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1 Holomorphic functions of several complex vari-
ables. Cauchy—Riemann equations, Cauchy for-
mula, Taylor series

Definition 1.1 Let Q C C” be an open subset. Recall that a function f :
Q — C is said to be (R-)differentiable at a point p € €, if it is differentiable

there as a function of real variables: there exists an R-linear mapping df (p) :
T,C" ~ R?" — T,C ~ R? such that

f(z) = f(p) = df(p)(z — p) + o(z — p), as z = p.

A function f is said to be C-differentiable at a point p, if it is differentiable
there and its differential df (p) is C-linear. A function f is said to be holo-
morphic on §, if it is C-differentiable at each point zy € 2. A function f is
said to be holomorphic at a point xo € C", if it is C-differentiable in some
its neighborhood. A holomorphic mapping F' = (Fy,...,Fy,) : U — V,
U cC" V cC™is defined in literally the same way: it is holomorphic, if
and only if so are its components Fi,..., Fy,.

Holomorphicity of a differentiable function is equivalent to Cauchy—
Riemann Equations. To write them, let us first recall the following prepara-
tory linear algebra.

Let C be equipped with a complex coordinate z = x + iy. Each R-linear
operator L : C — C can be written in the two following forms

L=ax+py=Az+ Bz, «,5,A,B¢ecC.

The expression of the coefficients A and B via « and § is obtained by the

substitutions
— (42, = a(z— )
r=5(242), y=5(2-2):
a _ B _ _
Lzaaz—kﬁg/z§(z+z)+?(z—z):Az+Bz,
i

A= %(a—iﬁ), B— é(a—l—iﬁ). (1.1)

Let f : U — C be a differentiable mapping of a domain U C C. For
every p € U the differential df (p) : T,C ~ C — Ty(,C ~ C is an R-linear
map C — C. One has

df—gdz—i—gﬂ; of _ 1 ai+za—f

or _Lor ;or ( )
T 9:7% "9z 9 " 2%ar oy 9z 2'0x " 'oy”

of _1

(1.2)



which follows from formula (1.1) applied to the differential L = df (p), taking
into account that in our case

af af
a=——, f=—".
ox y
Proposition 1.2 (Cauchy—Riemann Equations). A differentiable function
f(z1,...,2,) on a domain in C™ is holomorphic, if and only if
of
) i=1,...,n. 1.3
o for every j n (1.3)
The latter equation number j is equivalent to the system of equations
ORef _ Olmf
oxr; — 0Oy;
{aRxéf ~ Vimys (1.4)
dy; —  Oxj T

Proof The tangent space T,C" is the direct sum of complex “coordinate
lines” parallel to the coordinate axes. Thus, the C-linearity of the differential
df (p) is equivalent to the C-linearity of its restrictions to all the coordinate
lines. The latter is equivalent to (1.3). Equivalence of equation (1.3) and
system (1.4) follows from (1.2). This proves the proposition. O

Example 1.3 Holomorphicity is preserved under arithmetic combinations
and compositions. In particular, polynomials and rational functions and in
general, all the elementary functions (restricted to their appropriate defini-
tion domains) are holomorphic.

Remark 1.4 In the case, when n = 1 the above definition coincides with
the classical definition of holomorphic function of one complex variable. If
a function f is holomorphic in €2, then for every complex line L C C" the
restriction f|rnq is holomorphic as a function of one variable. The next Big
Hartogs’ Theorem implies that the converse is also true.

Theorem 1.5 (Hartogs). A function f(z1,...,z,) is holomorphic on a do-
main = Qy x---xQ, CC", if and only if it is separately holomorphic:
for every j = 1,...,n and every given collection of points zs € Qs, s # 7,
the function g(z) = f(21,...,2j-1,%,2j4+1,-- ., 2n) is holomorphic on §2;.

Remark 1.6 The nontrivial part of the theorem says that if a function is
separately holomorphic, then it is holomorphic as a function of several vari-
ables. Under the additional assumption that f is differentiable, this state-
ment follows immediately from Proposition 1.2. We will not prove Theorem



1.5 in full generality. We will prove its weaker version under continuity
assumption (Osgood Lemma).

Holomorphic functions in several variables share the basic properties of
holomorphic functions in one variable: existence of converging Taylor series,
uniqueness of analytic extension, openness, Maximum Principle, Liouville
Theorem. At the same time we will see that the following new phenomena
hold for holomorphic functions in several complex variables, which are in
contrast with the case of one variable:

- no isolated singularities;

- erasing compact singularities: holomorphic functions on a complement
of a domain V' C C" to a compact subset K € V extend holomorphically to
all of V.

Everywhere below for every § > 0 and z € C we denote

Ds(z) = {|w — 2| < §} € C; Ds = Ds(0).

The corresponding balls in C™ of radius ¢ will be denoted by Bs(z) and Bjs
respectively. For every r = (ry,...,r,) € R, 2 = (21,...,2,) € C" the
polydisk of multiradius r centered at z is the product of disks of radii r;,
which we will denote by

A(z) = HDTj(zj) = {w = (w1,...,wy) € C"| |wj—2zj| <r;}; Ay = AL(0).

For § > 0 we denote As(2) = A, 5)(2), As = As(0). In the case, when we
would like to specify the dimension of the ambient space of the polydisk, we
will write A, Af(2) etc.

The next theorem generalizes Cauchy formula for holomorphic functions
in one variable.

Theorem 1.7 (Multidimensional Cauchy formula). Let f : A, — C be a
continuous function that is separately holomorphic on A,: holomorphic
in each variable z; € Dy, j = 1,...,n. (In particular, this holds for every
function holomorphic on A, and continuous on its closure). Then for every
z=(21,-..,2n) € A, one has

_ 1 _ 19
fle) = (2mi)" %Cﬂn %cnwn [15=1(G - Zj)dc1 o don (15)

Remark 1.8 Let g(¢) denote the sub-integral function in the latter right-
hand side. The multiple integral in (1.5) is independent of integration order



(Fubini’s theorem and continuity of the function ¢(¢)). It is equal to the
integral of the complex-valued differential n-form ¢({)d¢; A -+ A d(, on
the n-torus T" = []/_ 1S]1, Sjl» = {|¢j| = r;}, oriented as a product of
positively (i.e., counterclockwise) oriented circles. That is, an orienting basis

V1, ..., U € T¢T" is formed by vectors v; € T¢, S 31 oriented counterclockwise.

Proof It suffices to prove the statement of the theorem in the case, when
f is holomorphic in each variable on a domain containing the closed poly-
disk A,: the general case is reduced to it via scaling the function f to
f-(2) = f(ez), 0 < e < 1 (which is holomorphic in each variable on A,) and
passing to the limit under the integral, as ¢ — 1. We prove formula (1.5)
by induction in n.

Induction base: for n = 1 this is the classical Cauchy formula for one
variable.

Induction step. Let formula (1.5) be proved for the given n = k. Let us
prove it for n = k + 1. For every w = (w1, ..., w;) € CF set

fw(t) = f(wl, - ,wk,t).

For every fixed zj41 € Dy, the function g(w1,...,wg) = fu(2k+1) is holo-
morphic on A, .. Hence,

Zk:—i—l)
f(z1, ooy 2p41) 27” %Cl_rl f;k_rk H] G- d¢y...d¢k, (1.6)

by the induction hypothesis. The function f¢(t) being holomorphic in ¢ €
D for every ¢ = ((1,...,Ck), it is expressed by Cauchy Formula

Tk+1

Tk41"

1
fe(t) = jq{ fC(CkH)dg‘ 11 for every t € D
270 Jigy i =rigs Cha1 — 1t

Substituting the latter formula with ¢ = z;11 to (1.6) yields (1.5), by conti-
nuity and Fubini Theorem. a

Lemma 1.9 (Osgood). Every continuous function on a domain in C" that
18 holomorphic in each individual variable is holomorphic.

Proof It sufficed to prove the statement of the lemma for a function con-
tinuous on a closed polydisk A,. Then Multidimensional Cauchy Formula
(1.5) holds, and its subintegral expression is a continuous family of rational
functions in z € A,. Therefore, the subintegral expressions are holomorphic



on A,. They are uniformly bounded and continuous together with deriva-
tives on compact subsets in A,. Therefore, the integral is C'-smooth and its
partial derivatives are equal to the integrals of partial derivatives in z of the
subintegral expression (here one can differentiate the integral by the above
boundedness and continuity statements). It satisfies Cauchy—Riemann equa-
tions, as do the subintegral functions, and hence, is holomorphic. The lemma
is proved. O

Proposition 1.10 FEach holomorphic function is C°°-smooth. If f is holo-
morphic on a polydisk A, and continuous on its closure, then its derivatives
are given by the formulas

ok f(z) Kk '% % F(Cihee i Cn)
- dé, ... d¢.
82?1 .o .8Znn 27TZ Cl‘ —=r n‘ —rn ] 1 C_] _ Zj)k3+1 C (Cl )
1.7

Proof In the multidimensional Cauchy formula the subintegral expression
a non-vanishing rational function. It is holomorphic, thus its 95 9__derivatives

vanish. It is differentiable infinitely many times, and its k-th derlvatlves k=

(k1,...,kp), are equal to @ le)klkfllf((%’;f"))knﬂ . This together with Cauchy

formula and uniform boundedness of every latter derivative, as |(;| = r; and
z varies on a compact subset in A,, implies that the corresponding derivative
of the Cauchy integral is the integral of the derivative. This proves (1.7).
The C'*°-smoothness statement then follows immediately. O

Theorem 1.11 Let a sequence of holomorphic functions on a domain ) C
C™ converge uniformly on compact subsets. Then its limit is holomorphic
on €.

Proof Let f,, be our converging functions. Let us restrict them to a closed
polydisk A C Q and write multidimensional Cauchy formula for them on
the polydisk A. For each z € A its left-hand side f,,,(z) is a converging
sequence, and so is the Cauchy integral in the right-hand side, by uniform
convergence of f,,((1,...,(,). Therefore, the limit function satisfies the
Cauchy formula as well. For every continuous function f((i,...,(,) the
corresponding Cauchy integral is holomorphic in z € A. Indeed, so is the
subintegral function (which is rational in z). We can permute integration
in ¢ and differentiation in z, since the module of the derivative of the latter
rational function is uniformly bounded on each compact subset in A,. In
particular, the bar-derivative in z of the integral vanishes, as does that of



the subintegral expression. This together with the Cauchy formula for the
limit function implies holomorphicity of the limit. The theorem is proved.
O

Set
Z>o = NU{0}.

Theorem 1.12 FEwvery function f holomorphic at 0 € C" is a sum of power
series converging to f uniformly on a neighborhood of 0:

f(z) = Z 2’ cp e C, 2K =20 kg = £ (0). (1.8)
K€zl

Proof Fix a 4 > 0 such that f is holomorphic on the closed polydisk
As = Z((g,m’(g). Let us show that the right-hand side of the Cauchy formula
written in the same polydisk is a sum of power series converging on Ag. For
every (; and z; with |z;| < d = |(;| one has

G =% -7 =

This series converges absolutely uniformly on every disk |z;| < §’ with ¢’ < 4.

Hence, the product of the latter series for all j = 1,...,n also absolutely

uniformly converges to m on Ay . Substituting formulas (1.9) for all
J p

j to (1.5) together with permutability of integration and series summation
(ensured by absolute uniform convergence of subintegral series and uniform
boundedness of the function on 0A) yields (1.8) with

_ £(©)
* %u—a 7%41—5 ¢t ..C;’“”‘ldﬁ e (1.10)

Substituting k& = 0 yields ¢y = f(0), by (1.5). 0

2 Convergence of power series. Equivalent defini-
tion of holomorphic function
Here we study convergence of power series ), cx2® and present a higher-

dimensional analogue of convergence radius theorem from the theory of func-
tions of one complex variable.



Lemma 2.1 (Abel). Consider a power series Zkezgo cpz®. Let its terms

cx2® at a given point z = (21,...,2,) € C" be uniformly bounded, set rj =
\zj|l, m = (r1,...,mn). Let rj > 0 for all j. Then the series converges
uniformly on compact subsets in the polydisk A,..

In the proof of the lemma and in what follows we will use the following
convention.

Convention 2.2 For every d,7 € RY; we say that
d<r(0<r), if 6; <r; (respectively, 0; <r;) forevery j=1,...,n.

Proof of Lemma 2.1. Fix some 6 = (01,...,0,) with §; > 0, <r. It
suffices to show that > |cx|0% < co. Indeed, set

5.
vj=-2 <1, C=sup|er| < 4oo.
Ty k
Then |ci|6F < Cv¥. But
n +oo 1
= oy <+
v v; — 0.

Therefore, the series >, |c|0* is majorated by a converging series C' Y, V¥,
and hence, converges. The lemma is proved. O

Definition 2.3 The convergence domain of a power series Zkezg ez is
>0

the interior of the set of those points z € C™ where it converges.

Consider the torus T" = S! x - - - x S! identified with the product of unit
circles in C. Its points will be identified with collections t = (t1,...,t,),
t1] = --- = |tn| = 1, thus, t; = €. It acts on C" by coordinatewise
rotations:

T :C" - C", t(z1,...,2n) = (t121,. .-, tnzn)-

Corollary 2.4 The convergence domain of a series ), ck?® is a union of
polydisks centered at the origin. It is invariant under the above torus action.

Proof Given a power series, let 2 denote its convergence domain. Given a
point z = (z1,...,2,) € Q, let us construct a polydisk A, C D containing z.
For every A > 1 close enough to 1 (dependently on z) one has w := Az € €,



by definition. Fix the above A and w. Set r; = |w;| = A|zj| > |2, r =
(r1,...,7a). The sequence c,r”* is uniformly bounded, by the convergence
of the series Y, cyw”. Therefore, A, C  (Abel’s Lemma 2.1) and z € A,,
by construction. The first statement of the corollary is proved. Its second
statement follows from the first one and the invariance of each polydisk
centered at 0 under the torus action. The corollary is proved. O

Proposition 2.5 Fach power series converges uniformly on compact sub-
sets in its convergence domain §2.

Proof Each point z € () is contained in two homothetic polydisks: a
polydisk A, € © and in smaller homothetic polydisk A,,, A, C A, C A,,
r’ = Ar, 0 < A < 1. The series converges uniformly on A,., since it converges
at the point r and by Abel’s Lemma. Every compact subset K € {2 can be
covered by a finite number of the above uniform convergence polydisks A,.
This implies uniform convergence on K. The proposition is proved. O

Example 2.6 The convergence domain of the series >, 2f in two vari-
ables (21, 2) is the cylinder |z1]| < 1. The convergence domain of the series
S 28252 is the unit bidisk Aj;. The convergence domain of the series
S (2129)F is the set {|z122| < 1}.

Let us recall that the convergence radius r of a power series >, cx2"
in one variable is given by the classical Cauchy-Hadamard formula r =
1

(limg—oocf )1, or equivalently,

e

Lm0 (Ckrk) =1

The next proposition generalizes this formula to several variables. To state
it, let us introduce the following notation. Consider the mapping

R:C" = RYy, R(z):=(|z1l,---,|zl)-

It can be viewed as the map of the space C™ to its quotient RZ by the torus
action. B

Proposition 2.7 Consider a given series Y, cr.z" in variable z = (z1,. .., 2).
Let Q denote its convergence domain. For every r = (r1,...,ry) € RY, set
Er o L k
O(r) == Timp_yoo (| |rF) T, 7% =yt pkn (2.1)

10



Let z = (z1,...,2,) € C" be a point with z; # 0 for all j.
1) One has z € Q, if and only if p(R(z)) < 1.
2) One has z € 0%, if and only if p(R(z)) = 1.

In the proof of the proposition we use following homogeneity and conti-
nuity properties of the upper limit function ¢(r).

Proposition 2.8 The function ¢(r) has the two following properties:
1) homogeneity : ¢(Ar) = Ao(r) for every X > 0. (2.2)

2) monotonicity :  ¢(r) > ¢(r') whenever r > 1’

Proof The proposition follows from definition. O

Proposition 2.9 Let a non-negative-valued function ¢(r) be defined on a
non-empty cone (i.e., homothety-invariant subset) K C R’} and have the
above properties 1) and 2). Then it is continuous on K. In particular,
for every series ), cp2® for which the corresponding function ¢(r) is well-
defined for at least one r € R, ¢(r) is continuous on its definition domain.

Proof Fix an r € K and a small € > 0. Then the subset of those ' that
satisfy the inequality
1-e)yr<r<(1+e)r

contains the intersection with K of a neighborhood of the point r: the
rectangular parallelepiped H?zl[rj(l —¢€),rj(1 4+ ¢)]. The function ¢ takes
values e¢(r)-close to ¢(r) there, since ¢((1+e)r) = (1£¢e)¢(r) (homogeneity)
and by monotonicity. Therefore, it is continuous at r. a

Proof of Proposition 2.7. Let z € C" be a point with z; # 0 for all
j. Let us prove the first statement of Proposition 2.7: z € Q if and only
if (R(z)) < 1. Indeed, set r = R(z). Let z € Q. Then Az € Q for
some A > 1 (openness; let us fix this A). Hence, for every X' € (1,\) the
series Y, cx(N2)F converges, and thus, its terms are uniformly bounded in
k. This implies that the upper limit of the |k|-th roots of its terms is no
greater than 1. Thus, ¢(r) < (V)~! < 1. Conversely, let ¢(r) < 1. Fix a
A > 1 such that ¢(r) < A~ Then ¢(Ar) = Ap(r) < 1. In other words,
mkﬁoo(|ck|()\r)k)\%l < 1. This implies that the expression under limit is
less than one, thus |c|(Ar)¥ < 1, whenever |k| is large enough. Therefore,
Ay, C Q, by Abel’s Lemma, and thus, z € Ay, C . This proves Statement
1) of Proposition 2.7.

11



Let us prove Statement 2). Let r = R(z) and let ¢(r) = 1. Then for
every A € (0,1) one has ¢(Ar) < 1, and hence, Ay, C  (Statement 1)).
This implies that z € Q. But z ¢ €, since ¢(R(z)) = 1 and by Statement
1). Hence, z € 05). Conversely, let z € 0Q and R(z) € R’. Then z is
the limit of a convergent sequence wy, — z, wy, € Q, R(w,,) € R}, and
¢(R(wrm,)) < 1, by Statement 1). Therefore, ¢(R(z)) < 1, by continuity. We
know that ¢(R(z)) cannot be less than 1, since z ¢ € and by Statement 1).
Therefore, ¢(R(z)) = 1. Proposition 2.7 is proved. O

Remark 2.10 All the above statements on power series remain valid for
power series >, cx(z — p)* with arbitrary p € C™: the convergence domain
is a union of polydisks centered at p, etc.

alf ak-Hf

3.7» kg Of function of one variable and the

The higher derivatives
higher derivatives

8k+lf 8k+lf
0202~ 9k ozkroshody

, k,lGZZO

of a function of n complex variables are defined by subsequent differenti-
ations. They are independent on the choice of order of differentiations (if
the order of smoothness of the function is no less than the number of dif-
ferentiations). This follows from the general fact that every two differential
operators with constant coeflicients commute.

Example 2.11 Let f(z) = 2" ...25". Then

8k+l f
G ETe P F

= 0 whenever [ # 0;

— = 0 whenever k; > s; for a certain j;

8kf _ ﬁ Sj! s—k

2°7", whenever k; < s; for all j.

