(l 1)7-..7(] 27(]2(2 1)7”‘7(] 2(2 1)}

Since ¢! = 1, we have a,4+1 = ¢ %a, for all n € Z/IZ. The non-zero entries
q 9 + q

of the operators £(i) and F(i) are exactly on those places which are allowed
by relations KF = ¢? KK and KI' = ¢~ 2F K. Next, one finds

+ &P (3.4.36)

2

‘E(l—@'—1)F(i—z’—1)

and

+ &P, (3.4.37)



where

1
P= . (3.4.38)
-1
We have [E(k), F(k)] = K(k; : j:(k)_l for all &, so
ety () = LA

Therefore, the operators £(¢), F(i) and K (i) provide a representation of the
algebra U.

It is easy to verify that £(:)) = F(:)) = 0 due to nilpotency of the
Grassmann variables. The relation K ()" = 1 is evident. Thus, the matrices
E(1), F(1) and K(7) realize a representation of U, ;.

Matrix structure of U, 1, odd [

Formulas (3.4.33)-(3.4.35) provide homomorphisms (j = 2i + 1)

Pj 37;{q,1 — Mu—j(Ag) (3.4.39)
fory=1,...,l —1 and a homomorphism
Po : Z;{q,l — M](C) R (3440)

corresponding to j = 1—71

All the eigenvalues of the operator K (i) are different, so the diagonal
matrices diag(0,...,0,1,0,...,0) are polynomials in K(7) (projectors on the
eigenspaces of K (7)) and belong to the image of p;. Now, looking at the
matrices for the operators £(i) and F(i), one concludes immediately that p;

is an epimorphism for all y = 1,...,[.
For the Casimir element C' one computes
pi(C) = (¢ + )+ (¢—q7") &P, (3.4.41)

(I is the identity operator) for j =1,...,1 — 1 and po(C) = 2.
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Because of the &n-term in (3.4.41), y(1) = [T"25(x — ¢* — ¢~%) is indeed
the minimal polynomial for C' in U, ;.

Let P, € Uyy, j = 0,...,[%] ([z] is the integer part of z) be central
idempotents corresponding to the eigenvalues ¢/ + g7/ of the semi-simple
part of C'; Po+4 ...+ P[%] = 1 is the central decomposition of unity. We have
uq,l = @jpju%l;

Let Y; = Pildy;,, 5 =0,..., [%] and let B; be the matrix algebras, By =

M(C) and B, = M,—.(A2), a = 1,...,[5. Then p; : U,1 — B; vanishes

7.
on Yy for k # j because of the value of C. Thus, we have a collection of

epimorphisms Y; — B;, so their direct sum is an epimorphism
- L
p il — @B, . (3.4.42)

j:
1
Let B = @[Q]OBj. We have dim(By) = [? and dim(B,) = 21*, a = 1,...,[5].

j:
Therefore, dim(B) = I? + 1—71 S22 = 3.

On the other hand, relations (3.4.5) clearly allow an ordering: we can

B [ =~

rewrite any expression as, say, a linear combination of monomials K®F®° [,

Therefore, dim(2, 1) < I°. But (3.4.42) is the epimorphism, so dim(X, ;) = I*
and (3.4.42) is an isomorphism. We proved:

Proposition. For odd [, the algebra I, is isomorphic to a direct sum of
formatted matrix algebras,

(2]
Uy ~ Mi(C) & €D My_a(As) . (3.4.43)

a=1

As a byproduct, we saw that the monomials AK®F°E° are linearly inde-
pendent. This is a version of the Poincaré-Birkhoff-Witt theorem for I/ ;:
the monomials K*FPE°, with a,b,c=1,...,[ form a basis.

Ezercise. Describe the matrix structure of U, » (that is, K* = 1): replace the
operators K(2), [/(2) and F(7) in formulas (3.4.33)-(3.4.35) by the operators
corresponding to o = —1 in (3.4.10), verify the defining relations for ¢, 5 and

show
-1

U2~ Mi(C) & Mi(C) & P Myj—a(As) . (3.4.44)

a=1
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Remark. The algebra U, (or U, ) is unimodular, that is, the left and the
right integrals coincide, [ = [, = [i (they are defined by x [ = () [ and
Jr @ =¢e(x) [). The location of the integral inside the matrix blocks is very
natural. In the direct sum, describing the matrix structure of the algebra,
there is exactly one block M1|l~_1(/\2), for which the 1 x 1 sub-block realizes
the trivial representation (the same holds for even [). The integral is

/ - (%) (3.4.45)

(so the evaluation on the integral might remind to someone a true integration
over Grassmann variables).

Example: [ =3

For ¢* = 1 we have (¢ — ¢7')*> = —3 and 2, = —1. The Casimir element
satisfies

C?—3C—-2=(C+1)*(C-2)=0. (3.4.46)
For the block M5 (the value of the Casimir element is 2) we have:

q2 . .
pO(A’)( A ) : (3.4.47)
.. q_2

1.
po(E) = ( : 1) : (3.4.48)

po(Fy=1 -1 . . |. (3.4.49)
.o =1 .
Irreducible representations of dimensions 1 and 2 have the same value

(—1) of the Casimir element, they can be glued indecomposably into a block
M1|2(A2)§

(3.4.50)
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m(E)y=1 .1. ] : (3.4.51)
§

p(F) = n . (3.4.52)
1 —&n

The algebra U, ; has two blocks, U, 1 ~ M(3) @ Mip(As).

Case when [ is even, [is odd

~ Nowl= 2l and [ = 25+ 1. We have ¢**™' = —1, 50 ¢’ = —¢ is a primitive
[-th root of unity. A substitution

E/:—E7 RH:R” F’:F7 q/:—q (3453)

establishes an isomorphism of the algebra I/, ; and the algebra U, ; whose
matrix structure we know already.

Matrix structure for even [

We have [ = 4s, [ = 25 and ¢* = —1.

We shall describe simultaneously the matrix structures of ¢, ; (K% = 1)
and U, 5 (K =1).

Let K(o,7, E(o,7) and F(o,j) be the operators as in (3.4.10), 7 =
0,3,...,5 — 1,5 — 3. Note that (3.4.10) gives a representation of U, only
when j (the “spin”) is integer.

Let j/ = s =1 —jfor j = 0,1,....s — 1. Let C(0,j) be the value
of the Casimir element in the representation V(o,j). We have C(o,5) =
o(q'T% 4+ ¢=1=%). Thus, C(—1,5") = C(1, ).

On the representation V(o,s — %), the Casimir element takes a value
(—20).

Now the assignment

K(L,) \
K —

: (3.4.54)
K(-1,j")
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Ew [ — £ , (3.4.55)
% * E(_lv.]/)
) -1 °
F(1,7) ‘ ) M(25+1) ‘
P | —— * +én (3.4.56)
. R . ‘ —M(2j' +1)

(dots mean that the corresponding entries are zero) establishes homomor-
phisms of U, ; into graded matrix algebras over A,.
There are also two homomorphisms

Z/{q72 — MQS(C) R (3457)

corresponding to the representations V (o, s — %)

We have a collection C of homomorphisms (3.4.54)-(3.4.56) and (3.4.57).
Parallelly to the case of odd [, one shows that these are epimorphisms and
then, by counting dimensions, that the direct sum of the homomorphisms
from C is an isomorphism. This proves:

Proposition. For even [ = 2s, the algebra U, 5 is isomorphic to a direct sum
of formatted matrix algebras,

2s5—1

U2~ May(C) & May(C) & P Myjas—a(A2) (3.4.58)

a=1

The algebra U, is a direct sum of those terms in (3.4.58) for which a is odd,

Z;{q,l = @ Mzb—1|2s—2b+1(/\2) . (3.4.59)

b=1

As for odd [, the matrix description implies the Poincaré-Birkhoff-Witt
theorem: The monomials K*FPE< abye=1,....lfor U,y (a=1,...,2l for

U, ), are linearly independent and hence form a basis.
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Remark. The appearance of the sign ¢ in the formulas (3.4.%0) is related to
the existence of the following involution ¢ in the case when [ = 2s is even:

d: K —K, E—E, Fws—F. (3.4.60)

The subalgebra U, 5 4 of fixed points of the involution ¢ consists of polyno-
mials in A2, FK and E. )

To describe the matrix structure of the algebra U, 2 4, let Qs(As) be an

algebra of matrices
A|B
(?’7) ) (3.4.61)

A and B are s X s matrices, the entries of A are even, the entries of B are
odd elements of the ring A,.
Then

s—1

Uy =2 Mas(C) & D Maps—a(A2) & Qu(Az) (3.4.62)

a=1

As for the algebra U, ; 4, one keeps those terms in the direct sum (3.4.62)
which correspond to an integer spin. Now the answer depends on the parity
of s (the appearance of the algebra ), that is, on the residue of [ modulo 8.