Proposition 2.12 Let a power series f(z) = >, cx?® have a non-empty
convergence domain. Then its sum f(z) is holomorphic there and

1 olkly
il 02k P

co = f(0), e = (2.3)

12



Proof Without loss of generality we consider that p = 0. The convergence
domain is a union of convergence polydisks. Fix a convergence polydisk
A, and let us prove the above regularity statements in A,. We claim that
each derivative (of any order) of the series Y, cxz* converges uniformly on
compact subsets in A,. Let ¢(r), ¢1(r) denote respectively the upper limits
(2.1) corresponding to the initial series and its derivative

0
a—zl(z ) = Z kyz e,
k k

One has

1(r) = Timgyoo (P17 g ) FIT < Timpoy oo (Jog|r®) T = 6(r) < 1.

Thus, the above derivative series converges uniformly on compact subsets in
A, by Proposition 2.7. For higher derivatives the proof is analogous: the
[-th derivation yields a new multiplier polynomial in k& of fixed degree ||,
and its contribution to the above upper limit cancels out after taking a root
of order |k|, as in the above inequality. This implies infinite differentiability
of the function f, and each its partial derivative is equal to the sum of the
corresponding derivative series. In particular, 667{_ = 0, since this holds for
each term of the power series. Hence, f is holomorphic. The value aaljkf (0) is
equal to the free term of the corresponding derivative series, i.e., ki!. .. kylcg.
This proves (2.3) and the proposition. O

Corollary 2.13 A function f on a domain V. C C™ is holomorphic, if and
only if each point p € V' has a neighborhood where f is a sum of a converging

power series . cx(z — p)k. The coefficients cy are given by formula (2.3).

The corollary follows from the above proposition and Theorem 1.12.

3 Analytic extension. Erasing singularities. Har-
togs Theorem

Theorem 3.1 (Uniqueness of analytic extension). Every two holomorphic
functions on a connected domain 2 C C" that are equal on an open subset
coincide on all of §2.

Proof It is sufficient to show that if a holomorphic function f on a con-
nected domain €2 vanishes on some open subset V' C €2, then f = 0 on all of

13



Q. To do this, let us consider the subset

oIkl ¢
K == mke(ZZO)n{W == 0} C Q . K D V

One has f|x = 0, since the latter intersection includes k = 0. The subset
K C € is closed, being an infinite intersection of closed subsets, since f €
C>*(Q) (Corollary 2.13). The set K is open. Indeed, at each point p € K the
function f has vanishing Taylor series coefficients, by definition and formula
(2.3). Hence, f = 0 on a neighborhood of the point p, and thus, the latter
neighborhood is contained in K. Therefore, K is a nonempty closed and
open subset of a connected domain €2, hence K = and f =0 on €. a

Proposition 3.2 (Openness Principle.) FEach non-constant holomor-
phic function on a connected domain is an open map: the image of each
open subset is open.

Proof Let f be a non-constant holomorphic function on a connected do-
main 2. It suffices to show that for every point z € {2 the image of arbitrary
ball centered at z contains a neighborhood of the image f(z). Fix a z € Q
and a complex line L through z where f|;, # const in a neighborhood of
z. The line L exists since f is locally non-constant (uniqueness of analytic
extension). The restriction of the function f to a disk in L N centered at
z is an open map, being a non-constant holomorphic function of one com-
plex variable. This implies that the image of every disk as above contains a
neighborhood of the point f(z), and hence, so does the image of arbitrary
ball in €2 centered at z. The proposition is proved. O

Corollary 3.3 (Maximum Principle.) The module of a non-constant
holomorphic function on a connected domain €2 cannot achieve its mazximum
in Q.

Proof If a module of a holomorphic function f # const achieves its max-
imum at a point z € ), then the image f(€2) contains the point f(z) but
avoids the exterior of the circle through f(z) centered at 0. Hence, it con-
tains no its neighborhood, — a contradiction to Openness Principle. The
corollary is proved. a

Theorem 3.4 (Liouville). Every bounded holomorphic function on all of
C" is constant.

14



Proof The restriction of a bounded holomorphic function f to each complex
line through the origin is constant, being a bounded holomorphic function
on C (Liouville Theorem in one variable). Therefore, f = f(0) on C". O

It is known that for every domain V C C there exists a holomorphic
function on V that extends analytically to no point of its boundary. This
statement is false in higher dimensions. A basic counterexample, the Hartogs
Figure is provided by the next theorem.

Theorem 3.5 (Hartogs) Let R = (Ry,...,Ry,), Rj >0, 1 <k <mn,r=
(r1,...,7%), s < Rs. Set R¥ = (Ry,...,Ry), R" % = (Rp11,..., R,). Let
V C Agn—t C C" % be an open subset. Let z = (z1,...,2,) be coordinates
on C". Sett = (21,...,2k), W= (Zktls---s2n),

A:(ARk\E)XARn—k, B:ARkXVCARC(Cn, QO =AUB.

(In the case, whenn =2, k =1,V = D,,, 1o < Rg, the domain ) is the
so-called Hartogs Figure, see Fig.1.) Then every function holomorphic on
Q extends holomorphically to the whole polydisk Ar = Agr X Agn—k.

|
|
M E =z 1

0 r Ry

Figure 1: The Hartogs Figure for n = 2: picture in the positive quadrant

Proof For simplicity, let us prove the theorem in the case, when n = 2,
k=1: thus R¥ = Ry, R" % = Ry, 2 = (21, 22), t = 21, w = 2. The proof in
the general case is analogous. Let f be a function holomorphic on . Fix an
arbitrary 6 € (r1, R1). For every w € V the function f(z;,w) is holomorphic
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in z; € Dp, C C, since D, x {w} C B C Q. Therefore, for every z; € D;
it is expressed as Cauchy integral

f(z1,w) 1 jq{ f(c’w)dg. (3.1)

211 |z1|=6 C—Zl

For every fixed w € Dpg, the subintegral function is holomorphic in z; €
Ds. Hence, the integral is also holomorphic in z; € Dg, as in the proof of
Osgood’s Lemma. For every fixed ( € Dg,\Ds D dD;s the function f((,w) is
holomorphic in w € Dg,, since {(} x Dg, C A C Q. Finally, the subintegral
function is holomorphic in (z1,w) € Ds x Dpg,, and hence, so is the integral.
Thus, formula (3.1) extends the function f(z1,w) holomorphically to Ds x
Dp,. This holomorphic extension is unique, by the Uniqueness Theorem for
holomorphic extension. Thus, f is holomorphic there and hence, on all of
AR = Dpg, X Dpg,, since ¢ is an arbitrary number between r; and R;. This
proves the theorem for n = 2 and k = 1. Theorem 3.5 is proved. a

Exercise 3.6 (Seminar.) Prove Theorem 3.5 in the general case using mul-
tidimensional Cauchy integral.

Theorem 3.7 (Erasing compact singularities). Let G C C"™ be an open
subset, K € G be a compact subset. Let both G and the complement G \ K
be connected. Then every function holomorphic on G \ K extends holomor-
phically to all of G.

We prove this theorem only in the case, when the ambient domain is a
polydisk. Its proof in general case is more complicated and can be done by
using, e.g., Bochner—Martinelli integral formula.

Proof of Theorem 3.7 in the case, when G is a polydisk. Let us
prove the theorem in the case when n = 2: in higher dimensions the proof
is literally analogous. Let G = Ag, R = (R1,R2). Let K, Ky denote
respectively the images of the compact set K under the projections to the
z1- and zg9-axes: Ky € Dp,, Ko € Dp,. Fix an open subset V' C Dpg, \ K»
and a 0 < r; < Ry such that K1 € D,,. Let Q be the Hartogs figure from
Theorem 3.5 constructed by the chosen r1, V and R. One has Q C Ag\ K.
Therefore, every function holomorphic on Ag \ K is holomorphic on €, and
hence, extends to a function holomorphic on all of Ag, by Theorem 3.5. O

Exercise 3.8 (Seminar). Prove that every function holomorphic on the
complement of a polydisk centered at the origin to a coordinate subspace of
codimension at least two extends holomorphically to the whole polydisk.
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Hint. Construct an appropriate Hartogs figure in the complement to the
coordinate subspace in question.

4 Implicit Function and Constant Rank Theorems.
Complex manifolds. Extension theorems for func-
tions on manifolds

4.1 Implicit Function and Constant Rank Theorems

Theorem 4.1 (Holomorphic Implicit Function Theorem) Let U C
C" x C*, (0,0) € U. Let F: U — C' (X,Y) — F(X,Y) be a holomor-
phic map with F(0,0) = 0. Let the partial differential 3—5(0) : ToCl —
ToCt be a non-degenerate linear operator. Then there exists a neighbor-
hood A = V x W of the origin in C* x C' such that the intersection
AN{F = 0} is the graph {Y = Y(X)} of a holomorphic mapping Y :
V. — W. Its differential dY (Xo) at each point Xg, set Yy = Y (Xy), is
equal to —(g—{;)_l(Xg, Yo)g—f;(Xo, Yo)dX. That is, the latter matriz product
is equal to the Jacobian matriz of the mapping Y (X) at Xo.

Proof The mapping F being considered as a real mapping of the domain
U C C" x C! = R? x R% to C* = R¥ satisfies the statement of the real
Implicit Function Theorem from analysis. The above function Y (X) is well-
defined and C*'-smooth on some domain V' C C" containing the origin, and
Y (0) = 0. The above formula for its derivative holds in terms of real linear
operators. The derivatives of the map F' in X and in Y are both C-linear
at each point (Xo,Yy) € U, by holomorphicity. Therefore, the differential
dY (Xj) is also C-linear at each point Xo € V. But each C'-smooth (vector)
function on V' with C-linear differential at each point is holomorphic. Hence,
Y (X) is holomorphic on V. This proves the Holomorphic Implicit Function
Theorem. O

Recall the following definition.

Definition 4.2 A mapping F': U — V of complex domains (manifolds) is
biholomorphic, if it is holomorphic and has a holomorphic inverse.

Theorem 4.3 (Holomorphic Inverse Map Theorem) Let U C C™ be a neigh-
borhood of the origin. A holomorphic map G : U — C™ with non-degenerate
differential dG(0) is always a biholomorphic map of some neighborhood of
the origin onto an open subset in C".
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Proof It suffices to apply the Implicit Function Theorem to the function
FX,)Y)=G(Y) - X. O

Remark 4.4 Each biholomorphic mapping is always a C'°° diffeomorphism.
There exist no biholomorphic mappings of domains of different dimensions,
since this is true for diffeomorphisms.

Theorem 4.5 (Constant Rank Theorem). Let U C C" be a neighbor-
hood of the origin. Let F : U — C™ be a holomorphic map, F(0) = 0. Let its
differential have constant rank £ < m on U. Then there exist neighborhoods
V. .cU, W C C™ of the origin and biholomorphisms (coordinate changes)
g:V%leVQCC?_ZXCf;,h:W%WleQCCﬁxCZ@_E such that
F(V)CW and ho F o g(z,w) = (w,0).

Proof The proof of this theorem repeats the classical proof of the similar
theorem from calculus. It is done in two steps.

Step 1: case, when £ = m. Let us split coordinates in C™ into two groups
(zyw), z = (21,4 2n—¢), w = (w1,...,wy) so that the partial differential
% is epimorphic, i.e., invertible. Consider the auxiliary mapping H :
(z,w) — (2, F(z,w)). It is well-defined and holomorphic on a neighborhood
Vi x Vo € C" ¢ x C¢ of the origin. Its differential at the origin is non-
degenerate, by construction. Therefore, shrinking the above domains V7,
Vo, we get that it is a biholomorphism of the product Vi x V5 onto its
image: a neighborhood V of the origin in C¢. Hence, the mapping H has a
holomorphic inverse of the form ¢ : (z,y) — (z,G(z,y)). By construction,
Fog(z,y) =y. The theorem is proved with h = Id.

Step 2: case, when ¢ < m. Let (z,w) be the above splitting of the
coordinates on C™. Let us split the coordinates in the image space C™ in
two groups (v,y), = (¥1,...,2¢), ¥ = (Y1,---,Ym—¢), s0 that the map
F := 1o F has rank £ at the origin (and hence, on some its neighborhood).
Then applying Step 1 to the map F' we get that there exists a biholomorphic
(invertible with holomorphic) map g : V1 x Vo — W C C", g(0) = 0, such
that F' o g(z,w) = w. Hence, F o g(z,w) = (w,¥(z,w)), ¢ is holomorphic
on a neighborhood of the origin. Shrinking V; and Vs, we consider that
the latter neighborhood coincides with V3 x V5. . The rank of the latter
map F' o g should coincide with the rank of the map F', that is, with the
dimension ¢ of the w-variable. This implies that the function (z,w) has
zero derivative in z and hence, depends only on w. Post-composing the map
Fog(z,w) = (w,¥(w)) with the map h : (z,y) — (z,y — ¥(x)) yields the
map (z,w) — (w,0). The Constant Rank Theorem is proved. O
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4.2 Complex manifolds and extension of functions

Definition 4.6 A complex manifold of complex dimension d is a real 2d-
dimensional manifold M admitting an atlas where all the transition func-
tions are biholomorphic. In more detail, it is a topological space M that
admits a covering by open sets U; such that there exist homeomorphisms
H;:U; —=V;C C? with the following property:

- for every two intersected open subsets U; and U; the transition maps
HjoH; ' : H;(U;nNU;) — H;(U;NU;) C V; are holomorphic (they are biholo-
morphic, since their inverses H; o H j_l are also holomorphic by definition).

Here we suppose that M has a countable basis of neighborhoods.

Definition 4.7 A function f : M — C on a complex manifold M is holo-
morphic if for every j the function f o H P 1. V; — C is holomorphic. A
holomorphic map M — C" and a holomorphic map between complex man-
ifolds are defined analogously.

Definition 4.8 Let M be a n-dimensional complex manifold, and let k& €
N, & < n. A subset A C M is a k-dimensional complez (holomorphic)
submanifold, if it is closed and each point x € A has a neighborhood U =
U(x) C M that admits a biholomorphism A on a neighborhood of the origin
in CZ, ., h(z) = 0, such that h sends the intersection A N U onto the
intersection of the image h(U) with the coordinate k-plane {zjp11 = -+ =
zn, = 0}. The tangent space of a submanifold at its point is defined in the
same way, as the tangent space of a real submanifold; in the holomorphic
case under consideration the tangent space has a natural structure of a
complex vector space.

Example 4.9 Let f : M — C"* be a holomorphic vector function, n =
dim M, and let A = {f = 0}. Let 0 be not its critical value: the differential
df (z) at each point x € A is non-degenerate, that is, has rank n — k. Then
A is a k-dimensional submanifold, by the Implicit Function Theorem.

Theorem 4.10 (Erasing codim > 2 singularities). Let M be a complex
manifold, and let A C M be a complex submanifold of codimension at least
two. Then every function holomorphic on M\ A extends holomorphically to

all of M.

Proof It suffices to show that each point x € A has a neighborhood U =
U(z) C€ M such that each holomorphic function f : U\ A — C extends
holomorphically to all of U. This holds for a neighborhood U that admits
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a biholomorphism onto a polydisk so that A N U is sent to a coordinate
subspace of codimension at least two: see Exercise 3.8. a

5 Analytic sets

First in Subsection 5.1 we introduce notion of analytic subsets, present their
basic properties and prove density of regular part. In Subsection 5.2 we prove
that each bounded holomorphic function on a complement to a non-trivial
analytic subset extends holomorphically to all its points. Then in Subsec-
tions 5.3, 5.4 we study the case of germs of local hypersurfaces, i.e., zero
loci of germs of holomorphic functions, where we prove Weierstrass Prepa-
ration Theorem and factoriality of the local ring of holomorphic functions.
Afterwards we will pass to the general theory of analytic subsets.

5.1 Introduction and main properties

Definition 5.1 An analytic subset in a complex manifold M is a subset
A C M such that each point p € M has a neighborhood U = U(p) C M
where there exists a finite collection of holomorphic functions f; : U — C,
j € J, such that

ANU={f;=0]jeJ}.

Remark 5.2 Each analytic subset is closed. Any holomorphic submanifold
is an analytic subset, but the converse is not true. For example, the coordi-
nate cross A = {zy = 0} € C? and the cusp curve B = {y?> = 23} C C? are
analytic subsets. But they are not submanifolds. See a brief explanation
(with an exercise) below.

Definition 5.3 The regular part of an analytic subset A C M is the subset
Apeg consisting of those points x € A such that there exists a neighborhood
U = U(x) C M for which the intersection U N A is a submanifold in U. This
is an open subset in A. The complement Agjng := A\ A;¢q is a closed subset
in M called the singular part of the set A.

Exercise 5.4 (Seminar). Let U C C" be a domain. Consider a holomorphic
function f: U — C. Set

Zp={f=0yCU, 2%:={zeZ|df(z)+#0}.

Let Z% be dense in Z, and the complement 4% = Zy \ Z3 be non-empty.
Show that Z; sing = Zj. Deduce the statements of the above remark.
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Hint. Suppose to the contrary that Z; is a local submanifold at a point
z € Zj. Then there exists a neighborhood W = W (x) and a biholomorphism
H that sends W to a domain V' C C" and sends Zy N W to a coordinate
subspace of codimension 1, say, z, = 0. Then the line L through H(x)
parallel to the z,-axis intersects H(W) once, and so does any close line.
But one can find a parallel line L’ arbitrary close to L that intersects H (W)
at least twice: the restriction to L of the function f o H~! has zero H(z) of
total multiplicity bigger than one, since its differential at H(z) is zero.

Proposition 5.5 Any analytic subset A in a connected manifold M either
coincides with all of M, or is nowhere dense. In the latter case its comple-
ment is dense.

Proof The interior Int(A) is obviously open. It suffices to prove that it is
closed: this will imply that it is either emply, or all of M, by connectivity.
Let p € M be an accumulation point of Int(A). Then p € A. Hence, there
exists a connected neighborhood U = U(p) C M such that the functions f;
defining the set A in U are holomorphic in U and vanish on a non-empty
open subset Int(A) NU. Hence, they vanish identically, by uniqueness of
analytic extension. This implies that ANU = U and hence, p € Int(A) and
Int(A) is closed. The proposition is proved. 0

Exercise 5.6 (Seminar). Show that in the above second case the comple-
ment M \ A is connected.

Proposition 5.7 A finite union of analytic subsets A1 U ... Ay is analytic.
A finite intersection of analytic subsets Ay N --- N Ay is analytic.

Proof It suffices to prove these statements for union (intersection) of two
analytic subsets A1 and A, of a complex manifold M.

Let us show that A; N As is analytic. Let z € A; N As. Let U be its
neighborhood in M where each A; N U is defined as zero locus of a finite
collection F}; of holomorphic functions. Then A; N Ay NU is the zero locus
of the functions from the finite collection Fy U F5. Therefore, A1 N Ay is
analytic.

Let us now show that A; U As is analytic. Recall that the sets A; and
Ao are closed, being analytic. In the case, when they are disjoint, there
is nothing to prove: each point z € A; U Ay lies only in one subset A,
its neighborhood U C M small enough intersects only this A;, and thus,
UnN (A1 UAy) =UnNA;is defined by the same collection F}; of holomorphic
functions, as Aj; hence it is analytic. Let now x € A1 N As. Let U C M
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be its neighborhood where each A; N U is zero locus of a finite collections
F}; of holomorphic functions on U. Then the zero locus of the products fg,
f € Fi, g € Fy, coincides with U N (A; U Ay). Hence, A; U Ay is analytic.
The statements of the proposition are proved. O

Theorem 5.8 The reqular part of an analytic subset A C M is dense in A.