Example: [ =4

The algebra U, ;:
KE=—EK, KF = —FK , [B,F] =0, (3.4.63)
and B B B
K'=1,E*=F*=0. (3.4.64)

The Casimir operator is C = —4F E; it satisfies C? = 0.
The realization:

() oo () () s

This realization is faithful, the algebra 2, ; has only one block, U, ~
M1|1(A2). o o 3 o 3

We have K I+ F'E = 0, where F' = F'K, so the algebra U, 1 4 is isomor-
phic to the ring A, itself.
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3.4.4 Reduced function algebra

A reduced function algebra F, on SL,(2) at roots of unity is the algebra with
generators a, b, ¢ and d, subjected to relations (3.4.2), (3.4.3) and

ad —qbc=1. (3.4.66)

This last relation, together with d' = 1, allows to express a in terms of d, b
and c; the algebra F, is generated by d, b and ¢ only.

The algebra F, also has a formatted matrix structure. Let & and & be
two variables which satisfy

G=6=0, 45 =64 . (3.4.67)

The algebra C[&;,&;] is graded by the degree in the variables &;, degé; =
deg &, = 1. The group I is the cyclic group Z/IZ. The format ¢ is specified

by a set of [ numbers, ¢ = ng|...|ni—1, the number n; corresponds to the

character z — exp(%j), where z is a given generator of I

A map

b'_>§1 . . 7C|—>§2 . . )

d

establishes an isomorphism
Fy = Mip.n(Clé, &) (3.4.68)

(all the numbers in the format equal 1). As for reduced enveloping algebras,
this isomorphism implies the Poincaré-Birkhoff-Witt theorem.
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3.4.5 Centre

We conclude the subsection by several remarks concerning the centers of the
algebras Uy ..

1. The center of the formatted matrix algebra M,,),,(A2) consists of

matrices
(m@fnlww) | a6

with some constants «, # and ~. It is 3-dimensional.
There is a conjecture by Kaplansky: “A Hopf algebra of characteristic

zero has no non-zero central idempotents” (the citation is according to [25]).
This conjecture is false, the algebras U, ,, provide a counter-example.

2. We have seen (eq. (3.4.41)) that the image of the Casimir element is

of the form s ‘
o+ n .
(ssal ). i
Therefore, the Casimir element does not generate the whole center.

For the algebra U, when ¢ is a primitive [-th root of unity, a theorem (see
[26]) states that the center of U is generated by the elements Ei, Fi, K'and
C' (and that there is a polynomial relation between these elements, which is
eq. (3.4.20) at ¢ = [; for ¢ = [, the r.h.s. of (3.4.20) depends only on C and
KZ). The image (in U, ;) of the algebra, generated by Ei, Fi, K' and C, is

the algebra of polynomials in C'. As we saw above, it is a strict subalgebra

in the center.

3. Let C(K) be a centralizer of K in U. One has C'(K) = @!_, A; where
A; is spanned by elements F'K®E'. The subspace Asq = @!_; A; is an ideal
in C(K) and A is a complementary subalgebra, A = Ag & Aso.

We have a well-defined projection 7 : C(K) — A,.

Let Z be the center of U, it is a subalgebra in C'(K). The restriction
¢ = mz of the projection ¢ to the center Z is called a Harish-Chandra
homomorphism. It is known to be injective when ¢ is not a root of unity.

For the reduced algebras Z;{qJ (or Z;lqg) the Harish-Chandra homomor-
phism is defined in the same way. However, the injectivity is lost, because
the center Z is not semi-simple while the algebra Ag is. One verifies that
the kernel of the Harish-Chandra homomorphism coincides with the RadZ.
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It is natural to conjecture that this holds for quantum deformations for all
semi-simple Lie algebras.

4 R-matrices

The first subsection is a summary of some essential facts from the theory of
quasi-triangular Hopf algebras and their representations.
The R matrix for the standard quantum group G'L,(N) is [27, 28],

Ry = a0 6[50+ (q — )0l — k)36 (4.0.1)

where O(¢) = 1 for ¢ > 0 and O(¢) = 0 otherwise. The indices run from 1 to
N.

The R-matrix (4.0.1) belongs to a class of “ice” fx’—matrices; the precise
definition of the ice condition is in the second subsection. There we give a
classification of ice R-matrices. The main result is that they are all of G'L
type.

The final subsection establishes a way to build, starting from an arbitrary
R-matrix of G L-type, R-matrices for orthogonal and symplectic quantum
groups.

4.1 Skew-invertibility

The first part of this chapter is a short reminder on the general theory of
quasi-triangular Hopf algebras, originating mostly from [29].

Then we discuss an important notion of “skew-invertibility” and explain
how it arises in the context of the quasi-triangular Hopf algebras.

In the second part we derive, on a representation level, matrix analogues
of some identities in Hopf algebras. These matrix identities will be needed
for the discussion of the R-matrices for orthogonal and symplectic quantum
groups.

4.1.1 Generalities on Hopf algebras
Let A be a Hopf algebra.
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We recall that

m(S ®@id)A(a) = €(a)l, (4.1.1)
m(id @ S)A(a) = €(a)l, (4.1.2)
(c@id)A = (d®e¢A=1id, (4.1.3)

where S is the antipode and € is a counit.
We use a standard notation omitting a summation index, for example,
instead of writing A(z) =3, :1;21 ®:1;§ we shall simply write A(x) = T(1) DT ().

1. The Hopf algebra A is called almost cocommutative if there exists an
invertible element R € A ® A such that

Al(z)R = RA(x) (4.1.4)

for any element x € A. Here A’ is the flipped coproduct, A'(x) = x5 @ z()
for A(x) =z @ 2(2).

We symbolically write R = @ @ b instead of R =3, a; @ b;.

Let Az(l') = Z(1) & Z(2) & Z(3) (A2 = (A ®1d)A = (1d® A)A) By (4.1.4),

we have
z(ya & l‘(l)b QxE = arq)® bx(g) & 23y, (4.1.5)
Z(1) QD x(3a @ $(2)b = ()W arpe ® bx(g) . (4.1.6)

Let u = S(b)a. Applying id @ S @ S? to (4.1.5) and multiplying terms in
the inverse order, one obtains

Sz )u = ux . (4.1.7)
Applying id @ S @ S? to (4.1.6) and multiplying terms, one obtains
zS(u) = S(u)S*(x) . (4.1.8)

Eqgs. (4.1.7) and (4.1.8) hold for an arbitrary € A so the element S(u)u
is central.

FEzercises.
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1. Take a flip of (4.1.4): A(x)R21 = Ral(z), and derive, parallelly to
(4.1.7) and (4.1.8), identities

v = vS¥(a), (4.1.9)

S*(2)S(v) = S(v)z, (4.1.10)
where v = aS(b).

2. This exercise is taken from [30].
Let A be a Hopf algebra (not necessarily almost cocommutative). Let T
be an operator on A ® A defined by

T(a X b) = GS(b(l))b(g) X b(g) . (4.1.11)

Show that T satisfies the Yang-Baxter equation, T157157T53 = To3T13112. Show
that for a cocommutative A, the operator 1" reduces to the identity operator.

2. The Hopf algebra A is called quasi-triangular if

Fxercise. Show that any of these formulas, together with (4.1.4), implies the
Yang-Baxter equation

R12R13R23 — R23R13R12 . (4114)

Applying € @ id @ id to the formula (4.1.12) gives R = (¢ @ id)(R)R or,

upon canceling by R,
(e@id)R=1. (4.1.15)

Similarly, an application of id ® id ® € to (4.1.13) gives
(id@e)(R)=1. (4.1.16)

Applying S to the first tensor argument of (4.1.12), multiplying the first
two arguments and using (4.1.15), one obtains

(S@id)R =R . (4.1.17)
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Similarly,
(ido S YR =R. (4.1.18)

Together, eqs. (4.1.17) and (4.1.18) imply

(S©SR=R. (4.1.19)

3. Some properties of the element u

An immediate consequence of (4.1.19) is
v=25(u) . (4.1.20)

Let R7!' = ¢e®d. We have 1 = (id ® S)(RR‘I) = (id @ 9)(ac @ bd) =
ac® S(d)S(b). Using (4.1.18), one can rewrite it in the form

ala@bS(b) =1, (4.1.21)

where the prime means another copy, the full version of a’a @ bS(¥) is
> aia; @ b;S(b;). Multiplying the tensor terms of (4.1.21) in the inverse
order, we get bua = 1, or, by (4.1.7), bS*(a)u = 1. On the other hand,
ubS*(a) = S*(b)uS?*(a), which, by (4.1.19), equals bua = 1. Thus, the ele-
ment v 1s invertible,

ut =b5%(a) . (4.1.22)
FExercise. Prove that the element u is invertible in the general almost cocom-
mutative setting (i.e., without assuming the quasi-triangularity).