Proof We prove Theorem 5.8 by induction in the dimension n of the am-
bient manifold M.

Induction base: for n = 1 the statement of the theorem is obvious.

Induction step. Let the statement of the theorem be proved for n < k.
Let us prove it for n = k+1. Let x € A. Let us show that A,., accumulates
to z. Fix some small neighborhood V' = V(z) C M and consider that x is
the origin in a holomorphic chart containing V. We show that Ayeq NV # ()
and then we apply this statement to arbitrarily small V. Thus, we deal with
A as an analytic subset in V' C C", 0 € A, where A is defined as the zero
locus of a finite collection of functions holomorphic on V. Fix a holomorphic
function f # 0 on V, f|a = 0. There exists a (higher) partial derivative g
of the function f (which may be f itself) that vanishes identically on A and
such that some of its partial derivatives % does not vanish identically on A.
Indeed in the opposite case all the partial derivatives of the function f would
vanish at 0, and hence, f = 0, - a contradiction. Thus, g|4 = 0, and thus,
the analytic subset I' = {g = 0} C V contains A. The regular part of the set
I' contains the open subset 'Y := I'N {{%gj # 0} C I, since %M # 0 and by
the Implicit Function Theorem. The intersection A? := I'’N A4 is non-empty,
by assumption. On the other hand, it is an analytic subset in the complex
manifold I'? of dimension n—1. Hence, its regular part A,Qeg is dense in TN A
(and thus, non-empty), by the induction hypothesis. But Ageg is contained
in Ayeg. Indeed, for every y € A, and every neighborhood W = W (y) C V
such that WNT C T? and ANW = A?eg N W the former intersection, which
coincides with W NTY, is a submanifold in W, and the latter intersection
is a submanifold in the former. Hence, A N W is a submanifold in W: a
submanifold of a submanifold in W is obviously a submanifold in W. Finally,
Apeg contains a non-empty subset A,Qeg C V. Applying the above arguments
to arbitrarily small neighhborhood V' we get that A,., accumulates to x.
Hence, A4 is dense. Theorem 5.8 is proved. O
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5.2 Extension of holomorphic functions on complements to
analytic subsets

Theorem 5.9 FEach holomorphic bounded function on a complement of a
complex manifold to an analytic subset extends holomorphically to the whole
ambient manifold.

Proof It suffices to prove the local version of the theorem, for a bounded
holomorphic function f on the complement of a domain U C C7, . to the
zero locus Z; = {g = 0} of a holomorphic function g : U — C. Fixanz € Z,.
It suffices to show that f extends holomorphically to a neighborhood of the
point z in Z,. Passing to appropriate local chart we can and will consider

that x = 0, set z = (21,...,2p-1), W = 2y, and that g is holomorphic on
the polydisk A = A, x Ds € C?! x C,, and ¢g(0,w) # 0 in w € Ds. Then
one can find a circle St = {|w| = s} C Ds and o = (071,...,00-1), 0 < 1},

such that A, x S! is disjoint from the zero locus Z,: it suffices to fix a
s € (0,9) such that ¢(0,w) # 0 whenever |w| = s and then to take o small
enough. The intersection of each disk {z} x Ds with Z, is a discrete set
of points. The function f(z,w) with fixed z extends there holomorphically,
being bounded (Erasing Singularity Theorem for holomorphic functions in
one variable). Thus, for every z € A, and every w with |w| < s one has

oy = L f S0y,
7w Jor n—w
by Cauchy Formula. The subintegral expression is holomorphic in (z,w) €
A, x Dg. Therefore, the above Cauchy integral extends f(z,w) holomorphi-
cally to the latter product, and hence, to the neighborhood (A, x Ds) N Z,
of the point z = 0 in Z,. The theorem is proved. O

5.3 The dimension and proper maps of analytic sets. Rem-
mert Proper Mapping Theorem

Definition 5.10 The dimension dim, A of an analytic set A at its regular
point x € A;¢y is the dimension at x of the submanifold AN U in a small
neighborhood U = U(x). Its dimension at a point « € Agjyg is

dim, A := myeArem y—e dimy A.
The dimension of analytic set A is

dim A := supdim,; A = max dim, A.
zEA TEAreqg
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Theorem 5.11 (given without proof). For every analytic subset A C M
its singular part Asing is an analytic subset in M of dimension strictly less

than dim A.

Proposition 5.12 The preimage of an analytic subset in a manifold N
under a holomorphic mapping M — N is an analytic subset in M.

The proposition obviously follows from definition.

Definition 5.13 A map F : M — N between topological spaces is proper,
if the preimage of every compact subset in N is a compact subset in M.

A fundamental result of the theory is the following theorem

Theorem 5.14 (Remmert Proper Mapping Theorem). Let M, N be
complex manifolds, and let A C M be an analytic subset. Let F : M — N
be a holomorphic map whose restriction to A is proper. Then the image
F(A) C N is an analytic subset.

Corollary 5.15 Let M, N be complex manifolds, and let N be compact.
Let A C M x N be an analytic subset. Then the projection of the set A to
M is an analytic subset in M.

5.4 Decomposition into irreducible components

Definition 5.16 An analytic subset A C M of a complex manifold M is
wrreducible, if it cannot be presented as a union of two analytic subsets

A = A; U Ay such that Ay, As # A.

Theorem 5.17 An analytic subset is irreducible, it and only if its reqular
part is connected.

Remark 5.18 The main part of the theorem is the statement saying that
wrreducibility implies connectivity of regular part. Its proof is very technical.
Here we prove the easy part: the converse.

Proof of the easy part: connectivity implies irreducibility. Suppose
the contrary: there exists an analytic subset A in a complex manifold M such
that A,e4 is connected but A is not irreducible: A = A1UAy, A; 2 # A. Then
the intersections A; N A,y are analytic subsets in the connected complex
manifold Ay, and their union is all of A,.,. This is possible only in the
case, when some of them, say A1 M A,¢4 coincides with all of A,.4: otherwise
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they are both nowhere dense closed subsets in a connected manifold A,q4
and cannot cover it together. But then A; contains A, since A; is closed and
Apeg is dense in A (Theorem 5.8). Therefore, Ay = A. The contradiction
thus obtained proves irreducibility. a

Theorem 5.19 (given without proof). Let A be an analytic subset of a
complex manifold M. The closure of each connected component Ayeqj of
its regular part is an analytic subset in M, which will be denoted A;. It is
irreducible, by Theorem 5.17; it is called an irreducible component. The
set A is a locally finite union U;A; of its irreducible components. This is its
unique decomposition as a locally finite union of irreducible analytic sets.

Remark 5.20 Recall that a finite union of analytic subsets is analytic.
This statement remains valid for infinite but locally finite unions, by the
statement for finite unions and since the notion of analytic subset is local: it
is locally defined as zero locus of a finite collection of holomorphic functions.

5.5 Weierstrass polynomials and Preparatory Theorem

Definition 5.21 A polynomial P,(w) = w?+ a1(2)w" ™' +--- + ag(z) with
variable coefficients depending holomorphically on z = (z1,...,z,) from a
neighborhood of the origin in C" with a;(0) = 0 is a holomorphic function
in n + 1 variables (z,w) called a Weierstrass polynomial in w.

Remark 5.22 For every fixed z a Weierstrass polynomial does not vanish
identically in w and has the same number d of roots with multiplicity.

Definition 5.23 Let f(z,w) be a germ of holomorphic function at (0,0) in
C? x Cy, f(0,0) = 0, that does not vanish identically on the w-axis. Let
d>0,r=(r1,...,m), r; > 0 be such that the function f is holomorphic on
A, xDs, f(0,w) # 0 for w € Ds\{0} and f|a,xops # 0. Then A := A, x D;
is called a Weierstrass polydisc for the function f.

Remark 5.24 If f(0,w) # 0 on a neighborhood of zero in the w-axis, then a
Weierstrass polydisk always exists. In general, if f is a holomorphic function
on a neighborhood of the origin in C"*!, then one can choose coordinates
(21,...,2n,w) in such a way that f(0,w) # 0, and hence, in the latter
coordinates a Weierstrass polydisk exists.

Theorem 5.25 (Weierstrass preparatory theorem). Let f(z,w) be a
holomorphic function on a neighborhood of the origin in C"*1 = C? x C,,
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z = (z1,...,2n), with £(0,0) = 0 and f(0,w) # 0. Let A = A, x Dj be
a Weierstrass polydisk. Then there exists a unique Weierstrass polynomial
P.(w) such that on some neighborhood U of the origin one has f(z,w) =
h(z,w)P,(w), h(z,w) is a holomorphic function on the latter neighborhood
U, h(0,0) # 0. Moreover, P,(w) is holomorphic on A, x Cy, and h(z,w) is
holomorphic and nonvanishing on A, x Ds.

Proof Fix a Weierstrass polydisc A = A, x Ds. Set g.(w) = f(z,w). The
function gg has geometrically unique zero in Ds: the origin. Let d denote its
multiplicity. Then for every z € A, the function g, has d roots with multi-
plicities in Ds and does not vanish on its boundary. Let bi(z),...,b4(z) de-
note its roots. The coeflicients of the Weierstrass polynomial we are looking
for are uniquely determined as the basic symmetric polynomials o5 = o4(2)
in bj(z) up to sign. (This already proves the uniqueness.) They vanish
at z = 0 by assumption. Let us show that they are holomorphic func-

tions in z. Indeed, they are expressed as polynomials in the power sums
6s(2) = >_;b5(2), s € N. One has

1 ¢
2mi Jop,  f(2,€)

Indeed, the latter integral is equal to the sum of residues of the subintegral
expression. The nonzero residues may exist only at those ¢, where g,(¢) =
f(2,¢) = 0. The residue value corresponding to a root ¢ of the function
g-(w) of multiplicity v is equal to v(*. Indeed, one has

Gs(2) dc. (5.1)

g:(u) = f(z,u) =c(u—C)"1+O(u—)), asu—(; c#0,

& (ou) = evfu— 0" 1+ (1)) + O(u — ") = L (=, u)(1 + (1))
w u—C

This implies that the residue at ¢ is equal to v(®. This proves (5.1). The
right-hand side in (5.1) is holomorphic in z € A,, since the subintegral
expression is holomorphic and its restriction to the integration circle is a
uniformly bounded function whenever z run over arbitrary compact subset
in A,. Therefore, the integral and hence, the power sums 5(z) are holo-
morphic on A,. Hence, the elementary symmetric polynomials o5 are also
holomorphic. Therefore, the function

d d
P.(w) = [[(w = b;(2)) = w + > " (=1)*os(2)w*
s=1

j=1
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is a Weierstrass polynomial vanishing exactly on the zero set I' = {f = 0}
of the function f. The ratio h = 4 and its inverse h~1 are holomorphic
functions on the complement (A, x Dg)\T'. Let us show that each of them
extends holomorphically to I' (say h; for h~! the proof is the same): then
the theorem follows immediately. For every fixed z the function h(z,w) has
a nonzero limit, as w tends to a root of the polynomial P,(w), since the
latter root has the same multiplicity for both functions P,(w) and g,(w).
Therefore, the function h(z,w) is holomorphic in w € Dy for every fixed
z € A,. Hence, it can be written as Cauchy integral

h(z,w) = 17{ Md(, w € Dy.

©2mi Jims C—w

The subintegral expression is holomorphic in (z,w) € A and uniformly
bounded with derivatives and continuous on compact subsets in A. There-
fore, the latter integral, and hence h are holomorphic there. Similarly, h~!
is holomorphic. Hence, h is a unity.

The uniqueness of Weierstrass polynomial satysfying the statements of
the theorem follows by construction: for every z € A, this is the unique
monic polynomial in w having the same roots, as f(2, w)|,y|<5, and with the
same multiplicities. O

5.6 Local rings. Factorization of holomorphic functions as
products of irreducible ones

Definition 5.26 Let X be a topological space, x € X. Two functions f and
g defined on neighborhoods Uy and Uy of the point x are called z-equivalent,
if there exists a neighborhood W = W (x) C UyNU, where f = g. The germ
of a function at a point x is its z-equivalence class.

Remark 5.27 In general, two functions (e.g., smooth functions on a man-
ifold) defining the same germ at x can be distinct. But if two holomorphic
functions on a connected manifold M have the same germ at some point,
then they are identically equal on M, by uniqueness of analytic extension.
For every point x € M there is a 1-to-1 correspondence between germs at x
of functions f holomorphic on some its neighborhoods Uy depending on f
(i.e., functions holomorphic just at x) and germs of holomorphic functions
at 0 € C", n = dim M, or equivalently, converging power series.

Definition 5.28 The ring of germs of holomorphic functions f at 0 € C"
will be called the local ring and denoted O,. Recall that a unity of a ring
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is an invertible element, i.e., an element u for which there exists an inverse
w™!, uu~t = 1. Thus, a unity in O,, is a germ of holomorphic function that
does not vanish at 0.

Remark 5.29 The Weierstrass Preparation Theorem implies that each germ
of holomorphic function f(z,w) at (0,0) € C? x Cy,, with f(0,0) = 0 and
f(0,w) # 0 is the product of a Weierstrass polynomial and a unity in Op41.

Definition 5.30 An element of a ring is irreducible, if it is not a unity and
cannot be presented as a product ab, where a and b are not unities. A ring is
factorial, if each its non-zero element that is not a unity can be represented
in a unique way (up to permutation and multiplication by unities) as a
product of irreducible elements.

Here we prove the following theorem.

Theorem 5.31 The local ring O,, is factorial.

In the proof of Theorem 5.31 we use the Weierstrass Preparatory Theo-
rem and the following well-known Gauss Lemma and property of Weierstrass
polynomials.

Lemma 5.32 (Gauss). Let R be a factorial ring. Then the polynomial ring
R[w] is also factorial.

Proposition 5.33 A Weierstrass polynomial P,(w), z = (21,...,2,) € C",
w € C has irreducible germ at 0 € C" ! as an element of the local ring Op i1,
if and only if it is irreducible as a polynomial over the local Ting O,,.

In the proof of the proposition and in what follows we will use the next
trivial remark.

Remark 5.34 A monic polynomial P, (w) with coefficients being holomor-
phic functions in z is Weierstrass (i.e., the coefficients vanish at z = 0), if
and only if Py(w) = w?.

Proof of Proposition 5.33. A Weierstrass polynomial P,(w) with irre-
ducible germ in O, is irreducible as a polynomial over O,. Indeed, let,
to the contrary, P.(w) = Q1 .(w)Q2:(w), with Q1,Q2 € Op[w] being not
unities. Then at least one of them, say Q1 is a unity in O,41, since P,(w)
is irreducible in Oy 4. Therefore, its restriction Q1 o(w) to the w-axis does
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vanish at 0 and is a divisor of the monomial w? = Py(w). But the only di-
visors of positive degree of a monomial w® are monomials w*, k < d, which
vanish at 0. Therefore, the polynomial @1 ,(w) has zero degree in w. Hence,
it is a function of z; thus, it lies in O,, and does not vanish at 0. Thus, it is a
unity in O,,, and hence, in O, [w], — a contradiction. Let now P,(w) be irre-
ducible as a polynomial over O,,. Let us prove that it defines an irreducible
germ at 0 € C"*!. Suppose the contrary: P.(w) = fg, £(0,0) = g(0,0) = 0.
Then f(0,w),g(0,w) # 0, since the same holds for their product Py(w).
Therefore,

f(z,w) = u(z,w)Ps.(w), g(z,w) = v(z,w)Py . (w),

where u and v are unities in O, 41 and Py (w), Py.(w) are Weierstrass
polynomials (Weierstrass Preparatory Theorem). By construction, they are
monic polynomials, and for every fixed z the union of their root collections
(with multiplicities added) coincides with the root collection (with multiplic-
ities) of the polynomial P,(w). This together with the uniqueness part of
the Weierstrass Preparatory Theorem implies that P,(w) = Py .(w)P, . (w),
- a contradiction to the irreducibility of the polynomial P,(w) as an element
of the ring O, [w]. The proposition is proved. O

Proof of Theorem 5.31. Induction on n.

Induction base: n = 1. The statement is obvious: each non-identically
zero germ of holomorphic function of one variable that vanishes at 0 is
h(w)w?, h(0) # 0; w is irreducible and h is a unity.

Induction step. Let we have shown that the ring O, is factorial. Let us
show that O,,4; is factorial.

Let f € Opy1, f(0) =0, f # 0. Let us fix coordinates (z,w) centered
at 0, z = (21,...,2,) € C", w € C, such that f(0,w) # 0. Then up to
muptiplication by unity, f is a Weierstrass polynomial P,(w). Therefore, it
admits a unique factorization as a product of some of irreducible polynomials
P;j .(w) in the ring Oy, [w], since the latter ring is factorial (Gauss Lemma and
the induction hypothesis). The highest degree coefficients of the polynomials
P; .(w) do not vanish at 0, since their product is equal to 1. Therefore,
multiplying P; . by unities in the coefficient ring O,,, one make them monic.

Claim. Thus normalized polynomial factors P;.(w) are Weierstrass.
Proof For z =0 one has []; Pjo(w) = Po(w) = w?. Hence, Pjo(w) = w
for some dj, }_;d; = d, and Pj.(w) are Weierstrass (Remark 5.34). 0

The polynomials P;.(w) are irreducible as elements of the local ring
On+1, since they are irreducible as elements of the ring O, [w] and by Propo-
sition 5.33. The existence of decomposition in 0,41 of the function P,(w)
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as a product of irreducible ones is proved. Let us now prove uniqueness.
Let P(w) =[], fj(z,w) be some decomposition into product of irreducible
factors f;. M}ﬂtiplying fj by unities in the ring 0,11, we get Weierstrass
polynomials f; .(w): the functions f; do not vanish on the w-axis, since the
same is true for the product of their powers. But then P.(w) = []; fj-(w),

as in the proof of Proposition 5.33. The Weierstrass polynomials ijz(w) are
irreducible as elements of the ring O,[w], by the same proposition. Hence,
the latter product decomposition coincides with the above one: fj,z =P,
up to permutation, by factoriality of the ring O,w]. The uniqueness is
proved. The induction step is over, and Theorem 5.31 is proved. O

5.7 Zero locus as a ramified covering. Geometric factoriza-
tion and irreducibility criterion

Definition 5.35 Let M be a topological space, x € M. Two subsets
Y1,Ys € M are x-equivalent, if there exists a neighborhood U = U(xz) C M
such that U NY; = U NY,. The z-equivalence class of a subset is called
its germ at . A germ of subset Y C M at x is connected (or dense in an-
other germ of subset W DY) if there exists arbitrarily small neighborhood
U =U(x) C M such that Y NU is connected (dense in W NU).

Theorem 5.36 Let f € O, be a germ of holomorphic function,

Zp={f =0}, Z3:={z€ 2| df(z) #0}.

(Note that Z5 C Ztreg-) A germ f is irreducible, if and only if the germ at
0 of the set Z$ is dense in Zy and is connected.

The main step in the proof of Theorems 5.36 is the next theorem stating
that the germ of zero locus has a covering structure. To state it, let us recall
the following definition.

Definition 5.37 A (topological) coveringis an epimorphic mapping of topo-
logical spaces m : Y — X such that each point x € X has a neighborhood
U = U(x) whose preimage 7~ (U) is a disjoint union of open subsets U; C Y
such that the projections m; : U; — U are homeomorphisms. The space X
is called the base, and the space Y is called the covering space over X. If
for every x € X the number of preimages 7~ !(x) is finite and the same for
all z € X, then their number is called the degree of the covering. (Recall
that if X is path-connected, then the number of preimages 7—!(z) is inde-
pendent of z.) In the case, when Y and X are complex manifolds and 7;
are biholomorphic, we will say that the covering is holomorphic.
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Remark 5.38 In fact, for a topological covering between complex mani-
folds holomorphicity is equivalent to just holomorphicity of the projection
7. This follows from the fact that if a holomorphic map between domains
U,V C C" is a homeomorphism, then it is biholomorphic. The proof of this
statement is omitted for simplicity.