Using the invertibility of u, one can rewrite (4.1.7) in the form
S%(z) = uzu™t . (4.1.23)

In particular, the antipode S is invertible (since S? is invertible). Note that
in the quasitriangular situation, eqs. (4.1.8), (4.1.9) and (4.1.10) follow from
(4.1.7) because of (4.1.20) and the invertibility of S.

For @ = u, eq. (4.1.23) gives

S*u) = u . (4.1.24)
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For x = S(u), eq. (4.1.7) gives S®(u)u = wS(u), which, in view of (4.1.24),
implies

uS(u) = S(u)u . (4.1.25)

4. Coproduct of u

;From quasi-triangularity properties (4.1.12) and (4.1.13) it follows that
(A@A)R) =Ri1aR2aR13R23 (4.1.26)

or

ag) & a(z) & b(l) & b(g) = aa” X a'a” X b’y X bb , (4.1.27)

where, as usual, primes denote different copies.
Rewriting the Yang-Baxter equation (4.1.14) in the form R3; R12R13 =
RisR12R54 and using (4.1.17), we obtain

a'a" @ S(a)b @bb" =a"ad @0 S(a) 20" . (4.1.28)

Now

(4.1.27)

A(u) = 5(6(2))61(1) ® S(b(l))a@) S(bb’) @ ad” @ S(b"b"’)a’a”’

4.1.7)

— S(b/)ua// ® S(b//b///)a/a/// ( S(b/)SQ(a//)u ® S(b//b///)a/a///

4.1.28)

— S(S(a//)b/)u ® S(b//b///)a/a/// ( S(bls(a//))u ® S(b///b//)a///a/

4.1.19)

= S%(a")S(V)u @ S(b")ud’ (4L S(a”)S(b)u @ b'ua’

(4.1.17

PRS0 @ ua’ MET RS @ S (du

(4.1.19) (4.1.17)

R Vu@Sau =" "RIRG u@u.
(4.1.29)

“=" refers to an equation which is used in the corresponding

A number over
equality.
Denote the element Roy1R € A @ A by ¢, ¢ = Ro1’R. We obtained
Au) = S u@u . (4.1.30)
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Obviously, dA(x) = A(x)¢ for any © € A. The element ¢ plays in impor-
tant role in the theory of quasi-triangular Hopf algebras; a map from A* (a
dual Hopf algebra) to A, f + (¢, f)2 (the pairing with the second argument
of ¢) is called a factorization map. The algebra A is called factorizable if the
factorization map is not degenerate (and A is called triangular if ¢ = 1).

For @ = u, eq. (4.1.4) gives (using (4.1.30))

R u@Qu=u®@u-R (4.1.31)

(note that this equality follows from eqs. (4.1.23) and (4.1.19) as well).
Using now that A(S(x)) = (5 @ S)A’(x) for any x, one obtains

A(S(u)) = &' S(u) @ S(u) . (4.1.32)

Therefore, the element g = wS(u)™! is group-like, A(g) = g @ g; the fourth

power of the antipode is given by the conjugation by g, S*(z) = gzg™'.

For the central element u.S(u) we have A(uS(u)) = ¢~% - uS(u) @ uS(u).
If there exists a central element p € A such that p* = uS(u) and A(p) =
o1 p @ p, one says that A is a ribbon Hopf algebra; the element p is then
called the ribbon element.

Fxercise. Show that e(p) =1, S(p)=pand R-p@p=p@p-R.

4.1.2 Matrix picture

Let ¢ be a representation of A in a vector space V. The numerical R-matrix
is

R=(tat)(R) (4.1.33)

or, in some basis of V, RZJZ = t(a)};t(b){. As usual, P will denote the permu-
tation matrix.
Eq. (4.1.21) produces the following matrix equation

RS = 6387 (4.1.34)

where W = (t @ t)(a @ S(b)), U, = 1(a)it(S(b))].
Thus for R = PR, ]%i? = RZC}, and U = PV, \iﬂ;g = U we have

RV = 6565 (4.1.35)
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One can rewrite it without indices as
trg(ﬁilgqlgg) = P13 . (4136)

We could have used instead of (4.1.21) an equivalent relation 1 = (id @
SYRIR) = (id @ §)(ca @ db) = ca @ S(6)S(d) “E"™ a'a @ S(b)H' to obtain

in the matrix form

trg(\i}lgﬁgg) == P13 . (4137)

Definition. Given an operator R, a solution of eq, (4.1.36) (respectively, eq.
(4.1.37)) is called a right (vespectively, left) skew inverse of K. The operator
R is called skew-invertible if it has left and right skew inverses.

We are concerned only with a finite-dimensional case, in which the rela-
tions (4.1.36) and (4.1.37) are equivalent: (A@B)Cf = A“Btf is an associa-
tive product on the space of tensors with two upper and two lower indices,
the permutation Pkl = 0] 5k is a unit element for the operation ¢ and eq.
(4.1.36) (correspondingly, (4.1. 37)) defines W as the right (correspondingly,
left) inverse of R with respect to . In a finite-dimensional algebra left and
right inverses (when one of them exists) coincide.

This product reflects a product® (o @ 38) ® (y ® §) = ya @ 36 defined for
elements of the tensor square of an arbitrary algebra: for x y € A® A and
z=x0Oylet X = (®t)(:1:),Y:(t®)()andZ— Qz ) be their
images for the representation ¢. Then 7 = X7 Y or Z = X@Y

Let @ = t(u) be the image of the element w, Q] = t(S(b))};t(a);? = \Ilf}m

or

Q1 = tra(Vyy) . (4.1.38)
Similarly, for Q = t(S(u)) we have
Q2 = try (V1) . (4.1.39)
Thus, ) o
tI’Q(RlQQQ) = [1 and trl(QlRIQ) = [2 5 (4140)

>More generally, for an element i = (1 ®. .. pt, € A®" and an element £ = a®@F € AR A
one defines p O & = 11 Q... Qo @ ... QWP Q... Qpy and E O = 1 Q...
HEQ ® ... @ B @ ... @ ftn; then there are rules like (#12¢13) @ 223 = (Y13%223) © 212,
T12%13%23 = L13 © (212223) ete.
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where [ stands for the identity operator in a corresponding space.

If the representation ¢ is irreducible, the central element uS(u) takes a
constant value, the square of the value of the ribbon element. Thus, for an
irreducible representation, the product QQ is proportional to unity.

FErercise. Show that the standard R-matrix (4.0.1) is skew-invertible with

Wi = g7 838, — (¢ — ¢7)O(d — e)g* 5y (4.1.41)
Show that )
QZ — q—2N+2a—1(sg and QZ — q1—2a5;)1 7 (4142)

so the value of the square of the ribbon element is ¢~V

We now adopt another point of view and forget that there was a quasi-
triangular Hopf algebra behind. We shall leave, as a trace of quasi-triangu-
larity, only the assumption that the numerical matrix R is skew-invertible,
and derive, purely in the matrix language, some consequences (for \i/) of the
Yang-Baxter equation.

Below we constantly use the following simple fact:

tI’l(Plg) == [2 . (4143)

Multlplymg the Yang- Baxter equation 312323312 = 323312323 from the
left by \Ilal, from the right by \Ilgb (a and b should be understood as numbers
of some copies of the space V'), taking traces in the spaces 1 and 3 and using
(4.1.36) and (4.1.37), we obtain (after relabeling spaces - we do it in order to
avoid a redundancy of unnecessary symbols; the result is formulated for the
spaces with numbers 1, 2 and 3)

tro(\illoéozéog)ng = Plztro(ﬁloézoqlog) . (4144)

Fzxercise. The Yang Baxter equation implies that RlszgR T = 323312323
and 312323312 = 323312323 for an arbitrary integer n. Show that

tro(qlloﬁozég:g)ng = Plztro(ﬁ?oézoqlog) (4145)

and

tro(qlloégzéog)ng = Plztro(ﬁloégoqlog) . (4146)
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Deduce from (4.1.45) and (4.1.46) that

tro(\illoégg—l) = Plgtro([%?oézoc?o) 5 (4147)
tro(\illoég;l) = Plgtro([%u)é;o@o) (4148)

and then o )
tro(QoRgil—l) = tro(R?a—lQo) . (4149)

Since the permutation matrix P squares to the identity, we can rewrite

(4.1.44) as o o
Plztro(qlloRogRog) = tro(RloRgoqlog)ng . (4150)

Multiplying (4.1.50) from the left by W1, from the right by Ws,, taking traces
in the spaces 1 and 3 and using (4.1.36) and (4.1.37), we obtain
tr01(\i’m]312\1110]%02]306) = t1’03(Paol%zo\1103]323\1’31)) . (4-1-51)

This equation can be simplified. The expression under the trace in the
l.h.s. can be rewritten as \ilalplglilm]%ozpob = \i/alplgpob\illb]%bg. Now the
trace in the space 0 can be taken (by (4.1.43)), so the Lh.s. of (4.1.51) is
trl(\i/alplgki/lb]%bz). We have

tf1(\i’a1P12\i’1b]%b2) = tfl(\i’mplquw) [%62
= t1"1(]312\11(12\1’1&7) [%62 = tl"l(qu’lb\i’az) [%62
) o ) o (4.1.52)
= t1"1(]312\11167) Vool = t1"1(\112171312) W o2 Rpo
= Uy War Ry .