Theorem 5.39 Let f(z,w) be a holomorphic function on a neighborhood
of (0,0) € C? x Cy, f(0,0) =0, f(0O,w) £ 0. Let A = A, x Dy be its
Weierstrass polydisk,
Zy={f=0}NA.
1) There exists an analytic subset A C A, A # A,, set
Vi=AN\A, Zy:=Z;0(V xC), (5.2)

such that Zf C V x C is a submanifold and the projection 7 : Ef — Vs
a holomorphic covering. The degree of this covering is no greated than the
order of zero at 0 of the function f(0,w).

2) Let 'Y, ..., I, denote the connected components of the covering man-
ifold Zf. For every component F? all its points (zj,w;) correspond to zeros
w; of the function f(z;,w) of the same multiplicity ;.

3) Let d;j denote the degree of the component I' as a covering m : I'? —
A\ A. For every z € A\ A let wj1(z), ..., wjq;(2) denote the w-coordinates
of the w-preimages of the point z lying in I'S. The function

d;
Pj.(w) = [T(w = wjs(2) (5.3)
s=1
is a Weierstrass polynomial holomorphic on A. It is irreducible in the rmg
of functions holomorphic on A, and its zero locus is the closure I'; := F
4) There exists a function h(z,w) holomorphic and nowhere vamshmg
on A such that

f(z,w) = h(z,w) HP“J

Proof Without loss of generality we consider that the function f is a Weier-
strass polynomial P,(w) of degree d. Set

k. := the number of distinct roots of the polynomial P,(w); k := mix k.,
ze
A={ze A, | k, <k} (5.4)
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Proposition 5.40 The subset A C A, is analytic.

Proof A polynomial P of degree d has ¢ distinct roots, if and only if it
has d — ¢ common roots with its derivative. (Exercise: prove this.) The set
A is thus exactly the set of those points z € A, for which the polynomial
P.(w) and its derivative P/(w) in w have at least d — k + 1 common roots
with multiplicities. Or equivalently, if for this fixed individual z they have
a common polynomial divisor h(w) of degree at least d — k + 1. This holds
if and only if there exist polynomials R(w) and S(w),

deg R = deg P.—degh < d—1—d+k—1 = k-2, deg S = deg P,—degh < k—1,

R(w)P,(w) — S(w)PL(w) = 0. (5.5)

Namely, equation in (5.5) always holds for R = P/h=!, S = P,h~!, where h
is a higher degree common divisor of the polynomials P, and P.. Conversely,
if polynomials R and S as in (5.5) exist and are normalized to be coprime,
then R is a divisor of P., S is a divisor of P,, and h = R™'P! = S71P, is
the higher common divisor of degree at least d — k 4+ 1 of the polynomials
P, and P]. The above R and S exist, if and only if the system of 2k — 1
polynomials

k—2 / / k—1p/
P,, wP,,...,w"*P,, P, wP,,...w" P,

is linearly dependent, or equivalently, their coefficient matrix has rank at
most 2k — 2. This linear dependence condition (vanishing of all the highest
size minors of the above matrix) is a system of polynomial equations on
the coeflicients of the polynomial P,. This yields a system of holomorphic
equations on z € A, and proves analyticity of the subset A. O

Proposition 5.41 Set V = A, \ A, Zf = Z;N(V xC). The subset Ef
is a complex submanifold in V x C, and the projection w : Zy — V is a
holomorphic covering.

Proof The projection 7 : Zf — V is a topological covering, which fol-
lows from definition: the roots (;(z) of the Weierstrass polynomial do not
bifurcate at z € V and are local well-defined and continuous functions
of z € V, by the definition of the set V. It suffices to show that each
root ((z) = (;(z) depends locally holomorphically on z € V: each point
x € V has a neighborhood W = W(x) C V where ((z) is holomorphic.
Indeed, fix a point (z,((z)) € Z ¢ and consider a Weierstrass polydisk
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A* = Oy x Q9 C V x C centered at x for the function P,(w). The Weier-
strass polynomial corresponding to the function P,(w)|a= has the zero locus
Zf N A? and has one root ((z) for every z € Q;. Hence, it has the form
(w — ¢(2))F = wF — kC(2)w*1 4+ .... Thus, —k((2) is its coefficient, and
hence, is holomorphic. The proposition is proved. O

The degree of the covering Z + is equal to the number of distinct roots
¢j(z) for z € V, which is no greater than the degree of the Weierstrass
polynomial P,(w). This together with Propositions 5.40 and 5.41 imply
Statement 1) of Theorem 5.39. Its Statement 2) on multiplicity follows from
the last argument in the proof of Proposition 5.41. The function P; .(w) from
its Statement 3) is clearly holomorphic and bounded on the complement
A\ 77 (A) to an analytic subset 7~1(A). Hence, it extends holomorphically
to all of A. Tt is a Weierstrass polynomial, by construction and since all
the roots wjs(2) of the Weierstrass polynomial P,(w) converge to zero, as
z — 0. Its zero locus is I';j, by construction and continuous dependence of
its roots on z. Let us prove its irreducibility in A. Suppose the contrary: it
is a product of two functions fy, fo, each vanishes somewhere in A. Then
the intersection of zero locus of each f; with " 7 Is an analytic subset Ay in
the connected manifold I'7. Hence, some of them, say Ay, coincides with Iy,
and f; = 0 on I';. Replacing fi by its Weierstrass polynomial, we get that
f1 = Pj.(w). Hence, f» =1, - a contradiction. Thus, P; .(w) is irreducible
in A. Statement 3) is proved. Statement 4) follows from construction and
Weierstrass Preparation Theorem. This proves Theorem 5.39. O

Proof of Theorem 5.36. Let f(z,w) be a germ at (0,0) of holomorphic
function in (z,w) € C? x C,, f(0,0) = 0. We choose coordinates (z,w) so
that f(0,w) # 0. Without loss of generality we can and will consider that f
is a Weierstrass polynomial. Let A = A, x Dg be its Weierstrass polydisk.
The decomposition (5.3) from Theorem 5.39 implies that if f is irreducible,
then Z + consists of only one connected component, i.e., Z r = I'?, whose
points (2o, ws(zp)) correspond to roots w, of multiplicity one of the Weier-
strass polynomial f. This implies that df (zo, ws(29)) # 0. Hence, Zf C Z3is
an open dense connected subset in a complex manifold Z]‘Z: the complement
to the analytic subset Z%N 77 1(A). Thus, Z$ is also connected. Conversely,
connectivity of the germ of the set Z$ is equivalent to connectivity of its in-
tersection with a Weierstrass polydisk A, x Ds with r small enough, which
in its turn equivalent to connectivity of the covering Z ¢ in the same polydisk
and simplicity of the roots of the Weierstrass polynomial f corresponding
to its points. This together with Theorem 5.39 implies irreducibility of the
function f in the same (small) polydisk. Theorem 5.36 is proved. 0
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5.8 Zero loci of functions of two variables and Newton dia-
grams

5.8.1 Zero loci of irreducible germs as parametrized curves

Below we consider germs of functions in two complex variables and show
that the zero locus of an irreducible germ is a parametrized curve, see the
following definition.

Definition 5.42 A germ of planar parametrized curve is the germ at 0 €
CZ,, of image of a bijective holomorphic map ¢ — (¢(t),¥(t)), t € D, C C.

Remark 5.43 In the case, when the parametrized curve does not lie in the
w-axis, a conformal change of parameter transforms its parametrization to
a one of the form either ¢ — (¢,0), or

ts (t9,ctP(1+O(t)), ceC\ {0}, (5.6)

Theorem 5.44 A germ of function f(z,w) in Oy is irreducible, if and only
if its zero locus Z¢ is a germ of parametrized curve, and df (x) 0 inx € Zy

(or equivalently, df (x) # 0 for x € Z; \ {0}).

Using Theorem 5.44, we will later present an explicit necessary irre-
ducibility condition for a function of two variables in terms of a finite part
of its Taylor terms: the so-called Newton diagram.

In the proof of Theorem 5.44 we use the following corollary of Theorem
5.39 in the case of two variables.

Corollary 5.45 In Theorem 5.89 in the case of two variables choosing a
Weierstrass polydisk, which is a bidisk A = D, x Dgs, with r small enough,
one can achieve that either A =0, or A = {0}. In the former case the set
Zy = Zf s a one-dimensional submanifold in A, x C bijectively projected
onto A,.. In the latter case the set Zf 1s a one-dimensional submanifold
in the complement of the ambient Weierstrass polydisk to the w-axis; each
its connected component is a finite degree covering over the punctured disk

D, = D, \ {0}.

Before starting the proof of Theorem 5.44 let us recall the following
background material on coverings.

Theorem 5.46 (Covering Homotopy Theorem). Let 7 : M — B be
a covering. Then for every path a : [0,1] — B and every zo € 7~ (a(0))
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there exists a unique path & : [0,1] — M starting at xo and projected to o:
moa(t) = aft). It is called the lifting of the path « starting at xg.

The next proposition deals with coverings over a punctured disk D, c
C. It is well-known that its fundamental group Wl(Dr,Zo), 20 € DT, is
isomorphic to Z and generated by the homotopy class [a] of a path « in D,
starting at zp and going counterclockwise around the origin along a circle
centered at 0. For every covering 7 : M — D, of a finite degree d the fiber
77 1(20) € M consists of d points z1,...,24. The fundamental group of the
base acts on the fiber by permutations (thus, elements of the group Sy) as
follows. For every x; € m1(20) let &; : [0,1] — M denote the lifting of the
path « that starts at z;. Its endpoint &;(1) lies in 771(20), since the path
« is closed, and hence, coincides with some point = here o € 5, is a
permutation of the indices 1,...,d.

a(4)

Proposition 5.47 The covering M 1is connected, if and only if the above
permutation o € Sq given by the action of the element [a] on 7 1(z9) is a
cyclic permutation. Or equivalently, if and only if its action is transitive:
for every x;,xy, € m 1 (20) there exists an m € Z such that o™ (z;) = xy.

Proof Connectivity is clearly equivalent to the statement that every two
points z;, z; € ™ 1(20) can be connected by a path in M. The projection of
the latter path to the base D, is homotopic to a power o/™. Then o™ (z;) =
Tk, by definition. Conversely, transitivity implies connectivity, by the above
argument. A permutation is transitive, if and only if it is cyclic. This proves
the proposition. a

Proposition 5.48 Every connected holomorphic covering m : M — D, of
degree d 1s isomorphic to the standard degree d power covering g q: D 1 —
T

%

= el

D,, Tstd(t) = 4. This means that there exists a biholomorphism v : D 1
T

M that forms a commutative diagram with the projections: mo ) = mg 4.

Proof Fix a point o € m_,},(20) C D 1 and a point yo € 7 (z0) C M. We
; r ‘
set ¥ (o) = yo. Let us extend 1) along paths. Namely, for every x € D 1 we
~ . r
take an arbitrary path g1 : [0,1] — D 1 going from xg to . Let 8 denote its
T

projection to D,. Let S [0,1] — M denote the lifting to M of the path g
that starts at yg. Set ¢(z) =y := 52(1). The map thus constructed is locally
biholomorphic. It remains to show that it is well-defined together with its
inverse 1)1, We will check well-definedness (independence of the path 51)
of the map v: the same statement for its inverse is proved analogously. It
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suffices to show that thus constructed map ¢ sends a closed path §~With
base point at xy to a closed path. Indeed, consider an arbitrary path g in a
connected covering over D, with endpoints lying in the fiber 7~1(29). The
path § is closed, if and only if its projection § := m o 8 is homotopic to ad"l
for some m € Z. This follows from Proposition 5.47. Let the above path §
lie in the standard covering DT 1 and be closed. Then § is homotopic to a4™.

The path w(ﬁ(t)) in M is the lifting of the same path 3, as 5 Therefore, it
is also closed, as is B, by the above closeness criterion. The proposition is
proved. O

Proof of Theorem 5.44. Let f(z,w) be a germ of holomorphic function
of two variables, f(0,0) = 0, f # 0. We choose coordinates (z,w) so that
f(0,w) # 0. Let A = D, x Ds be its Weierstrass polydisk chosen as in
Corollary 5.45. Then either A = ), or A = {0}. Without loss of generality
we consider that f is a Weierstrass polynomial, dividing it by a nonvanishing
holomorphic function.

The function f is irreducible in A, if and only if the corresponding cov-
ering Z s over D, (or over DT) is connected and its points correspond to
simple zeros of the Weierstrass polynomial f as a function of w (Theorem
5.39). In both cases we will restrict our covering to D,. If the covering is
connected, then it is bijectively parametrized by a punctured disk D 1 the
parametrization realizes its covering isomorphism with the standardr cover-
ing t + t¢ (Proposition 5.48). The latter parametrization being a bounded
holomorphic function, it extends to the puncture and hence, sends 0 to 0 and
yields a bijective parametrization DT 1= Zy = {f =0} N A. Simplicity of
zeros implies that df (x) # 0 for every x lying in the open and dense subset
Z ¢t C Zj. Thus, we have proved that if f is irreducible in a Weierstrass
bidisk A chosen as in Corollary 5.45, then its zero locus is a parametrized
curve, and df (z) # 0 for z € Z; \ {0}.

Let us prove the converse. Fix a polydisk A as in Corollary 5.45. Let
Z; be a parametrized curve, and let df(z) # 0 for x € Z; \ {0}. Then
Z ¢ is clearly connected and its points correspond to simple zeros of the
Weierstrass polynomial f. Hence, f is irreducible in A, by Theorem 5.39.

Passing to a smaller Weierstrass bidisk does not change connectivity
of covering, by Proposition 5.47. Parametrization of smaller covering is
obtained by restriction of parametrization of the initial, bigger covering, to
a smaller disk. This proves Theorem 5.44. O

Theorem 5.49 Every germ of parametrized curve in (C2,0) is zero locus
of an irreducible germ f € Os.
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Proof The case, when the curve is a line is obvious: it is zero locus of
a linear function. Let now a non-linear parametrized curve be given by
a germ at 0 of injective holomorphic map v(t) = (vy1(¢),v2(t)), v(0) = 0.
Then 1 (t) = ct®(1+ O(t)), as t — 0; d € N, ¢ # 0. Therefore, there exists
a holomorphic function 7(t), 7(0) = 0, 7/(0) # 0, such that v (t) = (7(¢))%
Let us take 7 as a new parameter. Then the curve takes the form ~(7) =
(7%,¢(7)), ¢(7) is a holomorphic function on a disk D, C C, ¢(0) = 0. For
every (z,w) € D, x C set

fzw) = T] (w=¢u). (5.7)

uld=z

The function f(z,w) is holomorphic on the complement of the product D, x
C to the analytic subset {0} x C and bounded on its intersection with each
ball in C2. Therefore, f(z,w) extends analytically to all of D, x C so that
f£(0,0) = 0 (Theorem 5.9). It is a Weierstrass polynomial whose zero locus
is the intersection of the curve v with D, x C. Its points different from the
origin correspond to simple zeros of the function f(z,w) as a function of
w. Both latter statements follow from construction. Therefore, the function
f(z,w) is irreducible in Oy, by Theorem 5.44. Theorem 5.49 is proved. O

5.8.2 Newton diagrams and irreducible factors

Here we present a partial description of irreducible factors of a holomor-
phic germ in Oy in terms of its Newton diagram, see the next definition.
As a corollary, we prove lower bound of the number of essentially distinct
irreducible factors by the number of edges in the Newton diagram.

Definition 5.50 Let f(z,w) be a germ of holomorphic function at the ori-
gin, f(0,0) = 0. To each monomial a,,z™w™ entering its Taylor series with
non-zero coefficient a,,, we put into correspondence the positive quadrant
with vertex (m,n): the quadrant K, , = R%,+ (m,n) C R%,. Set

K = Ky = the convex hull of U, -0 Kinn-

Remark 5.51 It follows from definition that the above convex hull can be
taken as a convex hull of a finite union of appropriate quadrants K, ,, and
the number of edges of its boundary is always finite. There are exactly two
semi-infinite edges; each of them either lies in a coordinate axis, or is parallel
to an axis; one edge per axis.
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Definition 5.52 The Newton diagram Ny of a germ f(z,w) is the com-
plement of the boundary 0Ky to the coordinate axes. More precisely, we
consider that all the boundary vertices of the diagram N are contained in
N, even those of them that lie in some of the axes.

Example 5.53 The Newton diagram of the function z consists of one edge:
the vertical semi-interval {1} x [0, +00). The Newton diagram of the function
zw consists of two edges: the boundary edges of the quadrant K ;, which
are parallel to the coordinate axes. The Newton diagram of a homogeneous
polynomial apz® + -+ + agw? with ag, aq # 0 consists of one edge: the
segment [(d,0), (0,d)]. The Newton diagram of the cusp polynomial w? — 23
consists of one edge: the segment [(0,2),(3,0)]. The Newton diagram of
the polynomial 23 + w3 + zw + zw? consists of two edges: [(3,0), (1,1)] and

[(1,1),(0,3)].

Remark 5.54 Multuplication of the germ f by unity in the local ring of
germs does not change the Newton diagram. But (even a linear) change of
variables may change the Newton diagram and even the number of its edges:
the polynomial zw has two-edge Newton diagram in the coordinates (z,w)
and one-edge diagram in the coordinates (z,y), * =z —w, y = z + w.

Theorem 5.55 1) The Newton diagram of an irreducible germ of holomor-
phic function f at 0 € C?, f(0) = 0, consists of one edge.
2) Let f be irreducible, f(z,0), f(0,w) Z 0, and let

vt (t9,0(t), C(t)=ctP(1+0())), g,peN, c#0, (5.8)

be a germ of injective parametrization of its zero locus. Then its Newton
diagram is the edge [(p,0), (0,q)].

Proof If an irreducible germ f of holomorphic function vanishes on the
w-axis, then the w-axis is exactly its zero locus, and up to multiplication by
unity, f = z. Thus, its Newton diagram consists of one edge: the vertical
edge 1 x R>q. The case, when f(z,0) = 0, is treated analogously. Let now
f(0,w) # 0, f(z,0) # 0. Without loss of generality we consider that f is a
Weierstrass polynomial. Then

q—1
few) =TT w—¢w) = [ w—cuP(140(1)) = wi+> " a(z)ut*+ag(2),
ul=z ud=z k=1



see (5.7). Thus, its monomials with non-zero Taylor coefficients have bide-
grees (m,n) withn < gand m > w. Or equivalently, the latter bidegrees
satisfy the inequality mq + np > pq. The latter inequality is equivalent to
the statement that (m,n) lies either in the edge [(p,0), (0, ¢q)], or above it.
Taking into account that the vertices of the latter edge correspond to mono-
mials 2P, w? entering f with non-zero coefficients, we get that the Newton

diagram coincides with the edge [(p,0), (0, q)]. Theorem 5.55 is proved. O

Theorem 5.56 Consider an arbitrary germ of holomorphic function f(z,w)
and its factorization as a product of powers of its irreducible factors. To each
edge E of its Newton diagram Ny corresponds at least one irreducible factor,
whose Newton diagram consists of an edge parallel to E. And conversely,
each edge of the Newton diagram of any irreducible factor is parallel to an
edge of the Newton diagram Ny.

Corollary 5.57 The number of distinct irreducible factors of any germ f €
Oy is no less than the number of edges in its Newton diagram N.

The proof Theorem 5.56 is based on the following proposition.

Proposition 5.58 Let f and g be two non identically zero germs of holo-
morphic functions at 0 € C2. Then

Kig=Ki+Kyg={u+v|ue Ky ve Ky}

For every edge E of the Newton diagram of either f, or g there exists a
unique edge parallel to E of the Newton diagram of the product fg. Vice
versa, each edge of the Newton diagram of the product fg is parallel to an
edge of Newton diagram of either f, or g.

Proof We will be dealing with (may be infinite) convex polygons in R?:
(may be unbounded) convex subsets whose boundary is a locally finite union
of adjacent segments. Basic examples are the subsets Ky corresponding to
germs f € Os.

Recall that a vertez of a convex polygon K C R? that is a union of posi-
tive quadrants is a point of its boundary that is contained in no straightline
interval lying in K. For every vertex A € 0K there exists an oriented line
L through A such that K N L = {A} and K \ {A} lies on the positive side
from the line L. The latter line L has always negative slope. A half-plane
bounded by L is called positive, it it contains a positive quadrant (a, b)+R2>O.
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The fact that the sum of convex polygons is a convex polygon obviously
follows from definition. Let us describe the vertices of the sum. To do this,
let us introduce the following definition.

Definition 5.59 Let K, K3 C R? be two (may be infinite) polygons. Two
vertices A1 € K1 and Ay € K> are called compatible, if there exists a pair of
co-oriented parallel lines L; and Lo with negative slope such that L; N K; =
{A;} and Kj lies on the positive side from the line L;.

Remark 5.60 For a given vertex A; € K; there may exist several compat-
ible vertices As € Ko. For example, this is the case, if K is a triangle and
K> is a quadrilateral.

Proposition 5.61 The vertices of the sum K1+ Ko of two convex polygons
in R? are the sums Ay + Ay through all the pairs of compatible vertices
(A1, A2) of the polygons K1 and Ky respectively. Each edge of the sum
K = K1 + K> is parallel to an edge of either K1, or Ko. Conversely, each
edge of either K1, or Ko is parallel to an edge of their sum K.

Proof The fact that the sums of compatible vertices A1, Ay are vertices
of the sum K7 + K5 follows from the fact that the sum K7 + K> lies in the
positive half-plane with respect to the line L = L; + Lo parallel to L1, Lo
and touches L exactly at the point A; + As; the latter statement obviously
follows from definition. Vice versa, it is obvious that vertices of the sum
K1 + K5 should be sums of some vertices A; + Ay of the polygons K; and
K5. Let us show that if A = A; + As is a vertex and L is an oriented
line that touches K exactly at A (so that K \ {A} lies on its positive side),
then A; and Ay are compatible with respect to the line L. Indeed, let L;
denote the lines through A; that are parallel to L. In the contrary case,
one of the vertices A;, say A; is adjacent to an edge F; that does not lie
in the positive half-plane with respect to the line L. It is clear that the
sum F7 + As C K does not lie in the positive half-plane with respect to the
oriented line L, - a contradiction with the assumption that the complement
K \ {A} lies in the latter half-plane. The statement of the proposition on
vertices is proved. If a vertex A; is adjacent to an edge Eq, and A, is a
vertex of the body K» compatible with A1, then the sum Fj + Ao is an edge
of the sum K, and all the edges of the body K are obtained in this way (and
also with interchanged K; and Ks). This follows from the above argument
and definition and finishes the proof of the proposition. a

Now for the proof of Proposition 5.58 it remains to prove the equality
Ky, = Ky + K : its second and third statements will then follow from
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Proposition 5.61. Indeed, it follows from definition that K;, C Ky+ K, . To
show that the two latter polygons coincide, it suffices to show that Ky, con-
tains the vertices of the sum Ky + K : the sums A = Ay + A, of compatible
vertices Ay € Ky and A; € K,. Fix a pair of compatible vertices Ay and
Ay. Let L be the corresponding line that touches K exactly at A. We have
to show that the product fg contains the monomial 24, = (z,w), in the
multi-index notation. The functions h = f, ¢ contain the monomials z“",
and the product of the latter monomials is 4. We have to show that it does
not cancel out with other terms of the product fg: with other products of
Taylor monomials in f and g different from the above pair (x4, z49). But
the multidegrees of the other products, which are represented by points in
K = Ky + K4, do not coincide with A: moreover, they lie in the posi-
tive half-plane with respect to the line L, as does K \ {A}, see the proof
of Proposition 5.61. Therefore, the monomial 4 does not cancel out and
hence, A € Ky,. This proves Proposition 5.58. a

Proof of Theorem 5.56. Let f = vazl f;j be a germ of holomorphic
function represented as a product of powers of its irreducible factors. Then
Kp=>Y rKy,

J

Each edge of the boundary of the latter sum is parallel to an edge of some
of 0Ky, and vice versa: for every j each edge in 0Ky, is parallel to an edge
in 0K y. Both statements follow from Proposition 5.58 by induction in the
number of irreducible factors. This proves Theorem 5.56. a

6 Generalized Maximum Principle. Automorphisms

6.1 Generalized Maximum Principle and Schwarz Lemma

We will be dealing with norms || || on C™ positive on non-zero vectors and
satisfying the following conditions:

lv| >0, |[v]| =0 if and only if v = 0;

[lv]] + ||w|| > ||v+ w]|| for every v,w € C"; (6.1)
[|Av|| = |Al||v]| for every A € C. (6.2)
The unit ball centered at 0 in a given norm || || will be denoted by

By = {llv]| <1}.
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Condition (6.1) is equivalent to the convexity of the unit ball in the norm
under consideration. For a norm homogeneous under multiplication by real
positive numbers (||sv|| = s||v|| for s > 0) condition (6.2) is equivalent to
its invariance under multiplication by complex numbers with unit module.

Example 6.1 The Euclidean norm and the maximum module norm

12llz = V12l + -+ Lznl?, (]2l max = max |z|
satisfy conditions (6.1) and (6.2).

Theorem 6.2 (Generalized Maximum Principle). Let U C C be a
connected domain, f : U — C" be a holomorphic mapping. Let || || be a
norm on C", and let the function ||f(2)|| achieve its mazimal value at some
point P € U. Then ||f(2)|| = const.

In the proof of Theorem 6.2 we use the following general properties of
convex sets and real hyperplanes in C".

Theorem 6.3 Let C C R" be a convex subset. For every point x € 0C' there
exists a hyperplane through x that does not intersect the interior Int(C). Or
equivalently, the interior of every convex subset is an intersection of half-
spaces.

Proof (sketch). It suffices to prove Theorem 6.3 for a bounded convex
set: the intersection C'n of the set C' with a ball centered at 0 of radius V.
Namely, let Hy be hyperplanes through x that do not intersect Int(Cy).
Then we take H to be the limit of a converging subsequence Hpy, in the
Grassmanian space of hyperplanes (which is compact).

Without loss of generality we consider that C' is compact and Int(C) # 0.

First we prove Theorem 6.3 in the case, when C' is a polytope: the convex
hull of a finite set. Afterwards we approximate C' by polytopes and pass to
the limit. Namely, for every € > 0 fix a finite e-net S C C. Let . C C
denote its convex hull, which is a polytope. For every x. — 3% there exists
a hyperplane H. through z. satisfying the statement of the theorem for the
convex set X.. Passing to the limit, as ¢ —+ 0 and x. — =z, we take H to
be the limit of a convergence subsequence H.,. The hyperplane H passes
through x and does not intersect Int(C'). This proves Theorem 6.3. a

Proposition 6.4 1) Every real hyperlane H C C™ passing through the ori-
gin (that is, a vector subspace over R in C™ ~ R of real codimension one)
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contains a complex vector subspace He of real codimension one in H. This is
the intersection of the hyperplane H with its image under the multiplication
by the imaginary unity .

2) This is the unique mazximal complex subspace in H: every other com-
plex vector subspace in H is contained in Hc.

3) There exists a complex linear functional n : C™ — C such that

Hc ={n=0}, H={Ren=0}. (6.3)

Proof The intersection Hc := H N (iH) is invariant under the multipli-
cation by 4, since 2 = —1. Hence, it is a complex vector subspace. Each
complex vector subspace in H is clearly contained in H¢, being also invari-
ant. The subspace H¢ has real codimension two, being even-dimensional
intersection of real-codimension one subspaces. Hence, it has complex codi-
mension one, and it is the kernel of a complex linear functional n : C* — C.
The image n(H) is a line (a vector subspace over R) ¢ C C. Multiplying 7
by complex number one can achieve that ¢ being the imaginary axis. Then

H = {Ren = 0}, by construction. The proposition is proved. 0

Proof of Theorem 6.2. In the case, when f(P) = 0, the statement of the
theorem is obvious. Thus, we consider that f(P) # 0. Fix a hyperplane H
through the image f(P) that does not intersect the ball B = {||w|| < R},
R :=||f(P)||: it exists by Theorem 6.3. Let H denote its translation image
passing through the origin. Let ﬁc C H denote the corresponding maximal
complex vector subspace from the above proposition. Let Hc C H denote
its translation image. Let 1 : C" — C denote the complex linear functional
such that He = {n = 0}, H = {Ren = 0}. Then H = {Ren = ¢}, c € R.
Without loss of generality we can and will consider that Ren|p < ¢. One
can achieve this by multiplying n by +1, since H is disjoint from the ball
B. The function g(z) :=no f(z) is holomorphic on U,

Reg(z) < cforall z€ U, Reg(P)=c.

This together with Openness Principle for holomorphic functions and con-
nectivity of U implies that g(z) = const, Reg(z) = ¢. That is, f(z) € H for
all z € U. Thus, f(z) € B = {|Jw|| <||f(P)||} and at the same time f(z)
lies in the hyperplane H disjoint from B. Therefore, f(z) € 9B for all z,
hence ||f(2)|| = ||f(P)||- Theorem 6.2 is proved. O

Lemma 6.5 (Generalized Schwarz Lemma). Let || ||1, || ||2 be norms
on C" and C™ respectively. Let f : B, — By |, be a holomorphic mapping
such that f(0) = 0. Then ||f(2)||2 < ||z]|1-
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Proof Fix a complex line I C C” through the origin. Its intersection with
the unit ball Bj |, is a disk D C L centered at zero. Let ¢ be a linear
complex coordinate on L in which D be the unit disk. Thus, the restriction
to L of the norm || ||; coincides with the function |¢|. Consider the restriction
of the mapping f to D as a holomorphic vector function in ¢. The function
g(t) = @ is holomorphic on the unit disk D, since f(0) = 0. There are two
possible cases.

Case 1): ||g(t)||2 < 1 for every t € D. This is equivalent to the inequality
of the lemma for the restriction of the function f to D.

Case 2): ||g(t)|]2 > 1 at some point ¢t. The upper limit of the func-
tion ||g(t)||2, as |t| — 1, is no greater than one, since |[f|]2 < 1 on D,
by assumption. Therefore, it takes its maximum greater than one at some
point to € D. Hence, ||g(t)|]| = r > 1 on D, by Theorem 6.2. That is,
|f(&)]]2 = r|t], » > 1, and Hf(r_%)Hg =72 > 1. This contradicts the con-
dition of the lemma, which implies that || f||]2 takes values less than one on
the disk D. Hence, this case is impossible. Lemma 6.5 is proved. O

Corollary 6.6 For every norm on C" as at the beginning of the section
each biholomorphic automorphism of the corresponding unit ball that fizes
the origin preserves the norm: ||f(2)|| = ||z]|.

6.2 Automorphisms of polydisk

By Aut(D;) we denote the group of conformal automorphisms of the unit
disk. Recall that each of them extends to a conformal automorphism of the
Riemann sphere and is given by fractional-linear transformation

az—+b

— —, \a!Q — ]b[2 > 0.
bz+a

Remark 6.7 The group Aut(D;) acts transitively on D;.

Theorem 6.8 The group of automorphisms of the unit polydisk A = A 1) C
C™ is generated by the product (Aut(D1))" and the symmetric group Sy
acting by permutations of coordinate components: each automorphism is a
composition of an element of the above product and a permutation.

Remark 6.9 In fact the group Aut(A) is the semidirect product of the
group (Aut(D1))" and the permutation group S, with respect to the action
of the group S,, on (Aut(D;))" by conjugations.
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Proof It suffices to prove the statement of the theorem for every automor-
phism g € Aut(A) fixing the origin: each automorphism of the polydisk can
be corrected to fix the origin by replacing it by its post-composition with
an element of the group (Aut(D;))", see Remark 6.7.

Proposition 6.10 Let g € Aut(A) fiz 0. Then g is the composition of
a permutation of coordinates and their multiplications by complexr numbers
with unit modules.

Proof For every j =1,...,nlet V; C A denote the subset of those points
z = (21,...,2,) for which |z;| > |z4| for every s # j. The union Uj_,Vj is
an open and dense subset in A. One has ||z||max = |2;] on Vj, by definition.
Let k € {1,...,n} be an index such that V, N g(V;) # 0, or equivalently,
Ujp = V; N g7 (Vi) # 0. One has |[g(2)||max = ||2|/max, by Corollary 6.6.
Therefore, |2,(g(2))| = |2j| on Uj,. Thus, the ratio of two holomorphic
functions z; and zj o g on the open set Uy, is holomorphic and has module
identically equal to one. Therefore the latter ratio is locally constant, by
Opennes Principle for holomorphic functions. Thus, there exists a § € R
such that z; o g = eiezj on an open subset in A, and hence, on all of
A, by uniqueness of analytic extension. Finally, for every j = 1,....n
there exist a k = k(j) and a ; € R such that z;) o g = e?iz;. One has
k(j1) # k(j2) whenever j; # jo. Indeed, otherwise, if k = k(j1) = k(j2),
then zj, 0 g = €' zj = iz Zjos Zjy = (03 —03-1)2].27 - a contradiction. Thus,
the mapping j — k(j) is a permutation. Proposition 6.10 is proved. a

The proposition immediately implies the statement of Theorem 6.8. O

6.3 Cauchy inequality. Henri Cartan’s theorem on automor-
phisms tangent to identity

Definition 6.11 A complex manifold is called a domain of bounded type, if
it is biholomorphic to a bounded domain in C".

Here we prove the following theorem

Theorem 6.12 (Henri Cartan). Let B be a domain of bounded type,
O € B, f: B — B be a biholomorphic automorphism such that f(O) = O
and df(O) = Id. Then f = Id.

In the proof of Cartan’s Theorem we use Cauchy inequality, which follows
immediately from Cauchy Integral Formula.
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Theorem 6.13 (Cauchy Inequality). Let f : A, — C be a holomorphic
function on a polydisk of multiradius r = (r1,...,ry), and let |f| < R on
Ay, Let m € (Z>o)", and let ¢, be the Taylor coefficient of the function f
at 0 at the monomial z™. Then

R
] < . 6.4
eml < = (6:4)

Proof Without loss of generality we consider that f is holomorphic on the
closed polydisk A, replacing r by Ar, 0 < XA < 1, and passing to the limit,
as A — 1. One has

~ (LY O
Cm_<2m'> 7{@:1«1 7{<n|:m TGy g (69

mf (2) each monomial different
ZMz1...2n

contains at least one coordinate z; in a power different from —1.
Hence 1ts integral over the boundary 9D, vanishes, since the residue in
the coordinate z; vanishes. This implies that in the integral in the right-
hand side of the formula (6.5) the only nontrivial contribution is given by
the monomial ~“2—, and the integral of the latter equals (2mi)"c;,. This
proves (6.5). The restriction to the product of the boundaries 0D, of the
subintegral expression in (6.5) has module no greater than rmTlf...rnv while
the product of lengths of boundaries is equal to (27)"r; ... r,. This together
with (6.5) implies (6.4). O

Indeed, in the Laurent series of the function
from

Proof of Theorem 6.12. Without loss of generality we consider that
B C C™ is a bounded domain, O is the origin and B contains the polydisk
A =Aqy,.1)- Let R denote the minimal radius of the ball centered at the
origin that contains B. For every m € (Z>o)" let ¢, denote the coefficient
at 2" in the Taylor series at 0 of the mapping f. Suppose the contrary:
f # Id, that is, the Taylor series of the mapping f contains some nonlinear
terms. Set

d=min{|m| = |mi|+ -+ |mn| | m € (Z>0)", cm #0, |m| > 2},

= E ez

|m|=d

The polynomial Py(z) is homogeneous nonzero of degree d. Consider the
iterations f¥ = fo fo---o f. For every k € N one has

F5(2) = 2 + kPy(2) + O(|2|") -
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taking k-th iterate of a mapping tangent to the identity (i.e., fixing 0 and
having identity derivative there) multiplies lower nonlinear terms by k. This
follows immediately from the fact that the Taylor series of the composition of
mappings is the formal composition of their Taylor series and straightforward
calculation. Therefore, for every m with |m| = d and ¢,, # 0 for every
k € N the coefficient at 2™ of the k-th iterate f* equals kc,,. Thus, it
becomes arbitrarily large, as k is large enough. On the other hand, the
latter coefficients kc,, should be no greater than R for all k, by Theorem
6.13 and since all the iterates f* are holomorphic on A and take values in
the ball of radius R centered at the origin. The contradiction thus obtained
proves Theorem 6.12. O

6.4 Automorphisms of ball

The next theorem describes the automorphisms of the unit ball B. To state
it, let us consider the subgroup U(1,n) C GL,4+1(C) acting naturally on
the space C"™! with the coordinates Z = (Zp,...,%,) that preserves the
indefinite Hermitian form

= |%o/? ZI

Let PU(1,n) denote its projectivization: its image under the natural pro-
jection GLyp41(C) — PGLy11(C) of factorization by C*. Set

K={Q>0cC" u={veC"™ | Q) =1} CK.

The images of the sets K and ¥ under the tautological projection C"1\
{0} — CP" coincide with the Euclidean unit ball B in the affine chart
C*={(1:2 :--:2zy)}. The group U(1,n) preserves both K and 3.
Therefore, each element of the group PU(1,n) yields an automorphism of
the unit ball.

Theorem 6.14 The group of automorphisms of the unit ball B C C™ coin-
cides with the group PU(1,n): each its biholomorphism is the restriction to
B of an element of the group PU(1,n).

The starting point of the proof of Theorem 6.14 is the following imme-
diate corollary of Schwarz Lemma and Cartan’s Theorem.

Lemma 6.15 FEvery automorphism of the unit ball in C™ that fizes the ori-
gin is a unitary transformation.
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Proof Each automorphism f(z) of the unit ball fixing the origin preserves
the standard Euclidean norm: ||f(z)|| = ||z||, by Schwarz Lemma applied to
f and to its inverse. Therefore, its differential df(0) is a unitary operator.
Without loss of generality we can and will consider that df(0) = Id: one
can achieve this by taking a post-composition with a unitary transformation.
Then f = Id, by Cartan’s Theorem. This proves the lemma. O

Remark 6.16 The group U(n) of unitary transformations of the affine
chart C" embeds naturally into PU(1,n). This follows from the fact that it
lifts to the subgroup in U(1,n) fixing the zp-axis and the coordinate zy and
acting as the unitary group U(n) on the coordinates (z1, ..., 2,).

Lemma 6.17 The group PU(1,n) acts transitively on the unit ball.