In a similar way one simplifies the r.h.s. of (4.1.51) and obtains (after rela-
beling spaces) o o
\I}23\I}12332 — Rzlqlggq}lg . (4153)

Assume that an operator B has a left skew inverse A, tra(A12B23) = P13 (or
AGB = P). Then for any operator X;, which acts as the identity in the
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space 2, we have
tra(A12X1Ba1) = troa(A12X1 PioBa1)
= troz(A12.X1 B2oPio) = tro2( A12B20X1 Pro) (4.1.54)
= tro( ProX1Pio) = to(X) 1y,

where [; is the identity operator in the second space.
Therefore, taking trs of (4.1.53), one obtains

Ry1QWyy = Q11 ; (4.1.55)
similarly, taking tr; of (4.1.53), one obtains

1,01 Ry = 1Q, . (4.1.56)
Here @ and Q are the operators defined in (4.1.38) and (4.1.39)

On the other hand, one can rewrite eq. (4.1.44) as Pzgtro(\i}loﬁogéoz) =
tl"o(RzoRm\I’o:a)Pm or

tro(\illoéogéog)PlQ = ngtro(ﬁgoéloqlog) . (4157)

FEzercises.

1. Multiply (4.1.57) from the left by {1, from the right by Us,, take traces
in the spaces 1 and 3 and obtain

W10 WosRor = Rap W10 (4.1.58)

2. Assume that an operator B has a left skew inverse A, try(A12B93) = Pis.
Show, similarly to (4.1.54) that

trQ(AQIXlBIQ) = tI’(X)[l . (4159)
3. Apply try or trs to eq. (4.1.58) and deduce that

U15Q0 Rt = Qi1 (4.1.60)

and

RuQ1012 = Qa1 . (4.1.61)
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4. Let vy =a®@ S(b) € A® A (R = a® b is the universal R-matrix). Show
that

R2377Z)1277Z)13 = 77Z)1377Z)12,R/237 (4162)

Ri2hasthis = Y13asRas (4.1.63)

Show that these equalities induce, on the level of a representation, equalities

(4.1.53) and (4.1.58) respectively.

5. What are Hopf-algebraic counterparts of eqs. (4.1.55), (4.1.56), (4.1.60)
and (4.1.61)7

Write equations (4.1.55), (4.1.56), (4.1.60) and (4.1.61) in the form

QW2 = Ry'Qi, (4.1.64)
U,Qr = Quky), (4.1.65)
V5,0, = QiRy), (4.1.66)
Oy = RO, . (4.1.67)

A compatibility of these equations provides new relations®.

Comparing trq of egs. (4.1.64) and (4.1.66):

QQQQ = trl(]%;f@l) and QQQQ = tI’l(Qléz_ll) (4168)

and using the cyclic property of trace to move ()1, we conclude that

00 =00 . (4.1.69)

This is a matrix counterpart of eq. (4.1.25).
Using (4.1.64)-(4.1.67), we can express in two different ways combina-

tions Q2\I’12Q17 Q2\I’12Q27 Q2Q1\I’127 \I’12Q @2, qu’le and qu’sz This

6Egs. (4.1.53) and (4.1.58) also have a nontrivial compatibility relation: Ro1 commutes
with \1123\11%2\1/23.
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results in

R0 = Q.Q.R3!, (4.1.70)
RilQiQ: = QuQuR3!, (4.1.71)
QR Q = Q2R51Q: (4.1.72)
Q:R3'Q = QuR3'Q . (4.1.73)
]%2_11(21@2 = @1@21%2_11, (4.1.74)
R7'Q2Q: = QiQiRy)! . (4.1.75)

Eqs. (4.1.71) and (4.1.74) reflect the fact that for a quasi-triangular Hopf
algebra A, elements u@u and S(u)® S (u) commute with R (see eq. (4.1.31)).

It is interesting to compare eqs. (4.1.70) and (4.1.75) in the Hecke case,
when the R-matrix satisfies a quadratic equation R? = AR +1 with X # 0.
Rewriting eq. (4.1.75) as Rle Q1 = Q2Q2R21 (we used that ) commutes
with Q) and subtracting from (4.1.70) we obtain

QQ = const . (4.1.76)

So, even if a representation ¢ is not irreducible but the R-matrix is of Hecke
type, the value of the square of the ribbon element on all subrepresentations
of t is the same.

IfA=0 (ie R is triangular, R = 1), eq. (4.1.68) implies immediately
that QQ = I.

Exercise. Suppose that operators () and Q are invertible. Show, without
taking skew inverses, that eqs. (4.1.72) and (4.1.73) follow from eqs. (4.1.70),
(4.1.71), (4.1.74) and (4.1.75).

Use (4.1.48) (or multiply (4.1.37) from the left by Q3 and use (4.1.64) )

to obtain o
trQ(RIQRS_;QQ) = Q3P13 . (4 1. 77)

Therefore, if () is invertible then R~ has a skew inverse = =, D = Qlel Q2 .
On the other hand, assume that R7! has a skew inverse Z. Multiply
(4.1.77) by Zg3 and take trs to obtain tro(um)Ql = 1.
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Therefore, ) is invertible iff R™! has a skew inverse. Similarly, Q is
invertible iff B! has a skew inverse.

It follows then that Q is invertible iff Q is invertible.

There is also an implication: @) is invertible = ¥ is invertible (it follows
immediately from, for example, (4.1.64).

Assuming that the operator ¥ is invertible, one can rewrite the Yang-
Baxter equation entirely in terms of U. To this end, rewrite eq. (4.1.53) in
the form

@12&32\1};21 — \112_31[%21\1}23 . (4178)

Multiplying (4.1.78) from the left by U 5, from the right by Uy, taking traces
in the spaces 1 and 3 and using (4.1.36) and (4.1.37), we obtain

Plgtro(\i}()l\i}a;\i}og) == tro(\illoqlgolqlgo)Pzg . (4179)

Note that on the way from the Yang-Baxter to eq. (4.1.79) we were making
only reversible transformations, so eq. (4.1.79) is equivalent (assuming the
skew-invertibility of \i/) to the original Yang-Baxter equation.

We conclude by a remark that from the Hopf-algebraic point of view the
invertibility of U is natural. The element Y =a® S(b) € A® A has an
inverse,

P =a®@ S*(b) . (4.1.80)

Also, the element R~ has a (left and right) skew-inverse ¢ (that is, the
inverse with respect to the multiplication ©),

£=5%(a)®b. (4.1.81)

JFrom the Hopf-algebraic perspective the matrix identities which we derived
are quite transparent. However, for the construction of orthogonal and sym-
plectic R-matrices one needs the matrix form of the identities, so it is impor-
tant to understand how much one can derive using only matrices.

FEzercises.

1. Verify (4.1.80) and (4.1.81); show that
Ri2613€s = 23&13Ra2 (4.1.82)
Raslizéia = 12613 Raa (4.1.83)
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Ris&iatvas = ta3&12Ras (4.1.84)
Rizbastiz = ¥1263Ras - (4.1.85)

2. What are Hopf-algebraic counterparts of eqs. (4.1.44) and (4.1.79)?

4.2 Ice R-matrices

The standard R-matrix (4.0.1) has two properties: it is of Hecke type (that
is, it has two eigenvalues) and it satisfies the so-called “ice” condition which
means that RM can be different from zero only if the pair of the upper
indices {4, 7} is a permutation of the pair of the lower ones, {7, 7} = {k,{} or
{t,7} = {l,k}. Here we shall explain that these two properties (Hecke and
ice) are not independent; we shall introduce the notion of indecomposable ice
R-matrix and demonstrate that such R-matrices satisfy the Hecke condition”.
Ideologically, this shows that the search of ice solutions of equations similar
to the Yang-Baxter equation is justified only in the Hecke case (and then
one imposes the Hecke condition first, as it is done in [31] for the dynamical
Yang-Baxter equation).