Proof It suffices to show that U(1,n) acts transitively on the unit sphere
¥ in the pseudo-hermitian metric Q. That is, given two vectors u,v € C**!
with Q(u) = Q(v) = 1, let us show that there exists a transformation
g € U(1,n) such that g(u) = v. Consider the orthogonal complements u=
and v’ with respect to the indefinite Hermitian form @Q. One has u ¢ u™,
v ¢ vt, since Q(u) = Q(v) =1 # 0. The restriction to ut of the form @ is
negative definite. Indeed, each indefinite Hermitian form has a well-defined
signature: the number of positive squares minus the number of negative
squares in a basis where its matrix is diagonal. The signature is independent
on the choice of diagonalizing basis. The signature of the form @ is equal
to 1 — n. Its restriction to u can be diagonalized: reduced to a sum of
squared moduli of coordinates with signs. Then the signature of the form
Q is equal to the signature of its restriction to u" plus one (corresponding
to the vector u, where Q(u) = 1 > 0). This implies that the latter signature
of restriction to u™ equals —n, and thus, the latter restriction is negative
definite. Finally, the restrictions of the form Q to both u' and v’ are
negative definite, and hence, can be transformed one into the other by a
complex linear transformation h : ut — v'. The transformation g sending
u to v and coinciding with k on u' is a linear automorphism preserving the
form @, by construction, and hence, g € U(1,n). The lemma is proved. O

The two latter lemmas immediately imply Theorem 6.14.
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6.5 Introduction to complex dynamics: linearization theo-
rem in dimension one

Here and in the next subsection we give an introduction to local complex
dynamics given by a germ of biholomorphic transformation at a fixed point.
We prove linearization theorems in one and two dimensions for contracting
germs. Then we show that the attractive basin of an attracting non-resonant
fixed point of an injective mapping C? — C? is naturally biholomorphically
equivalent to C2. This yields a wide class of domains in C? that are smaller
than C? but biholomorphically equivalent to C2. This phenomena does not
occur in one dimension, by Riemann Mapping Theorem.

Theorem 6.18 Every germ of conformal mapping
f:(C,0) = (C,0), f(z) =Az+0(z%), |A[#0,1,

s conformally conjugated to its linear part. More precisely, there exists a
unique germ h : (C,0) — (C,0), h(0) =0, h'(0) =1, such that

Ah=ho f. (6.6)

Proof Without loss of generality we consider that 0 < |A| < 1 (replacing f
by f~1, if this is not the case). Equation (6.6) is equivalent to the statement
that h is a fixed point of the transformation

L:h—Xthof.

We will show that £ is a contraction in appropriate complete metric space
and hence, has a unique fixed point there.
Fix a p > 0 such that

0<pu?<|N\<pu<l. (6.7)
Fix an r > 0 such that f is holomorphic on D, and
|f(2)| < p|z| whenever z € D,.. (6.8)

In particular, (6.8) implies that f(D,) C D,..
For every function ¢(z) holomorphic on D, and continuous on D, such
that ¢(0) = ¢’(0) = 0 set

lq(2)]

K

llgl] := sup
|z|<r
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Let M denote the space of functions h holomorphic on D, and continuous
on D, such that
h(0) =0, K'(0) =1,

equipped with the distance dist(hi,ha) = ||h1 — ho||. This is a complete
metric space. Indeed, a sequence fundamental in the norm converges uni-
formly, by definition. Hence, its limit is holomorphic, by Theorem 1.11, and
vanishes at 0. The derivatives also converge uniformly in compact set to the
derivative of the limit, by Cauchy integral formula for the derivative and
convergence of the function. Therefore, the limit has unit derivative at 0.
Finally, the limit of a converging sequence is an element of the space M,
and hence, M is complete.

Proposition 6.19 L(M) C M.
Proof If h(0) =0, then (Lh)(0) = 0 and (Lh)'(0) = A/(0). If h is holomor-

phic on D, and continuous on D, then so is the composition h o f, since f
is holomorphic on D, and f(D,) C D,. This implies that £ preserves the

space M and proves the proposition. a

Proposition 6.20 ||[Lhy — Lho|| < v||h1 — haol|, v = |N|71u? < 1.

Proof The operator £ being linear, it suffices to show that ||Lq|| < v||¢||
for every ¢ as above. One has

[(Lg)(=)| _ A la(f DI If (=)

27| PACH Il
by definition, (6.8) and since f(z) € D, whenever z € D,. This implies
that the norm of the image Lq is no greater than v||g||. The proposition is
proved. a

< X7 lall?,

The two latter propositions together imply that £ : M — M is a contrac-
tion. Hence, £ has a unique fixed point A € M, which obviously represents a
conjugating germ we are looking for. Its uniqueness follows from the above
uniqueness of fixed point and the fact that the above argument holds for
every r small enough. This proves Theorem 6.18. a

6.6 Linearization theorem in dimension two

Here we prove a linearization theorem for a germ F = (f, f2) : (C%,0) —
(C2,0) of biholomorphic mapping at 0 with linear part of the type

A1 0

dF(O):A:< 0

> , 0< ‘)\1|, |)\2| < 1.
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Definition 6.21 A matrix A as above (or a vector A = (A1, A2)) is said to
be resonant, if it satisfies a relation of type

)\j =\"= )\Tlm)\glz’ m = (ml,mg) S ZQZOa mi1 + mg > 2,

which is called a resonance relation. If there are no resonance relations, then
A is called non-resonant.

Remark 6.22 If 0 < |A\1],|A2] < 1, then each resonance relation (if any)
takes the form A\; = A, k € N (up to permutation of indices), since in this
case |A\"™| < |\;|, whenever m; +mg > 2 and m; > 0.

Theorem 6.23 Every germ F as above with non-resonant linear part is
bitholomorphically conjugated to its linear part. More precisely, there exists
a unique biholomorphic germ H : (C%,0) — (C?,0), H(0) =0, dH(0) = Id
such that

AH =HoF. (6.9)

The proof of Theorem 6.23 is analogous to the above proof of Theorem
6.18. Equation (6.9) is equivalent to the statement that H is a fixed point
of the linear operator

L:Hw—AN'HoF.

First we replace F' by its conjugate whose lower nonlinear terms have high
enough degree. Then we will show that £ is a contraction in appropriate
complete metric space, which will imply the existence and uniqueness of
fixed point.

In this subsection for simplicity for every z € C? we set

|2l == Va1 + |22/

Proposition 6.24 For every N € N there exists a unique' vector polyno-
mial Hy : (C?,0) — (C2,0) with components of degree at most N with
Hy(0) =0, dHN(0) = Id such that

HyoFoHy'(2) = Az + O(]z|V ). (6.10)

Proof Let us prove existence by induction in N.
Induction base: N =1, Hy = Id.

1Uniqueness was not proved during the lectures. Its proof is presented in these notes
for completeness
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Induction step. Let the statement of the proposition be proved for N =
k. Let us prove it for N = k+ 1. Let Hy = Hyx_1 be the germ given by the
induction hypothesis. Then

Fn_1(2) = Hy_10FoHy' [(2) = Az + Pn(2) + O(|2/V ), (6.11)
N S N-—s
Puz) = | Zso®Hia 6.12
® ( AN (612
We show that there exists a vector polynomial

N s N—s
hn(z) =z + Qn(2), QN(z):< Zﬁoaszlzg >

N—
25:0 IBSZTZQ °

such that
hy o Fn_10hy(2) = Az + O(|2|V ). (6.13)

Then Hy = hy o Hy_1 satisfies (6.10). This will prove the induction step
and the existence statement.

Homological equation on the vector polynomial Q.

Claim 1. One has

Fn(2):=hyoFy_10hy'(2) = Fy_1+ Qn(Az) — AQN(2) + O(|2|V ).
Proof By =~ we denote equality modulo O(|z|Y*!). One has
hﬁl(z) ~ 2+ Qn(2), Fn-10hy'(2)~ Fn_1(2) — AQn(2),
Fn(z) = hn(Fn-1(2) — AQn(2)) = Fy-1(2) — AQN(2) + QN o Fy-1(2)
~ Fn_1(z) — AQN(2) + Qn(Az),
by construction. This proves the claim. O

Equation (6.13) is equivalent to the equation

Pn(z) + Qn(Az) — AQN(z) =0, (6.14)

by (6.11) and the claim. Equation (6.14) is called the homological equation.

The coefficient at z§z3~* of the first (second) component in its left-hand

side equals respectively
sy\N—s .
as + as(ATA; " — A1) =0,

bs + Bs(MAY 75 — Xg) = 0.
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Note that the above expressions in the brackets (the multipliers at g and
Bs) are non-zero by non-resonance condition. Therefore, the latter equations
in s and 4 can be solved (and in a unique way), and the vector polynomial
QN constructed from their solutions «ay, 55 satisfies (6.14), by construction.
This proves the existence statement of the proposition.

Remark 6.25 The above argument shows that if A is nonresonant, then
the linear operator Qn — Qn o A — AQp is non-degenerate: a linear auto-
morphism of the space of homogeneous vector polynomials of degree V.

Let us prove uniqugness. Suppose the contrary: there are two vector
polynomials Hy and Hy of degrees no greater than N conjugating F' to
Az + O(|z)V 1) with Hy(0) = Hy(0) = 0, dHn(0) = dHx(0) = Id. Let
d € N, d < N, denote the smallest degree of nonzero terms in the difference
Hy — Hy. The compositional ratio Hy o H;,l is equal to z + Qq(2) +
O(|z]%1), where Qq # 0 is a homogeneous vector polynomial of degree d, by
construction. It conjugates Fiv(z) = Az+O(|z|V*1) to a map with the same
asymptotics, by construction. Therefore, the vector polynomial z + Q4(2)
conjugates it to a map with asymptotics Az + O(|z|™1), since d < N.
This together with Claim 1 and Remark 6.25 implies that Qg = 0. The
contradiction thus obtained proves uniqueness. The proposition is proved.

]

Proof of Theorem 6.23. Without loss of generality we consider that
|A1] < |A2]. Fix a g > 0 such that

0<|M| < || <p<l. (6.15)
Let us choose a N € N large enough so that
A7t < 1 (6.16)
Without loss of generality we consider that
F(z) = Az +O(|2|Y).

One can achieve this by conjugation from the above proposition. We will be
looking for a linearizing conjugation of the type H(z) = z+ O(|z|"V). Fix an
r > 0, such that F is holomorphic on the closed Euclidean ball B, of radius
r and

|F(2)] < p|z| whenever z € B,. (6.17)

Here the norm is Euclidean. Let M denote the space of holomorphic map-
pings H : B, — C? continuous on B, such that H(0) = 0, H(z) =
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z 4+ O(|z|Y). For every holomorphic mapping @ : B, — C? continuous
on B, with

Q(z)=0(z|")as z =0
set

Q(=)]

KR

QI = sup

ZGBT

The space M equipped with the distance d(Hi, H2) = ||Hy — Hsl| is a
complete metric space. The operator

L:H—AN'HoF

is a well-defined transformation of the space M to itself, since F(B,) C B,,
as in the previous subsection. Set

V= ’/\ﬂfluN < 1.

Claim 2. One has ||LQ|| < v||Q]| for every Q as above.
Proof One has

[A™'Q o F(2)| _1|Qo F(2)] (!F(z)\>N 1N
—— <[\ <A e QI =vIQll,
Bl FON \ T el =iel
as in the previous subsection. This implies the claim. O

The claim implies that £ : M — M is a contraction, and hence, it has
a unique fixed point. This finishes the proof of the existence in Theorem
6.23, as at the end of the previous subsection. For every N € N the Taylor
polynomial of degree N of the linearizing conjugating map H is the unique
vector polynomial satisfying the statement of Proposition 6.24, by construc-
tion. Hence the Taylor series of the map H is uniquely defined, and thus,
H is unique. Theorem 6.23 is proved. a

6.7 Polynomial automorphisms of C2. Fatou—Bieberbach do-
mains

Here we study polynomial automorphisms of C? having an attractive fixed
point of non-resonant type. We show that its basin of attraction is biholo-
morphic to C2. In the case, when the basin is not all of C? (e.g., if there is
another fixed point), it yields an example of domain in C? different from C2
but biholomorphic to C?: the so-called Fatou-Bieberbach domain. This phe-
nomena is specific to higher dimensions and does not occur in dimension one:
every simply connected domain in C different from all of C is conformally
equivalent to the unit disk, not to C (Riemann Mapping Theorem).
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Example 6.26 Here are some examples of biholomorphic automorphisms
of C2:

1) The group of affine transformations generated by the group GLy(C)
and the group C? of translations.

2) Elementary polynomial automorphisms of higher degrees:

R <Zl> s <21 + P(Zz)) ‘
22 22
3) Transcendental transformations, e.g., (21, z2) — (21 + €2, 22).

Definition 6.27 A polynomial automorphism of C? is a mapping C? — C?
given by a vector polynomial whose inverse map exists and is also given by
a vector polynomial.

Theorem 6.28 (Jung, 1942).2 All the polynomial automorphisms form
a group generated by affine and elementary polynomial automorphisms, see
the above classes 1) and 2).

We will not present a proof of Jung Theorem, since it requires additional
techniques not covered by the cours.

Theorem 6.29 Let F : C2 — C? be an injective holomorphic mapping that
has a fixed point at the origin. Let its linear part A = dF(0) be diagonal
non-resonant with nonzero eigenvalues lying in the unit disk. Consider the
attractive basin

V={2eC?| F¥z2) =0, as k — +o0},

which is an open subset in C2. Then the local linearizing germ H : (C?,0) —
(C2,0) from Theorem 6.23 conjugating F to A (i.e., satisfying (6.9)) extends
up to a biholomorphic isomorphism H : V ~ C?2.

Proof There exists a ball B centered at the origin such that F' is well-
defined and holomorphic on B and F(B) C B (see the proof of Theorem
6.23). Set

Vo=B, Vi=F (W), Vo = F1(1),...

One has
VocWVicCc---=V,

2A beautiful geometric and relatively simple proof of Jung Theorem was obtained by
a French mathematician Stéphane Lamy: Lamy, S. Une prevue géométrique du théoréme
de Jung. — Enseignement Mathématique, 48 (2002), 291-315.
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since by definition, each point of the basin V is eventually sent to B by some
iteration of the mapping F. We show that H extends holomorphically to
every Vi by induction in k.
The induction base is obvious: H is holomorphic on Vy = B.
Induction step. Let we have already shown that H is holomorphic on Vj
and satisfies (6.9) on Vj:
H=A'HoF. (6.18)

Let us prove that it extends holomorphically to Vi1 and satisfies (6.18)
there. The latter composition A~'H o F is well-defined and holomorphic on
Viet1, since F'(Viy1) C Vi, H is holomorphic on Vi (induction hypothesis)
and A is invertible. It coincides with H on Vj (induction hypothesis: equality
(6.18) on V). Therefore, it yields a holomorphic extension of the mapping
H to Vi1, and equation (6.18) holds on Vj41, since it holds on Vj, and by
uniqueness of analytic extension. The induction step is over. Thus, H is
holomorphic on all of V' and satisties (6.18) there. It follows by construction
that H : V — H(V) is a biholomorphism. One has H(V) = C2, since
H(Vi,) = A"*H(Vy), H(Vp) contains a ball B centered at the origin, and the
images A~*(B) exhaust all of C2. Theorem 6.29 is proved. O

Corollary 6.30 Let F : C> — C? be an injective holomorphic mapping
(e.g., biholomorphic) that has a fized point p whose linear part is diagonal
non-resonant and has all the eigenvalues nonzero and lying in the unit disk.
Then its attractive basin is biholomorphic to C?.

Definition 6.31 A Fuatou—Bieberbach domain is a domain in C" different
from C™ that is biholomorphically equivalent to C". (These domains exist
only for n > 2.)

Remark 6.32 In the case, when, e.g., F' has an additional fixed point ¢ #
p, the attractive basin is different from all of C2, and hence, is a Fatou-
Bieberbach domain.

Seminar material, March 19, 2024. Let us construct a polynomial
automorphism with an attractive basin being a Fatou—-Bieberbach domain.
Take polynomial automorphisms

fi(z1,20) = (21 + 20, 20); g: (21, 20) — (21,22 + 23).
Let us choose a non-resonant diagonal matrix

A= diag()q,)\g), )\1 7& )\2, 0< |)\1’, ‘)\2| < 1.
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Set
A1(z1 + 22) ) _

F(z)=Ago f(z) = ( Xa(z0 + (21 + 22)2)

Proposition 6.33 The attractive basin V' of the fixed point 0 of the auto-
morphism F is biholomorphically equivalent to C2. The automorphism F
has an additional fixed point ¢ # 0, hence V # C? is a Fatou-Bieberbach
domain.

Proof The differential dF'(0) has distinct eigenvalues Aj, A2, and hence,
is conjugated to the diagonal matrix. Therefore, F' is linearizable on V
(Theorems 6.23 and 6.29). The system of equations on fixed points has the

form
=\
21 1(21 + 2'2) , (6.19)
29 = Xa(z2 + (21 + 292)%)

The first equation of the system is equivalent to each one of the two following
equations:

A1
1-—X\

A
21:1_17;:;1, 21+ 22 = 29(1 +

1=\

)

Substituting the latter expression for z1 + 25 to the second equation in (6.19)
and dividing it by zo yields

22

1 =
T wE

=\

This yield a solution

_ A1z A
= (1= M2 — 1), 21 = 1_1; = )\—;(1 — A1 = A9)

of system (6.19), and hence, an additional fixed point of the mapping F'.
The proposition is proved. O

7 Domains of holomorphy. Holomorphic convex-
ity. Pseudoconvexity. Riemann domains.

Here we introduce the notion of domain of holomorphy: a domain that
admits a holomorphic function “everywhere non-extendable” through the
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boundary. We prove Oka’s Theorem, which says that being domain of holo-
morphy is equivalent to holomorphic convexity. Then we study local ver-
sions of convexity: pseudo-convexity, Levi convexity,... which appear to be
equivalent to the global holomorphic convexity.

In the present section for every r > 0 the polydisk centered at zg with
multiradius (r,...,r) will be denoted by

A(ZO,T) = Ar,l..,r(zo) = H DT(Z()J‘).

7.1 Domains of holomorphy and holomorphic convexity. Oka’s
Theorem

Let D C C™. For every zg € D set
r(20) = max{r >0 | A(zo,7) C D}

Definition 7.1 A domain D C C" is called a domain of holomorphy, if
there exists a holomorphic function f : D — C such that for every zg € D
the function f]| A(z0,r(z)) cannot be extended holomorphically to a bigger
polydisk A(zp, R), R > r(20).

Example 7.2 The unit disk D; C C is a domain of holomorphy. For exam-
ple, the modular function f : D; — C (providing the universal covering over
C\ {0,1, 00} and obtained by reflecting ideal hyperbolic triangles) does not
extend in the above sense, since it takes values arbitrarily close to 0, 1, co in
a neighborhood of every point of the boundary. One can show that every do-
main in C is a domain of holomorphy. Hartogs’ figure H C A = A1 C C?
is not a domain of holomorphy, since every holomorphic function on H ex-
tends holomorphically to all of A (Hartogs’ Theorem).

Everywhere below for a domain D C C" by H(D) = O(D) we denote
the space of holomorphic functions on D.
The following definition generalizes the notion of convexity.

Definition 7.3 Let D C C" be a domain, K C D be a subset. Fix a class
of functions F' C H(D). Let us define the F'-convex hull

Kp={z€D||f(z)| < sup |f(z)| for every f € F}.
zeK

The subset K is called F-convex, if K r = Kp (thenAit is automatically
closed). The domain D is called F-conver, if the F-hull K of every compact
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subset K € D is compact. In the case, when F' = H (P) we call the above
F-convex objects holomorphically conver and denote K = Ky (p).

Remark 7.4 For every F C H(D) and every K C D the F-convex hull Kp
is a closed subset in D containing K. The intersection of arbitrary family
of F-convex subsets in D is F-convex.

Remark 7.5 Let D C C", Fy C F, C H(D). Then one has IA(FI D f(p2 D
K D K. This implies that every Fj-convex subset K C D is always F»- and
H(D)-convex. Similarly, if D is Fj-convex, then it is Fy-and H(D)-convex.

Example 7.6 A holomorphic polyhedron in a domain D C C" is a (finite
or infinite) intersection of its subsets K; = {|f;(2)| < ¢;} (j € J is some
index), where f; € H(D). The subsets K; are {f;}-convex, and hence
F-convex, where F' = {f; | j € J}. Therefore, their intersection is also
F-convex, and hence, holomorphically convex.

Remark 7.7 Every closed convex subset in C™ in the usual geometric sense
(e.g., a ball, or a polydisk) is convex with respect to the class Fy;, C H(C")
consisting of the exponents of the C-linear functionals. Hence, it is holo-
morphically convex (Remark 7.5). Indeed, recall that any closed convex
subset K C R™ is an intersection of closed half-spaces. For example, for
each point p € 0K we can take a hyperplane H,, through p which does not
cross Int(K). Then K is the intersection through p € 0K of appropriate
half-spaced bounded by H,. Each closed half-space in C" is defined by the
inequality Rel < ¢, where [ is a C-linear functional on C”, as in the proof
of Theorem 6.2. Or equivalently, by the inequality |f;| < e¢, fi(z) = €.
Therefore, it is { f;}-convex, and hence, Fjj,-convex. Together with Remark
7.4, this implies that each closed convex subset in C™ (being an intersection
of closed half-spaces) is Fjj,-convex.

Remark 7.8 The H(D)-hull of a bounded subset K is bounded, since the
modules of the coordinate functions cannot achieve values on K greater than
their suprema on K.

One of the main results in the theory is the following theorem.

Theorem 7.9 (Oka). A domain D C C" is a domain of holomorphy, if
and only if it is holomorphically convex.

Corollary 7.10 The notion of domain of holomorphy is invariant under
biholomorphisms, as is the notion of holomorphic convexity.
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First we prove Oka’s Theorem. Afterwards (during the seminar) using
it we prove a logarithmic convexity criterium characterizing convergence
domains of power series.

The first step in the proof of Oka’s Theorem is the next theorem.

Theorem 7.11 Let a domain D be holomorphically convex. Then it is a
domain of holomorphy.

Proof In the proof of Theorem 7.11 we use the following proposition.

Proposition 7.12 Let D C C™ be an F'- convex domain. Then it admits a
compact F-convex exhaustion?

KieKye---=D, I/(\Vj,F:Kj.

Proof Consider an arbitrary compact exhaustion By € B, € B € --- =
D. Set

— —~

j1=1, K1 =Bir = (B)r, jo=min{j | B; 2 K1}, K2 = Bj, ;. ...

The sets K1 € K9 € ... form a compact F-convex exhaustion of the domain
D. The proposition is proved. g
Fix an H(D)-convex exhaustion K1 € Ky € --- = D and a sequence of

points w; € K41\ K; accumulating to the boundary dD so that each open
set intersecting the boundary 0D contains a limit point of the sequence w;:
such a sequence w; exists, since K; form a compact exhaustion of the domain
D. We will construct a function f € H(D) such that f(w;) — oo, as j — oo.
This will imply that f is non-extendable to polydisks A(zp, R), z0 € D, R >
r(20): such a polydisk intersects the boundary, and hence, would contain a
limit point of the sequence wj; thus, f cannot extend holomorphically there.
To do this, we construct functions f; € H(D), set

k
=1

with the following properties:

filli, <277, |Fj(w;)] > 27. (7.1)

3I@caﬂ that for any two subsets A, B C C™ the ”compact inclusion” A € B means
that A is a compact subset in IntB.
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and prove the above statements for the function

+oo
F=> 5
j=1

We construct the functions f; inductively, taking fo = 0 as the induction
base. Let we have already constructed f; for j < [ — 1. Let us construct
fi- The compact K is holomorphically convex, and w; € Kj4+1 \ K;. This
implies that there exists a holomorphic function g : D — C such that

g(w;) =1,]g||lk, <0 <1 for some d € (0,1).

Set

where N is chosen large enough so that
57 <270 |fi(w)| =672 > 2+ |[Fp_q (wr)).
The first inequality implies that |f;||x, < 27'. The second one implies that
[Fy(wp)| 2 [ fu(wn)| = [ Fiy (wp)] > 2"

The induction step is over. The functions f; satisfying (7.1) are constructed.
The first inequality in (7.1) together with Weierstrass Convergence Theorem
imply that the series f = thof fj converges uniformly on compact subsets

in D, and the limit f is holomorphic on D. For every [ € N one has
Fy(wy) > 2", fi(w;) <277 for every j > 14 1.

The first inequality follows from (7.1). The second one follows from the first
inequality in (7.1) and the inclusion w; € K;;1. Therefore,

|f(wi)| > |Fi(wi)| — Z |fi(w)| > 2=t f(wy) — o0, as I — oo.
Jj2I+1

This proves Theorem 7.11. a
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7.2 Material of seminar. Logarithmic convexity characteri-
zation of convergence domains of power series

Definition 7.13 A Reinhardt domain in C" (centered at the origin) is a
domain invariant under the T™-action by coordinatewise rotations around
the origin.

We consider the map
A:C" > Rz (In]z],...,1n]z,]).

Definition 7.14 A Reinhardt domain is logarithmically convez, if the image
A(D) C R™ is convex.

Example 7.15 We already know that the convergence domain of a power
series based at the origin is a Reinhardt domain containing the origin.

On the seminar we have proved the following theorem.

Theorem 7.16 A Reinhardt domain is a convergence domain for a power
series, if and only if it contains the origin and is logarithmically convex.

Sketch of proof. Step 1. A convergence domain is a logarithmically
convex Reinhardt domain.

Step 2. A logarithmically convex Reinhardt domain containing the origin
is a union of polydisks centered at the origin. Or equivalently, its logarithmic
image (which is a convex subset in R™ containing at least one negative
quadrant) is a union of negative quadrants.

Step 3. A logarithmically convex Reinhardt domain D containing the
origin is holomorphically convex. Hence, it is a domain of holomorphy of a
function f, by the proved part of Oka’s Theorem. This together with Step 2
and Abel’s Lemma implies that this is the convergence domain of the Taylor
series of the function f.

Proof of Step 3. Consider a closed convex subset in Ry, = whose
interior is a union of negative quadrants. Then it is the intersection of
half-spaces defined by inequalities of the type 2?21 a;x; < c with a; > 0,
a; € Q. Multiplying the latter inequality by a natural number (product of
denominators of the rational numbers a;) and substituting z; = In|z;|, we
get an equivalent inequality of the type |2™| = [z"" ...z | < C.

First consider the case, when D is bounded. Set D, := (1 — ¢)D, where
e € (0,1) is small enough. One has D. € D, and D, is F-convex, where F is
the class of all the monomials 2™, by the above discussion, Remark 7.4 and
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the arguments from Remark 7.7. Any compact subset K € D is contained
in D, for every ¢ small enough. Hence, its F-convex hull is also contained
there, and thus, is compact. This implies that D is F-convex, and hence,
holomorphically convex (Remark 7.5).

Consider now the case, when D is unbounded. Fix an arbitrary compact
subset K € D and a polydisk A, containing K. The intersection DNA, is a
logarithmically convex bounded Reinhardt domain. Hence, it is F-convex,
by the above discussion. Therefore, the F-convex hull of the set K is a
compact subset in D N A,.. This proves F-convexity of the domain D, and
hence, its holomorphic convexity.

7.3 End of proof of Oka’s Theorem: holomorphic convexity
implies being domain of holomorphy

Theorem 7.17 Let D C C™ be a domain of holomorphy. Then it is holo-
morphically convex.

In the proof of Theorem 7.17 we use the following notation and theorem.
For every subset K C D set

p(K,0D) = inf{r(zo) | z0 € K}.

Theorem 7.18 (Cartan—Thullen). Let D C C", K € D be a compact
subset, 0 = p(K,0D). Then for every zg € K every function f € H(D)
extends holomorphically from zo to the polydisk A(zg, o).

Proof Fix a zy € K. To show that the function f is holomorphic on
A(zp,0), we show that its Taylor series converges uniformly on compact
subsets in A(zp,0). To do this, we estimate its Taylor coefficients at zo by
using Cauchy Inequality and convexity inequality. Fix a 0 < § < ¢ and a
function f € H(D). For every point t € D and every k € ZZ, let

1 9l
RREEIAY
denote the Taylor coefficient at (z — ¢)* of the function f at . One has
BILd I

‘@f(zo)’ < Sglﬂﬁf’,

c(t) =

since zg € K and by the H(D)-convex hull inequality applied to the above
partial derivative instead of the function f. This implies that

ek (20)| < sup [ex (8)], (7.2)
tekK
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For every t € K one has r(t) > o > 4, by definition. Therefore,
K% := Ui A(t,0) € D

is a compact subset. Set M = supgs | f|. One has

M
lek ()] < STl for every t € K,

by Cauchy Inequality. Hence, ck(zp) < 5%, by (7.2). This together with
Abel’s Lemma implies that the Taylor series at zg of the function f converges
in A(zp,0) uniformly on compact subsets. The above convergence takes
place in the polydisk A(zg, o), since § can be chosen arbitrarily close to o.

Hence, f extends holomorphically there. Theorem 7.18 is proved. a

Proof of Theorem 7.17. Let D be a domain of holomorphy of a function
f. Let K @ D be an arbitrary compact set, 0 = p(K,dD). For every zy € K
the function f extends holomorphically to A(zp,0), by Theorem 7.18. This
implies that o < r(2p), by the definition of domain of holomorphy. Or
equivalently,

r(z0) > p(K, D) for every z € K. (7.3)

Finally, the gap between the subset K C D and 0D is bounded from below
lz\y p(K,0D), and K is a bounded closed subset in D, see Remark 7.8. Hence,
K is compact. Theorem 7.17 is proved. a

Proof of Theorem 7.9. Theorem 7.9 follows immediately from Theorems
7.11 and 7.17. a

Corollary 7.19 Let D C C™ be a domain of holomorphy (or equivalently,
holomorphically convex). Then for every compact subset K € D one has

p(K,0D) = p(K,dD).

Proof The corollary follows immediately from inequality (7.3) and the
obvious inequality p(K,0D) < p(K, D), which follows from the inclusion
KCK. 0

7.4 Continuity Principle. Levi convexity

Definition 7.20 A domain D C C" is locally connected at its boundary
point ¢ € 9D, if there exists an arbitrarily small neighborhood U = U({) C
C" such that the intersection UND is connected. If this holds for every point
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¢ € 0D, then D is said to be locally connected at the boundary. A domain
D locally connected at a point € 9D is said to be holomorphically non-
extendable at (, if there exist a neighborhood U = U(¢{) C C" as above and a
holomorphic function f : UND — C that does not extend holomorphically to
¢. If D is locally connected at the boundary, we say that D is holomorphically
non-extendable, if it is holomorphically non-extendable at each point of its
boundary.

Remark 7.21 A domain of holomorphy locally connected at the boundary
is obviously holomorphically non-extendable. The converse statement was
a problem stated by Levy and solved by Oka.

Theorem 7.22 (Oka). A domain in C" locally connected at the bound-
ary is a domain of holomorphy, if and only if it is holomorphically non-
extendable.

Example 7.23 The complement V = C2? \ Bp to the closed ball By is
holomorphically extendable at each point { € 9V = dBpg. Indeed, without
loss of generality let us consider that ¢ is the north pole (0,1) (making
a rotation). Take a polydisk A = Ap, gr,(¢() C C? centered at ¢ where
R; is much bigger than Ry so that there exists a r; € (0,R;) for which
A = {r < |z1] < R1} x Dg,(1) C A lies outside the ball Bg, i.e., in
V' N A. The union H := AU B with B := Dpg, x {|z2| > 1} C ANV is
a Hartogs figure in A. Hence, every function holomorphic on H extends
holomorphically to all of A, including (.

The above extendability is due to the fact that there is a sequence of
embedded ”disks” limiting to a disk S (in the above example S = {0} x
D,) whose boundary is contained in the domain V under consideration and
whose some interior point lies in 0V. We will prove a theorem stating that
presence of limiting embedded “disks” as above is basically the only reason
for holomorphic extendability of a domain to its boundary point.

The next theorem states that presence of limiting embedded “disks” as
above is basically the only reason for holomorphic extendability of a domain
to its boundary point. To state it, let us introduce the following notions.

Definition 7.24 Let n > r > 1. Let W C C" be a domain with compact
closure, ¢ : W — C" be an injective holomorphic mapping, whose differential
has maximal rank r at each point. The image

S =¢(W)
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is called a compact holomorphic surface.
Recall that for every subset K C C™ and each § > 0 we set
K°® = Ue g A(t, ).

Definition 7.25 A sequence of subsets M C C" converges to a closed
subset M C C", if for every € > 0 there exists a N > 0 such that for every
k > N one has

My, € M*® and M C M.

Theorem 7.26 (Behnke—-Sommer Continuity Principle). Let D C
C™, S C D be a sequence of compact holomorphic surfaces converging to a
subset S C C™ whose boundaries 0Sy. converge to a compact subset I' € D.
Then for every point zg € S there exists a o > 0 such that for every sequence
of points z € S, N A(zp,0) converging to zy, as k — oo, the germ at zj of
every holomorphic function f : D — C extends holomorphically to A(zp, o).
See Fig. 2.

0

Figure 2: Converging compact holomorphic surfaces Sy and their limit S.

Proof Let us choose an auxiliary open subset G, I' € G € D: the closure
G is a compact subset in D and I" is a compact subset in G. Set

r = p(G,0D,).

There exists a N > 1 such that for every &k > N one has S, C G. Therefore,
for those k every holomorphic function f : D — C satisfies the inequality

sup | f(2)| = sup | f(2)] < sup|f(2)].
Sk aS), G
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The first equality follows from the Maximum Principle applied to the re-
striction of the function f to the surface Si. The latter inequality implies
that S C G=0aG m(p) for every k > N. Therefore, for those k for every
z € Sy, the function f extends holomorphically to A,(zx) (Cartan—Thullen

T

Theorem 7.18.) For every k large enough one has S C S2, hence S 3 C Sk,
by convergence. This implies the statement of the theorem for o = 3. O

Remark 7.27 One can show (slightly modifying the above proof) that the
statement of the theorem holds for every o < p(T', dD).

Corollary 7.28 1) Let in the condition of Theorem 7.26 the domain D be
locally connected at the boundary, and let S contain a point zy € 0D. Then
D is not a domain of holomorphy.

2) Let in addition to the above, zy be an isolated point of intersection
SNoD. Then D is holomorphically extendable to zy. See Fig. 2.

Definition 7.29 Let D C C" be a domain, ( € dD. We say that D is
Levy- (or L-) convex at (, if for every compact holomorphic surface S C C”
through ¢ with 95 C D for every sequence Sy of compact holomorphic
surfaces converging to S with Sy — S one has Sp \ D # (), whenever
k is large enough. We say that D is locally L-conver at (, if there exists
an arbitrarily small neighborhood U = U({) C C" such that the above
statement holds with D replaced by D NU. We say that D is (locally)
L-converz, if so it is at each its boundary point.

Remark 7.30 L-convexity at a point ( € 0D obviously implies local L-
convexity at (.

Proposition 7.31 1) Every domain of holomorphy is L-convez.
2) If D is holomorphically non-extendable at a point ¢ € 0D, then D is
locally L-convex there.

Proof Suppose the contrary: a domain of holomorphy D is not L-convex
at a ( € 0D. Then there exist a compact holomorphic surface S ¢ C",
(€ S,05 C D and a sequence S — S of compact holomorphic surfaces
Si C D converging to S with boundaries. Then each holomorphic function
on D extends holomorphically to ¢ (Continuity Principle). Thus, D is not a
domain of holomorphy. The contradiction thus obtained proves Statement 1)
of the proposition. The proof of Statement 2) is analogous, with D replaced
by DNU, where U = U(() is a small enough neighborhood from the above

67



definition such that the function f that does not extend holomorphically to
¢ is holomorphic on U N D. a

The next theorem provides a global converse statement.

Theorem 7.32 (Oka). A domain D C C" is holomorphically non-extendable
(at all the points of its boundary), if and only if it is L-convez.

Theorem 7.33 (Sufficient condition for local L-convexity). Let D C
C™ be a domain, ( € OD. Let there exist a neighborhood U = U(¢) C C"
and a function f holomorphic on U such that

f(€) =0, flpnu #0.
Then D is holomorphically non-extendable (hence, locally L-convex) at (.

Proof The function f~! = % is holomorphic on U N D, f~(¢) = co. This
implies that the function f~!(w) does not extend holomorphically to ¢, by
definition. Therefore, D is not holomorphically extendable to {, and hence,
it is L-convex there. The theorem is proved. O

7.5 Material of seminar

As an application of the Continuity Principle, let us prove the following
lemma on erasing real singularities of holomorphic functions in two complex
variables.

Lemma 7.34 Let D C C? be a domain intersecting R?. Each holomorphic
function f: D\ R? — C extends holomorphically to all of D.

Proof It suffices to treat the case, when D = Ass5 = A(0,6), and prove
that each holomorphic function f : D\ R? extends holomorphically to the
origin. To do this, consider the family of parabolas

Si={w=i(+0}n{l <) 0<t< S, =5

The sets S; are one-dimensional compact surfaces.

Claim. One has S; NR? = fort > 0; Sy NR? = {0}.
Proof Let (z,w) € S; NR2 Then 22 +t > 0, hence w € RNiR = {0},
w =0 = 22 +t. The latter equality holds only for z = ¢ = 0. This proves
the claim. O
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The surfaces S; with ¢+ > 0 are contained in D \ R? and converge to
the surface S = Sy passing through 0 € 9(D \ R?) with boundaries, and
S C D\ R2. Therefore, each holomorphic function on D \ R? extends
holomorphically to a neighborhood of the surface S, and hence, to the origin
(Continuity Principle). This proves the lemma. O

Remark 7.35 One can prove the lemma by extending the functions to S
as Cauchy integrals along the surfaces .S, without using the Continuity
Principle. That is, consider the new coordinates (z,w), w = w — iz%, in
which the parabolas S; are discs S; = {w = it}. Then the Cauchy formula
for a function f written via integrating along the boundaries 0.S; depends
holomorphically on w and defines a holomorphic extension of the function

f to S().

Exercise. Prove higher-dimensional analogue of Lemma 7.34.

7.6 Levi form. Necessary and sufficient Levi convexity con-
ditions for domains with C2-smooth boundary

Here we consider a domain D C C™ and a point ( € 0D where the boundary
is C?-smooth. That is, there exist a neighborhood U = U(¢) € C" and a
C?-function ¢ : U — R such that

¢(¢) =0, DNU ={¢ <0}, do(¢) #0. (7.4)

We give necessary and sufficient conditions for L-convexity of the domain
D at ¢ in terms of the Hessian of the function ¢: positive (non-negative)
definiteness of an appropriate Hermitian form called the Levi form.
The extended Levi form is the Hermitian quadratic form on 7;:C" defined
by the formula
n 2
i-y 29

7,5=1

7.0, (Q)dzjdzs. (7.5)

By definition, this is the quadratic form associated to the Hermitian inner
product
n
~ 0%¢
L(vi,v9) =
( ! 2) 85582’]'
s=1

Js

(C)Uljjf)gﬁg, (7.6)

where vj = (vj1...,0;,). It is defined by the (1,1)-Hessian matrix (82-2(%9 )s

whose Hermitianity will be proved below.
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Let H C T;0D denote the maximal complex vector subspace. The Levi
form is the restriction N
L=1L|g.