Let RM = a”525] +b”52 5] be an ice matrix. We fix b;; = 0 for uniqueness.
Let also a; = a;;.

We suppose that the matrix R is invertible and skew-invertible. It follows
then (an easy exercise) that a; # 0 and a;; # 0 for all ¢ and 7.

Assume that R satisfies the Yang-Baxter equation, Yabcj = 0, where Y;bc] =
(312323312 — 323312323)abc -

When two indices among {i,7,k} are different, the equation K:fcj =0
gives (here ¢ # j):

a;;bi;0;; =0, (4.2.1)
bij(af — aibij — aijaz) =0, (4.2.2)
b”(a2 a]b” aijaﬁ) =0. (423)

"The opposite is not true: there are many Hecke R-matrices which cannot be brought
to an ice form by a change of a basis.
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For all three indices {1, 7, k} different, ¢ # j # k # i, equations are

(aijaji — ajrar;)bix + bijbjx(bi; — bjr) =0, (4.2.4)
aji(bijbip — bijbjp — bigbr;) =0, (4.2.5)
aij(bjrbir — bijbjx — bjibi) =0 . (4.2.6)

Let I' be a graph with vertices . We draw an oriented edge ij from the
vertex ¢ to the vertex j if the number b;; is not zero.

Since a;; # 0, eq. (4.2.1) shows that two vertices can be joined by not
more that one edge.

When the graph I' is not connected, equations, corresponding to different
connected components, do not notice each other. So, one has to study only
the situation when the graph I' is connected.

Definition. We say that the ice R-matrix is indecomposable if its graph I’
is connected.

Proposition. Let R be an invertible and skew-invertible solution of the
Yang-Baxter equation. Assume that R satisfies the ice condition and is
indecomposable. Then R is of Hecke type (that is, it satisfies a quadratic
equation).

Proof. Since a;; # 0 for all ¢ and j, egs. (4.2.5) and (4.2.6) imply
bijbix — bijbjr — bixby; =0, (4.2.7)

bjkbik — bi]‘b]‘k — bﬂbzk =0. (428)

(1) Suppose that the graph I' has edges z_j and ]7{ Then I' has an edge @7{,
as on the Figure:

@O — — — @
1 \ / '
. @
J
This is an immediate consequence of eq. (4.2.7): by; = 0 because, by

assumption, b;, # 0; therefore, b;;(b;, — bjx) = 0 but, by assumption, b;; # 0.
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(1¢) Suppose that the graph I' has edges Z_j and k} Then I' has either an

edge 1k or an edge ki, as on the Figures:
. - — — o — — — — 0
k i k
or
J
To prove this, interchange j and k, j <+ k, in eq. (4.2.8):

bk]‘bi]‘ — bzkbk] — b]mb” =0 (429)

and note that either b;; or by; 1s 0.
(7i7) Situations when I" has edges ﬁ and k} or edges ﬁ and ]7{ are considered
similarly.

We conclude:

(a) If T' contains two sides of a triangle, it contains the third side. This
immediately implies (since I' is connected) that I' is a full graph, that is,
every two vertices are joined. In other words, for each pair (7, j) at least one

number, b;; or b;;, is not zero, {b;;,b;;} # {0,0}.

(b) An oriented triangle of I' is never a cycle (see Figures above). By (a), I is
the full graph; an easy exercise shows then that I' has no cycles. Therefore,
orientations of edges induce an order on the set of vertices and we can relabel
vertices in such a way that [ has an edge Z_j € I'if and only if ¢ < 5. In other
words, b;; # 0 if and only if ¢ < j.

Consider a triangle with vertices 7, 7 and k, 1 < j < k. Then the oriented
edges are iJ, ik and ]7{ We have b;; = by; = 0; eq. (4.2.7) shows that
bi, = bj; eq. (4.2.8) shows that by, = b;;. Therefore, for all ¢ and j with

1 < j the parameters b;; take the same value, say b, b;; = b.

At this stage, eqs. (4.2.1), (4.2.5) and (4.2.6) are solved and the R-matrix
has the form

RY = ay6i6] + bO(1 — k)8L6) . (4.2.10)

(1v) Eq. (4.2.4) simplifies now; it implies that all the products a,ja;; take the
same value. Denote this value by a, a;ja;; = a for all 7 and 7 with ¢ # 7.
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(v) The remaining two equations, (4.2.2) and (4.2.3) imply that for all ¢ the
parameters «a; satisfy a quadratic equation

a? —ba; —a=0. (4.2.11)

Now it is immediate to verify that the matrix R satisfies the same quadratic
equation ) )

R*=a+bR. (4.2.12)

The proof of the Proposition is finished. a

When 4a 4 b* = 0, the matrix R has a nontrivial jordanian structure.

Assume that eq. t* — bt — a = 0 has two different roots p; and ps.
In this case the matrix £ is diagonalizable and has two projectors. Let
m (correspondingly n) be the number of those a; which are equal to

1
(correspondingly ps). Then the ranks of the projectors are 7m(m2—|— )
—1 —1 1
7n(n ) 4+ mn and m(m ) + n(n+1) + mn. These are exactly the ranks

of the symmetrizer and the antisymmetrizer for the superspace of dimension
m|n. The fx’—matrices, constructed in the Proposition above, are called the
multiparametric R-matrices for the quantum supergroups G'L,(m|n); we have
shown that with the ice condition there are essentially no more solutions.

4.3 Construction of orthogonal and symplectic R-mat-
rices

Let V' be a vector space and V> its dual. The natural pairing between V'
and V* can be used to define either a symmetric or antisymmetric scalar
product on the space V & V*. This scalar product is invariant under the
natural action of the group GL(V) of general linear transformations of the
space V. Therefore, GL(V') gets imbedded into a corresponding orthogonal
or symplectic group.

Such logic goes very well for quantum spaces also. We shall model in this
way quantum spaces for orthogonal and symplectic quantum groups.

1. Yang-Baxter equation and ordering

A quantum space, being defined by only a part of projectors of an R-
matrix, does not carry the whole information about the R-matrix itself. It is
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not difficult to find a quantum space which can be defined by several different
R-matrices (Exercise: give an example).

However, there is a convenient way to encode an R-matrix in a framework
of quantum spaces. It requires several copies of a quantum space. Let 2* be
coordinates of some quantum space. We shall not be interested in commuta-
tion relations between the elements x'; rather, we introduce copies, say z(1)’,
z(2)" ete, and define commutation relations between different copies to be

e(M)'z(NY = R, o(N)*z(M)' (4.3.1)

for M < N. The relations (4.3.1) allow to reorder any multilinear combina-
tion (M) z(My) ... x(M,)" with pairwise distinct labels My, My, ..., M,
in the descending (with respect to the labels My, My, ..., M,) order.

There are two ways to reorder a monomial x( M) x(My)2x(Mz)=, with
M, < M; < Ms, in a descending way, starting from z(M;)" (M) or
z(My)2z(Ms)*. The equality of two resulting ordered expressions is a com-
patibility condition. Assume that monomials x(M;) z(My)2 ... x(M,)>,
where My > M; > ... > M,, are linearly independent. Then the com-
patibility condition is precisely equivalent to the Yang-Baxter equation for
the matrix . This interpretation of the Yang-Baxter equation is very useful
especially in cases when the index 7 of coordinates z° is composite (like, for
instance, a pair of indices {a, 3} if one wants to view the elements T3 of the
quantum matrix as coordinates of a quantum space).

In the sequel, to avoid the cumbersome notation z(M)’, we shall write
riyl = ]%}jl y*z! instead of (4.3.1).

2. Assumptions

Our starting point is a solution R of the Yang-Baxter equation. We
impose several conditions:

Al. R is invertible.
A2. R is skew-invertible with a skew inverse W.

A3. an operator @ defined by (4.1.38) is invertible (thus, Q defined by
(4.1.39) is invertible as well).
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As any solution of the Yang-Baxter equation, R defines a quantum group;
in this subsection it will be enough to understand it as an algebra generated
by Tj and (T1)% with relations

J
ElQTITQ — T1T2E12 (432)

and
TrTt=T"T=1, (4.3.3)
or TH(TV), = (1)1} = .
We need one more assumption. The relations ]%mTng = T1T2]%12 imply
that W1y Ty = Ty ToWi5 for any polynomial W in ]%, W =73, ca]%a. We
shall say that R is rigid if every W for which Wy, Th' Ty = TY oWy, is a

polynomial in R. And this is our assumption:
A4. R is rigid.
3. Auxiliary formulas
Here are some immediate consequences from (4.3.2) and (4.3.3). First,
TT' R Ty = ToRpTS (4.3.4)
Ry TN = TV Ry, (4.3.5)

Multiplying (4.3.4) by W, from the left, by Wy, from the right and taking
traces in the spaces 1 and 2, we obtain (as usual, after relabeling spaces)

tro(qlloTO_lPOQTo) = tro(ToploTO_lqloz) . (436)

Attention: one cannot move Ty cyclically under the tro in (4.3.6) because
the matrix elements of 7y do not commute with matrix elements of other
operators in the expression.

Tracing (4.3.6) in the spaces 1 or 2 gives

tro(T()PloTO_lQo) == Ql 5 (437)

tro(QoTO_IP()lTo) == Ql . (438)

84



Sometimes it is more transparent to write eq. (4.3.6), as well as eqs. (4.3.7)

and (4.3.8), in indices:

U (11T = T2(T~ )b (4.3.9)
and 4 i | -
THT™'Q) = Qf  and  (QT™ YT =Q! . (4.3.10)

Operators () and () are invertible, so we can rewrite (4.3.10) in terms of an
associative operation (X o Y); = X]“K: (or X oY = (XY, where ¢ means
the transposition) as

To(Q'T'Q)=1 and (QT'QYoT=1, (4.3.11)

where [ is the identity (with respect to the usual multiplication as well as to
the multiplication o). Left and right inverses coincide, so

TQQ = QQT . (4.3.12)
It follows from (4.3.11) that T~! also has an inverse with respect to o:
(QTQ™oT ' =1. (4.3.13)
Note that (4.3.6) can be rewritten as (\illgTQ_l) oly=T,0 (Tl_lkillg) or
T oW, 0Ty =T oW, 0T, (4.3.14)

since, if the matrix elements of an operator X commute with the matrix
elements of an operator Y then X oY =Y X.

4. Covariance

As explained in the part 1 of this subsection, the operator R provides a
consistent set of relations

rly = ]%Zykxl : (4.3.15)

The relations (4.3.15) are covariant under the following (co)action of the
quantum group (generators Tj commute with :1:2)

vt = T (4.3.16)
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and the same for y'.

We are going to build a quantum analog of the direct sum V & V*, so
we need, in addition to x!, another set of generators, ;. To mimic that the
generators x; describe a dual space, we require their transformation law to
be 4

(the same for y;).

A little later we will restrict ourselves to the case when R has only two
eigenvalues. But already now we can partly analyze possible ordering rela-
tions. We have two “multiplets”, z* = {z'} and z, = {;}. For the moment,
let S € End(V @ V) be an arbitrary operator. Let us say that a matrix
element S%ﬁ is “ice” if either « =y and f =d or a =6 and g = 4. If all
non-vanishing matrix elements of S are ice then we have an ice matrix in
the sense of the subsection 4.2. We shall apply the same terminology to the
whole multiplets ©* and z,: if @ belongs to a multiplet A (A can be *® or ,)
and y belongs to a multiplet B then the parts in the ordered expression for
xy, which contain the same multiplets will be called “ice”. We shall see that
the ice part of ordering relations is strongly governed by the covariance.

We fix the ordering relations for z'y’ to be as in (4.3.15).

In the ordered expression for x;y; the ice terms are ya;,

= Eflypa + . (4.3.18)

where dots stand for terms with other structures of indices. Then the covari-
ance under the transformations (4.3. 17) requires 1715 By = By TV
so, by rigidity, F1s is a polynomlal in Rzl, Eio= 6(321)

In the ordered expression for z'y; we may have terms like yrz! and y*x,

Ty = A; ypx! + B]ky x+ . (4.3.19)

dots stand for terms with other structures of indices. Then the covariance
under the transformations (4.3.16) and (4.3.17) requires

T1A12T1_1 - T2_1A12T2 y (4320)

T1B12T1_1 = tro(BloT()POQTO_l) . (4321)
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Similarly, if, in the ordered expression for x;y’, we have terms like y*2; and

I
Y,

ry = C] Lyt + Dzl yex' + . (4.3.22)
where dots stand for terms with other structures of mdlces, then the covari-
ance under the transformations (4.3.16) and (4.3.17) requires

tro(TO_lp()lT()COQ) = tro(cloTopogTo_l) 5 (4323)

tro(TO_1P01TOD02) == T2_1D12T2 . (4324)

Due to rigidity of R it follows from eq. (4.3.20) that A;2 is a polynomial
in th Ay = G(Rm)

Multlply (4.3.21) by R, from the right and take try. The Lh.s. becomes
TlBlaT , where By, = trg(BlgRaz) The r.h.s. becomes

tl"oz(BloTopozTo_l]%az) = tl"oz(BloTopozéazTo_l)

= tl"oz(PozBmTz]%azTo_l) © tl"oz(BlszéazTo_lPoz)
A A (4.3.25)
= tl"oz(BlszRazposz_l) E tl"z(BmTzRasz_l)

(4.3.4)

tro(BroT  RooTy) = T, By T

We used: the cyclic property of the trace to move Pz, it is indicated by (¢)
over “="; we took tro (it is indicated over “="); and we used eq. (4.3.4).

Therefore, By, i is, by rigidity of R a polynomlal in Ral, trg(BlgRaz) =
b(Ral) with some polynomlal b. Multiplying by Wy, from the left and taking
tr,, we find

B12 == tro(\ilgob(é(n)) . (4326)

Similarly, multiplying (4.3.24) by Ry, from the left and taking try, we
find . .
Tz_lDaQTQ - TaDaQTa_l y (4327)

where D,y = trl(]%leg). Therefore, Dy is a polynomial in Ra. Thus,
D12 == tro(d(ﬁfgo)\i}()l) (4328)

for some polynomial d.
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Finally, multiply eq. (4.3.23) from the left by Ri,, from the right by R,
and take tr{3 to obtain

T,CuT7 =T 0T (4.3.29)
where (', = trlg(ﬁflaclgﬁ’bg). Therefore, Cyp is a polynomial in Ry, Thus,
Chy = tros(Wase( Rao) Woy) (4.3.30)
for some polynomial c.

5. Ansatz

We keep in mind that the multiplets z* and z, are associated to the
group G'Ly. For general N, the only invariant tensors with four indices are
the permutation and the identity in V @ V. This motivates the following

Ansatz:
vy’ = Riyhal, (4.3.31)
Ty, = A;’;ykxl + Bﬁgykxl , (4.3.32)
vy = Clyfa + Dyt (4.3.33)
vy, = Elryay . (4.3.34)
Here

Ay = Cl(]%zl) s Cig = tf03(\i’230(1%30)\i’01) s By = tfo(\ilzob(]%m)) ’

D12 = tro(d(ﬁfgo)\i}()l) 5 E12 = 6(&21) (4335)

with some polynomials a, b, ¢, d and e.

The original matrix R is a matrix of the size N* x N?, where N is the
dimension of the space V, the range of indices of multiplets ' and x;. A
solution f{f{]L of the consistency conditions for the ordering relations (4.3.31)-
(4.3.34) is a matrix of a bigger size (2N?) x (2N)2, each of four indices of R
runs from 1 to 2N. The new index is the union of upper and lower indices
of the original multiplets. To remember it, we shall write, for the new index
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I, I = (k) for a value of the original index from the multiplet z* or I = (k)
for a value of the original index from the multiplet z;. In this notation, the
nonzero matrix elements of R are

0G)
k)(1) (
@) _ it gl
B ~ 0
We are looking for a skew-invertible R. In the notation, as in (4.3.36), it
is easy to see that if A is zero then the matrix RY, has a zero eigenvector
with respect to the skew multiplication, that is, a quantity vi which satisfies

(%)

vERE = 0: one may take any v whose non-zero elements are only v(l) ; S0,

B

( — RZJJ 7 f{(l)(i) — Ak ﬁ(z)(?
: (4.3.36)
By

such R cannot be skew invertible. In fact, this argument shows that the skew
invertibility of R requires that the operator A is invertible (with respect to
the usual multiplication). Similarly, C' must be invertible. The conditions

A and C are invertible (4.3.37)
we will use in the process of solving the Yang-Baxter equation for R.
6. Yang-Baxter equation for R

As explained in the beginning of this subsection, the Yang-Baxter equa-

tion for R we obtain by ordering in two different ways expressions z4y?2%,

where the indices A, B and (' can belong now to any of multiplets, ® or .
Ordering z*y*z,:

]%2314211432 = A21A32E)12 , (4.3.38)
]%213231412 = P23t1"0(AozB10]%30) + P23t1"0(1410D02P03BOS) s (4-3-39)

]%12323]%13 = tl"o(BzoﬁﬁoBo:a) + tl"o(PmBmAzoCo:a) . (4-3-40)
Ordering z°yez°:
Plztl"o(Am]%ozCo:a) + P12t1"0(BloBo3P02D02)

= tl"o(Cm]%zvo:a)Pz:a + t1"0(D10D03PozBoz)Pz3 s (4-3-41)
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Ag3Dyy Ry = Prytro( Rog DosAro) + Piatro(BioAosPo Dos), (4.3.42)

CasBia Ras = Pratro(RaoBosCho) + Piatro(D10CosPoy Boy) - (4.3.43)
Ordering z,y°*z*:

Co3ChaRys = R12C53C, (4.3.44)

R13D45Ch5 = Pastro(CoaDioRos) + Pastro(CroBos PosDos) » (4.3.45)

Ry3D13 Ras = tro( DioRos Doz) + tro(Clo Ay Pos Dos) - (4.3.46)

Fxercise. Verify eqs. (4.3.38)-(4.3.46).

Equations, arising from ordering x°yez,, T4y*2ze and x,y,z°*, can be quick-
ly obtained by noticing that the system (4.3.31)-(4.3.34) is invariant under
a substitution z*® < x,, Y* < Y., R E') A+ C"and B + D', where t
stands for the transposition. We have:
for °yeze:

ApAgs s = Fas A1 Ass (4.3.47)
A1 BasEry = t1"0(Eo:aBonz)Pz:a + trO(POSBSODOZAIO)PZS s (4-3-48)

EosBigllis = tl"o(BozEO:aBm) + t1"0(]3033300021410) ) (4-3-49)
for x4y°z,:

tl"o(Aozansz)Plz + tl"o(PozBmDo:aDm)Plz
= P23t1’0(003E20A10) + P23t1"0(P02DzoBo3Blo) s (4-3-50)
Fa3Di3Ags = tr0(1410D03Ezo)P12 + tl"o(PozDzvo:aBm)Plz s (4-3-51)

FsyB13C53 = tl"o(CmBo:anz)Pm + trO(POZBZOCOSDIO)PZS ; (4-3-52)
for x4yez*:

F13C05:05 = Cs2C5 Fas (4.3.53)
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Cr2Da3Ey = tl"o(E:aoDloCoz)Pz:a + t1"0(Po:aD:aoBozcm)]323 s (4-3-54)

Fi3Dso B3 = tl"o(DozEloD:ao) + tl"o(PloDonzC:ao) . (4-3-55)
Finally, ordering z,ysz, implies the Yang-Baxter equation for F:

ErabEays by = Fas B ls . (4.3.56)

7. Specifying to the Hecke case

We shall solve the system (4.3.38)-4.3.56) in the Hecke case - when the
matrix R satisfies a quadratic equation R* = MR + 1. Note that R cannot
be proportional to a constant, it would contradict the skew invertibility.

As we have seen in the subsection 4.1.2 (see eq. (4.1.76)), in the Hecke
case the product QQ) is proportional to a unity, QQ = r2[ (r corresponds
to the ribbon element in the quasi-triangular case). Due to the assumption

A3, r # 0. Therefore, by (4.1.68) (and (4.1.49))
1= Atr(Q)=1—Mr(Q)#0 . (4.3.57)

Because of Hecke condition, the polynomials in (4.3.35) contain only con-
stant and linear terms.

8. Block triangularity
The standard E-matrix (4.0.1) has a following property:
Ri=0 it ji<h, (4.3.58)

where < is the lexicographic ordering (i.e., j¢ < kl when j < k or j = k and
¢ < [). This means that the matrix PR is lower triangular.

The standard R-matrix (4.0.1) has also another triangularity property:
RZZ = 0 if ¢7 > [k; this means that the matrix RP is upper triangular.

For the ordermg relations x'y’ = Rk]l, the property (4.3.58) says that the
ordered expression for z'y’ can contain only monomials which are lexico-
graphically not bigger than y’a'.

As a first step towards a solution of the system (4.3.38)-4.3.56) in the
Hecke case, we shall prove that the relations (4.3.31)-(4.3.34) are “block
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triangular”: say, block upper triangularity means that we define an order
on the set § = {*,,} of multiplets 2* and z,, 2* > x, and then the ordered
expression for z7y?, I, J € S, contains only monomials which are not bigger
than y7 7.

In the simple situation of eqs. (4.3.31)-(4.3.34), the block triangularity
means that either B =0 or D = 0.

To prove the block triangularity, it is enough to consider two equations,
(4.3.38) and (4.3.39). Eqn. (4.3.38) implies that A;, is proportional to either
]%21 or ]%2_11. We shall write 1t as A5 o ]%12 — eAX113, where ¢ = 0 or 1. The
coefficient of proportionality is different from 0 due to (4.3.37).

The expressions (4.3.35) for B and D reduce in the Hecke case to

B12 = /,Lleg + I/P12 5 (4359)

D12 = Oé@llg + ﬁplg (4360)

with some constants p, v, a and .
Substituting the expressions for A, B and D into (4.3.39), we obtain,
after using identities from the subsection 4.1.2, an equality

(A1 —€) + av(l — ertr(Q)) — eAfr — edap) Pysly
+(5/~‘ - /~‘(1 - 6))\)]%21623 + 04/«”“2pz3]%31 (4.3.61)

+5VP23E)21 —eABul [,Q3 =0 .

The tensors P23[1, [%21@3, Pzgﬁgl, Pzgézl and [1[2@3, entering eqn. (A4361)
are linearly independent: to see it, multiply them from the right by ;4 and
take try; the tensors become Po3Q)y, Poy()s3, PosPaq, PosPoy and 15()30)4, which

are obviously independent. Thus, the coefficients must vanish,

pA(l =€) + av(l — edtr(Q)) — eABr — edap =0,
(4.3.62)
ﬁ/,b—/,b(l—é))\:(), ap =0, ﬁ]/:()7 GAﬁMZO'
For e = 0, it follows from eqs. (4.3.62) that ay =0, fv = 0 and Su+av =
0, which implies that either B or D is zero.
For e = 1, it follows from eqgs. (4.3.62) that Su =0, av(1 — Atr(@) =0,
ap =0 and Sr = 0; in view of (4.3.57) we conclude again that either B or
D is zero.
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It is enough to consider the case B = 0; another case can be reduced to
it by considering the opposite ordering (if we read (4.3.31)-(4.3.34) from the
right to the left, as instructions to order yax to the form zy).

9. Solution

With B = 0 the system (4.3.38)-4.3.56) simplifies drastically, can be fully
analyzed and one can write down all solutions. It is lengthy and we shall not
do it here.

It turns out that solutions which give rise to the orthogonal and sym-
plectic quantum groups are those for which the coefficient o in (4.3.60) is
different from 0.

Proposition. Let B be a solution of the Yang-Baxter equation with R? =
AR + 1. If R satisfies assumptions A1-A4 then the ordering relations

'y’ = ]%Zykxl , (4.3.63)
Ty, = ]%ffylxk , (4.3.64)
Ty, = /i(]%_l)f;ykxl , (4.3.65)
vyl = /i_lki/fjfy”xu + Ay + vAQlypa® (4.3.66)

where k£ is an arbitrary non-zero number, provide an invertible and skew
invertible solution R of the Yang-Baxter equation when v* + Av — 1 = 0.
If R is of GLy-type then R is of SOyn type for v = —q and of Spay type

for v = g 1.

10. SO(2N + 1)

Without going into details we shall describe the situation with the odd-
dimensional orthogonal groups.

One has to add a new generator z° to the multiplets z* and x,. The
matrix R again turns out to be block-triangular; we will write the answer
for the order z* > 2° > x,. Relations (4.3.63), (4.3.64) and (4.3.65) are the
same. Relation (4.3.66) has to be replaced by

:L'iyj = \ilfji‘y“xu + )\yixj — )\nykxk — q_l/z)\nyoxo ) (4.3.67)
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Finally, when one of generators has an index 0, the ordering relations are

Py’ = %

20 = %0 — Ayl |

iy’ = ¢ + Ayia® (4.3.68)
2y = yia® + Al

2y =y’

Proposition. Under the same conditions as in the Proposition above, the
ordering relations (4.3.63)-(4.3.65), (4.3.67) and (4.3.68) provide an invertible
and skew invertible solution R of the Yang-Baxter equation.

If R is of G Ly-type then R is of SOan11 type.

Remarks. 1. For a standard R for (7L, it was noted in [32], that the com-
mutation relations between coordinates and derivatives (even or odd) can be
given by projectors of R for Sp and SO. Our propositions in this subsection
generalize it to the construction of the whole R-matrix for SO and Sp from
the R-matrix for G L, which works in all cases, not only for the standard
deformation.

2. If one starts with & corresponding to a supergroup G'L(M|N), the
constructions of the propositions from this subsection produce Yang-Baxter
matrices for the quantum supergroups of OSp type.

5 Real forms

In this subsection we explain how to classify real forms of RTT-algebras using
quantum spaces [33, 34]®.

8The description of real forms of the dual algebra for a generic ¢ is given in [35]. Our
description is more precise, it requires only that ¢* # 1 in SL case and ¢® # 1 in the SO
and Sp cases

94



5.1 General linear quantum groups

We shall start with a standard Drinfeld-Jimbo B matrix (4.0.1) for the quan-
tum group G'L,(N). We shall assume that ¢* # 1.

Ezxercise. Show that the R-matrix (4.0.1) satisfies the Yang-Baxter equation.
Show that the spectral decomposition of R is R = ¢S — ¢ *A (S and A are
projectors, S* = S, A* = A) with rk S = W and tk A = w

Let * be an involution on the RTT-algebra, that is, an antilinear opera-
tion, satisfying *(ab) = x(b) * (a) and (* @ *) o A = Ao x. Then *z' form
a comodule for the SL,(N). There are two comodules of dimension N: one
is generated by ', another one is generated by z;. So we may have two
different types of conjugations, * can map A{I_ to itself or to A%.

We shall consider in some details the first possibility. So, we assume

w’ = Jial (5.1.1)

Since the matrix T' coacts on the vector x, we have *(Tz) = JTx; on the
other hand, (Tx)" = *(T/a/) = 2’ « T} = T} x 2’ = T} Jlz" (we used
that Tj commutes with z¥). Tt follows then that

«T = JTJ™ . (5.1.2)
Conjugate now the relation ]%Tng = TlTQI%:
E *T5 « T = «T5 *Tlﬁ
(here is the complex conjugate), or
Ezl T 15 = «T) *Tzﬁzl .
Substituting *7" from (5.1.2) we find
o1\ T, =T T,9 | (5.1.3)
where ® = Jfljz_lﬁglJng.

Proposition. Let R be the standard SL,(N) R-matrix (4.0.1). If an oper-
ator ® = ®, satisfies an equality

[0, 71Ty =0, (5.1.4)
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then ® is a polynomial in R.

Sketch of the proof. Take a 1-dimensional representation for 7', TZ > /,L](SZ
with some commuting variables y;. Then it follows from (5.1.4) that ® is of
“ice” type, that is, @} can be different from zero only if i = k, j =l ori =1,
Jj=k.

Take now another representation, (7%)f = ]%% Writing (5.1.4) in this
representation with an ice ®, one arrives at the statement of the proposition.
O

R satisfies the Yang—BaxtEr equation (YBe) = ]%21 satisfies YBe = Ezl
satisfies YBe = & = Jfngll%glJng satisfies YBe.

The following proposition is easy:

Proposition. A non-constant polynomial in R which satisfies YBe is either
ok or ak~! for some constant o.

The operator Ry = PRP (P is the permutation) has the same spectrum

as R. Therefore, the spectrum of ¢ = Jl_ljz_lﬁfgl J1J2 contains an eigenvalue
G with the multiplicity M%l and the eigenvalue (—g~!) with the multiplicity
N(N-1)

2Accordlimg to the Proposition, we have to consider two possibilities, ® =
akor & =aR!.

Comparing spectra, we find that if & = ok then G = aq and —g ! =
—aqg™!. Therefore, o? =1 and § = +q.

Similarly, if & = aR™! then G = ag ! and —g! = —agq. Therefore,
o’ =1and g=+q¢".

We have four cases. Let us see which equations we have to solve. For
example, for § = g we have ¢ = R for ¢ real, R = R and we have therefore
equations R21J1J2 = Jlng This is a system of quadratic equations and it
turns out that for the R-matrix (4.0.1) one can completely solve the system.
One can solve the corresponding system in the other three cases as well.

For the other type of conjugation (when * of a quantum vector is a quan-
tum covector), the operator J has two lower indices, *z; = J;;27. Again at
the end one arrives at a system of quadratic equations for j which admits a
complete solution.

The last step is to impose the condition that the square of the conjugation
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is the identity, *x = Id; this produces a further restriction on the operator .J.

The final result is presented below. We use a notation Q(cy,...,cn) for

]
C2
an antidiagonal matrix
CN-1
CN

In the formulation of the theorem below, a letter “a” appears sometimes
in the name of a real form. The letter “a” stands for “alternative”; it signifies
that there are several real forms having the same classical limit.

Theorem. (i) There are no real forms in the nonquasiclassical cases § =
—q¢*'; all real forms admit the classical limit.

(17) For §= ¢! the real forms are:
SL,(N,R); here J = 1.
SUS(N = [N/2),[N/2]); Jij = 6355
(1i7) For § = ¢ the real forms are:

a .7t SN
SLH(N,B); Ji = g+,

i+7
SUZ(2n), N = 2n; J = antidiag(1,...,1,—1,...,—1).
———’
n times n times

In the last case the sequences {y;} and {—p;} produce equivalent real
forms. What is more interesting is that the sequences {y;} and {p}} where
pi = pir, where i/ = N + 1 — 1 produce equivalent real forms as well. An
explanation: classically, there is an outer automorphism 7' +— (T~1)* of the
algebra, corresponding to the symmetry T, of the Dynkin diagram A;. For
the quantum 7', we have (T7');TF = &' = Ti(T~)¥ but (T~1)FT} # 6] The
correct version is® (T‘l)f(QTQ_l)i = &/ where the numerical matrix Q is
defined by (4.1.38) (we remind that the standard R-matrix (4.0.1) is skew-
invertible, see (4.1.41)). It is, up to a factor, the same @ which cyclically
rotated the E-tensor.

Set 7(T%) = (T,

K3

see eqs. (4.3.7), (4.3.8) and (4.3.12).
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Proposition. The map 7 preserves the RTT-relations.

The proof follows from the fact that RQ1Qs = Q1Q-R and ]%ZI'JII' = ]%ﬁ
for the standard R. Moreover, 7((T71)}) = (Q_I)IJITJQ}‘,. The effect of 7 on
the sequence {y;} is exactly {u;} — {p!}.

5.2 Orthogonal and symplectic quantum groups

I shall very shortly list the real forms for orthogonal and symplectic quantum
groups.

The answer below is written in the basis, in which the ordering rela-
tions for the quantum planes have the form as in (4.3.63)-(4.3.66), with
k =1, for SO,(2N) and Sp,(2N), or (4.3.63)-(4.3.65) and (4.3.67)-(4.3.68)
for SO,(2N + 1).

1

Let B = ) (the nondiagonal 2 by 2 block is

1
in the middle); in the formulation of the theorem below, a letter “b” in the
name of a real form signifies that the matrix .JJ involves the matrix B.

Theorem. (i) Again, all real forms admit the classical limit.

(17) For §= ¢! the real forms are:
SOL(IN/21, N — [N/2): J = 1
SO'n+1,n—1), N=2n; J =B.
Spy(N,R); J = 1.

(1i7) For § = ¢ the real forms are (g, = £1):
SO (pt1y- - spn); J = QUpay ... pun) with JE = J.
SOMNprs .. pn); J = BQ(py, .o, o) with par = .
SOy pun); JJ = Uy ..oy py) with JH = —J.
USpy(piay--ypun); o = Qua, ... p) with J* = J.
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Spy(pery .oy puni®); J = Qug, .., un) with J8 = —J.

[ shall end the lectures by a comparison with the classical (Cartan) way
of classifying the real forms (see, eg. [36]).

1. One proves that there exists a unique compact real form u; denote the
corresponding * by 7.

2. For an arbitrary real form o one proves that there exists an equivalent
to it real form & such that the automorphism 6 = &7 is involutive, §* = 1. For
a description of involutive automorphisms one should analyze each Cartan
data concretely.

3. The automorphism # acts on wu; under this action, u decomposes
according to the eigenvalues of §, u = uy G u_;. The real form corresponding

to o is u; Pv—1lu_q.

In the classification of real forms of quantum groups given above, these
steps become hidden because quantum spaces are more “rigid” (they admit
less automorphisms).

Acknowledgements. [ am deeply grateful to my friends and colleagues R.
Coquereaux and A. Isaev for inspiration and numerous valuable comments.
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