Theorem 7.36 (Levi-Krzoska). Let D, U, (, ¢ be the same, as in (7.4).
Let H and L be the same, as above.

1) Let L be positive definite. Then D is holomorphically non-extendable
at C.

2) Let D be locally L-convex at (. Then L is non-negatively definite.

Before the proof of Theorem 7.36 we recall some preparatory material
and show that the Levi form is indeed a Hermitian form.

The differential of every complex-valued function g on a domain U C C"
is the sum of its C-linear part and its C-antilinear part:

dg = dg + 0g;

0g(z) : T.C" — C is C — linear,  0Jg(z): T,C" — C is C — antilinear,
n 89 - n 59 o

Jj=1 Jj=1

Proposition 7.37 Let ¢ be a real-valued function. Then

(06(¢))(v) = (9¢(¢))(v) for every v € T,C". (7.7)
If dp(C) # 0, then one has H = Ker 0¢(().

Proof The differential d¢ is real-valued, as is ¢. Therefore, the forms d¢(¢)
and 0¢(() have opposite imaginary parts. Thus, the difference 9¢(¢) —9¢(¢)
is a C-linear form on T;C" with identically zero imaginary part. Hence, it
is identically zero. This proves (7.7), which in its turn implies that d¢({) =
2Re 0¢(¢). Let now dp(¢) # 0. Then the differential 9¢({) is non-zero
and hence, its kernel is a complex hyperplane. Its real part %dgb(( ) vanishes
identically on the complex hyperplane H. Hence, d¢(() = 0 on H and
H = Ker 9¢(¢). The claim is proved. O

Proposition 7.38 Let ¢ be a real-valued function on a neighborhood of a
point ¢ € C" that is C%-smooth at (. Consider a biholomorphic system of

coordinates (z1,...,zn) centered at (. The asymptotic Taylor formula for
the function ¢ at ¢ takes the form
$(2) = 2Re(96(¢)z + Q*(2)) + L(z, 2) + o(||2]1*). (7.8)
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Here L(z,2) = > = %(C)zjzs is the extended Levi form (7.5) written
in the coordinates z and evaluated on the Euler vector field z = (z1,...,2p).
It is real-valued and obtained from a Hermitian bilinear form: its matriz
(%(C)) is Hermitian. The form Q*° is a quadratic form defined by a
C-bilinear form.

Proof The linear and the quadratic Taylor polynomials of the function
¢(z) are real-valued, as is ¢. The linear terms are given by d¢(({)(z) =
2Re(0¢(¢)z), by (7.7). Thus, its homogeneous quadratic part is also real-
valued. It is the sum of three components: a C-bilinear quadratic form Q%
(a linear combination of products z;zj), a C-bi-antilinear quadratic form
Q%? (a linear combination of z;2;) and a so-called (1, 1)-quadratic form Q%!
that is a linear combination z;Z;. This decomposition is unique. Complex
conjugation preserves the homogeneous quadratic part, sends Q%2 to a C-
bilinear quadratic form, Q> to C-bi-antilinear quadratic form and Q! to
a (1,1)-quadratic form. Therefore, it fixes Q%! and permutes Q*° and Q2.
The asymptotic Taylor formula shows that Q'!(z) = L(z,z). This proves

(7.8). Hermitianity of the matrix ( 82852ng (¢)) of the form L follows from the
latter statement and invariance of the form Q%!(z) under conjugacy. The

proposition is proved. O

Let us give a coordinate-independent equivalent definition of the ex-
tended Levi form. Given a C?-function ¢ : U — R and a ¢ € U, we define a
Hermitian form L(v1,v) on T,C" as follows. For given vy, vy € T¢C" let us
take two arbitrary germs at ¢ of holomorphic vector fields u(z), uz(z) such
that u;({) = vj. Set

9(2) = (9¢(2))(u1(2)), ¥(2) := (99(2))(u2(2)), L(vi,v2) :=¢(C). (7.9)

Proposition 7.39 The value E(vl,vg) is well-defined: it depends only on
v1,v2 € TeC" and does not depend on the choice of vector fields uj. It is
given by an Hermitian form L on T¢C". In local holomorphic coordinates
(21,...,2n) centered at ¢ the latter form is given by (7.5), (7.6).

Proof It suffices to prove the coordinate presentation (7.5): the well-
definedness then follows immediately, and Hermitianity follows from Propo-
sition 7.38. One has
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Taking O-differential of the latter right-hand side results in differentiating
only the partial derivatives of the function ¢: 5uj = 0, since u; are holo-
morphic. This implies that ¥(z) = (9g(z))(u2(z)) equals the value of the
Hermitian form (7.5) on the pair of vector fields (u1(z), u2(z)). Taking the
value ¢(¢) = z(vl, v2) yields (7.6). The proposition is proved. O

In what follows we will use the invariance of the (extended) Levi form
under holomorphic mappings.

Proposition 7.40 The extended Levi form associated to a function ¢ is
mwvariant under holomorphic mappings. That is, let W C C", h: W — D C
C" be a holomorphic mapping, ¢ : D — R be a C?-function. Let E¢ and
E¢oh be respectively the extended Levi forms associated to the functions ¢
and ¢ o h. Then for every z € W and vectors vy,vo € T,C" one has

Lgon(v1,v2) = Ly ((dh(z))(01), (dh(z))(v2))- (7.10)

Proof Consider the invariant definition (7.9) of the extended Levi form
Lyon at ¢ € W with u; being holomorphic vector fields on a neighborhood
of ¢, uj({) = vj. One has

9(2) = (99(h(2)))(dh(2)u1(2)), ¥(2) = (9g(2))(ua(2))-

The function g(z) is a linear combination of partial derivatives of the func-
tion ¢ with coefficients being holomorphic functions: the components of the
holomorphic vector function (dh(z))u1(z). Taking its O-derivative along the
field ug(z) results in differentiating the derivatives of the function ¢ only
and subsequent multiplying them by the components of the vector func-
tion (dh(z))ua2(z), by holomorphicity. This implies (7.10) and proves the
proposition. O

Proposition 7.41 Let ¢ be a germ of real-valued C?-function on a neigh-
borhood of the origin in C". Let $(0) = 0, de(0) # 0. Let L denote the
corresponding extended Levi form on ToC™. Then in appropriate local bi-
holomorphic coordinates z = (z1,...,2,) centered at 0 the function ¢ takes
the form N

¢(2) = Rez1 + L(z,2) + o(|2%), as z — 0. (7.11)

Here we take the value of the extended Levi form on the Euler vector field
z=1(21,...,2n).
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Proof Let us introduce coordinates (z1,...,z2,) such that H = {z; = 0}.
We normalize 21 so that d¢(0) = $dz1. Then
$(2) = Re(z1 + 2Q°(2)) + L(z, 2) + of||=I1%),

by (7.8). Replacing the coordinate z; by z; := 21 + 2Q%°(2) yields (7.11).
O

Proof of Theorem 7.36. Let us prove Statement 1). Let L > 0. Consider
the local coordinates z centered at ¢, z(¢) = 0 satisfying (7.11).

Claim. There exists a neighborhood U = U(() C C™ such that z1 # 0
on DNU.
Proof Set w = (z2,...,2,). We have to show that the intersection of the
domain D with the coordinate w-subspace H¢ does not accumulate to 0 = (.
Or equivalently, ¢|g. > 0 on a neighborhood of the origin in Hg. One has

¢le = L(w, @) + of|w]?), (7.12)

by (7.11). This together with positive definiteness of the Levi form L on
H¢ implies non-negativity of the latter right-hand side on a neighborhood
of the origin in H¢. The claim is proved. O

The function z; vanishes at ( € 0D and does not vanish on DN U. This
together with Theorem 7.33 implies holomorphic non-extendability of the
domain D at ¢. Statement 1) is proved.

Let us now prove Statement 2). Suppose the contrary: L(v,7) = —c <0
for some v € Hg. Let us show that D is not L-convex. Without loss of
generality we consider that v = (0,1,0,...,0) (applying a linear change of
coordinates w = (z2,...,2,), which does not change (7.11)). For a small
0 > 0 set

S:{|22| §5, Al :Z3:...,zn:0}.

We show that S C D and the compact holomorphic curve S is the limit of
a family of compact holomorphic curves Si on which ¢ < 0, hence S C D.
This will imply that D is not L-convex.

For every § small enough one has ¢|s < 0 and ¢|ss < 0, by (7.12), as in
the above proof of Statement 1). Hence, S C D. For every k € N set

1

1
Sp,=8— (E,O, ...,0) : the curve S shifted by the vector (——,0,...,0).

k
The Levi form E(z,z) restricted to S is equal to —c|zg|? for appropriate
¢ > 0. One has

|22

1 1
Bls, =~ —clzaP+O(2)+o(|za) +ol

73) = =3 (140(z2)) el (14+0(1),

73



by definition and (7.11). The latter right-hand side is negative for |za| < 4,
whenever ¢ is small enough and k is big enough. Therefore, ¢|s, < 0, hence
Sk C D. This together with the previous discussion proves Statement 2)
and the Theorem. O

7.7 Subharmonic functions and L-convexity

Levi-Krzoska Theorem gives a sufficient condition for L-convexity of a do-
main with C%-smooth boundary: strict positivity of the Levi form. Here
we show that a domain is automatically L-convex (and hence, a domain of
holomorphy), if it is a sublevel set of a function from a specific class: the
plurisubharmonic functions. The corresponding Levi forms are nonnegative
definite but not necessarily strictly positive definite. The plurisubharmonic
functions are natural generalizations of the subharmonic functions in one
complex variable. They have important applications. For example, the
proof of one of the most fundamental theorems of geometry, the Poincaré—
Ko6be Uniformization Theorem, is based on use of subharmonic functions.

Definition 7.42 A C%-function ¢ : V — R on a domain V C C is harmonic
(subharmonic), if for every zp € V and every r > 0 small enough (depending
on zp, in particular, such that D,(zp) C V) one has

1 [ .
¢(20) = 5= | ¢(z0+re”)do, (7.13)
27 Jy
respectively,
12 ,
$(20) < d(20 + re?)do. (7.14)
2T Jo

Recall that the Laplacian of a function in one complex variable is ex-
pressed in terms of 0 and 0 operators as follows:
82
020z

A=4
Proposition 7.43 A C?-function of one complex variable is harmonic, if
and only if it satisfies the Laplace equation A¢ = 0, or equivalently,

62
020z

¢ =0.
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A C?-function of one complex variable is subharmonic, if and only if its

Laplacian is nonnegative:
2

020%
A C2%-function on a domain V C C is (sub)harmonic, if and only if for every
point zo € V equality (7.13) (inequality (7.14)) holds for every r > 0 such
that Dy(z9) C V.

¢ > 0. (7.15)

Proof Let us prove the second statement, on the subharmonic functions.
It will imply the statement on harmonic functions, being applied to +¢.

Step 1): subharmonicity implies non-negativity of the Laplacian. Fix an
arbitrary zp € V, and let us prove that af—gzﬂzo) > 0. Let us choose the
affine coordinate z centered at zy and write Taylor expansion of the function
¢ at zg = 0:

2
020%

It suffices to show that d > 0. The non-negative difference of the right- and
left-hand sides in inequality (7.14) is equal to the integral

o(2) = ¢(0)+az—|—ﬁ+c7;2+@+dzf+o(|z|2), a,ceC, d= #»(0) € R.

1 2 )
o ((2) + dzz + o(|z[}))dh, z =€, (z) = 2Re(az + c2?).
T Jo
The integral of the function 1 (z) vanishes, since v is a linear combination of
the exponents ¥ ¢¥2% The integral of the function dzZ equals dr?, and
it dominates the integral of the third function. Therefore, if d < 0, then the
total integral is negative, — a contradiction. Hence, d > 0.
Step 2): non-negativity of the Laplacian implies subharmonicity. Let
a?igz‘b > 0. Let us prove inequality (7.14) at a given point zy9. We choose
affine coordinate z centered at zg, thus we consider that zy = 0. Set

1 27

g(r) = o J, o(re®)dd, D,(z) C V.

Claim. The function g(r) is non-decreasing.
Proof One has

dg 1 [ (D¢ ., 0P i 1 ‘%‘ ¢ dp—
= = —e+ —e " )dh = —dz — —=d
or 27 Jg <826 + 9z ¢ 2mir Jz= \ 0z ST

1 2 — 2 2
= 9 ¢dz Ndz = —

Tir J )z <p 0207 T |z <r 0202

pdx A\ dy > 0.
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This proves the claim. a

One has ¢(0) = ¢(0), hence g(r) > ¢(0). This proves inequality (7.14)
and the second step, which in its turn implies the third statement of the
proposition and finishes its proof. O

Remark 7.44 The general definition of subharmonic function does not re-
quire even continuity: only upper semicontinuity and inequality (7.14) are
required. They are defined as functions with values in R = RU {—o0}. For
example, the function In |z| is harmonic on C* = C\ {0} and subharmonic
on C: the mean inequality (7.14) holds at the origin, where the function
equals minus infinity. This is a continuous R-valued function. The series

> Ll
—Inlz — =
k3 k
k=1
defines a subharmonic function on C that is discontinuous at the origin.

Remark 7.45 The motivation of the term “subharmonic” is the following.
Consider the Dirichlet problem to find a harmonic function f on a domain
V' C C that is continuous on its closure and satisfies the boundary condition
flov = v, where ¢ : 9V — R is a given continuous function. Let now ¢
be a subharmonic function on V that satisfies the same boundary condition
¢lov = 1. Then ¢ < f on V. In the case, when V is a disk, the above
inequality at the center of the disk V follows immediately from the mean
inequality and equality of the boundary values of the harmonic and harmonic
functions in question. For every other point zy € V' the inequality ¢(z9) <
f(20) follows from the same inequality at the center of the disk by applying
conformal automorphism of the disk V' sending 2 to its center: the notions of
harmonic and subharmonic functions are invariant under pre-compositions
with holomorphic maps. Vice versa, take an arbitrary continuous function
¢ on a domain W C C. Take an arbitrary disk D = D,(z), D C W, and
the harmonic extension f : D — R of the restriction ¢|sp. Let for every D
as above one have ¢ < f in D. Then ¢ is subharmonic.

Theorem 7.46 (Maximum Principle for subharmonic functions).
Let V. C C be a bounded connected domain, ¢ : V' — R be a subharmonic
function continuous on V. Then

max @ = max Q.
= max o

If ¢ achieves its mazimum at an interior point zg € V, then it is constant.
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Proof Let ¢ take a maximum at zy € V. Then inequality (7.14) implies
that ¢ = ¢(zp) on a neighborhood of the point zy. Applying this statement
to any point of the level subset {¢ = ¢(z0))} C V, we get that it is open and
closed. Hence, it coincides with V' (connectivity). Theorem 7.46 is proved.

]

Definition 7.47 Let D C C" be a domain. A C? function ¢ : D — R is
pluri(sub)harmonic, if for every complex line A C C” the restriction to AND
of the function ¢ is (sub)harmonic.

Proposition 7.48 A C?-function ¢ : D — R s plurtharmonic, if and
only if the corresponding extended Levi form L vanishes identically. A C?-
function ¢ : D — R is plurisubharmonic, if and only if its extended Levi
form L is non-negative definite at each point in D.

Proof Let A C C" be an arbitrary complex line. Consider a system of affine
coordinates (z1, ..., 2,) such that A is the z;-axis. Let ( € A, ve = 6%1 € TcA
denote the unit vector directing the z;-axis. One has

0%¢ ~
821821 (C) = L(”C)”C)?

by definition. Therefore, the latter derivative is zero (non-negative) for all
A and ¢ € AN D, if and only if the extended Levi form vanishes identically
(respectively, non-negative definite) at each point in D. The proposition is
proved. O

Corollary 7.49 The notion of pluri(sub)harmonicity is invariant under
holomorphic mappings. Namely, the composition ¢poh of a pluri(sub)harmonic
function ¢ with a holomorphic mapping h is pluri(sub)harmonic.

The corollary follows from Propositions 7.48 and 7.40.

Corollary 7.50 The restriction of a pluri(sub)harmonic function to a com-
pact holomorphic surface is pluri(sub)harmonic.

Remark 7.51 In fact, the notion of plurisubharmonic function is more gen-
eral than in the above definition: it includes discontinuous functions. The
general definition requires only upper semicontinuity on the definition do-
main and subharmonicity of restrictions to complex lines.
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Theorem 7.52 (Maximum Principle for plurisubharmonic functions).
Let ¢ : D — R be a plurisubharmonic function, and let S C D be a compact
holomorphic surface parametrized by closure of a connected domain in C'.
Then

max ¢ = max ¢.

S ¢ oS ¢

Or equivalently, if the function ¢|s achieves its mazimum in the interior of
the surface S, then it is constant.

Proof Let h: W — S be a holomorphic parametrization by a connected
domain W C C" with compact closure. The function g = ¢ o h is plurisub-
harmonic. Suppose the contrary: it achieves a maximum at a point ( € W.
Then its restriction to each line through ( is a subharmonic function achiev-
ing a local maximum at ¢ and hence, is equal to the same constant g({) for
all lines. Finally, the function g is constant on a neighborhood of the point
¢. The above argument shows that the level set {g = g(¢)} is open, and it is
closed by continuity. This together with connectivity implies that the latter
level set coincides with all of W, hence g = const. The theorem is proved.

O

Theorem 7.53 Let D C C™ be a domain, ( € OD. Let there exist a neigh-
borhood U = U(¢) C C" and a plurisubharmonic function ¢ : U — R such
that #(¢) =0 and DNU = {¢ < 0}. Then D is locally L-convez at (.

Proof Suppose the contrary: D is not locally L-convex at (. Then there
exists a compact holomorphic surface S C U through ¢ such that 9S C
D NU. Thus, ¢|g is a plurisubharmonic function such that ¢|ss < 0 and
#(¢) = 0, — a contradiction to the Maximum Principle. The theorem is
proved. O

Corollary 7.54 Let ¢ : V — R be a plurisubharmonic function. Let D =
{¢p <0} €V (i.e., DC V). Then D is L-convex, and hence, a domain of
holomorphy.

Proof The domain D is locally L-convex by Theorem 7.53. Its proof ap-
plied for U = V implies (global) L-convexity of the domain D. This together
with Theorems 7.22 and 7.32 implies that D is a domain of holomorphy. O
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8 Stein manifolds

8.1 Stein manifolds: definition and main properties

Definition 8.1 A complex manifold M is said to be holomorphically con-
vex, if the holomorphically convex hull (H (M )-hull) of each its compact
subset is a compact subset. We say that the holomorphic functions on M
separate points, if for every two distinct points x # y in M there exists a
holomorphic function f : M — C such that f(z) # f(y).

Definition 8.2 A complex manifold M, set n = dimM, is said to be a
Stein manifold, if it satisfies the following conditions:

1) M is holomorphically convex;

2) the holomorphic functions on M separate points;

3) for every z € M there exist n holomorphic functions fi,..., f, on M
whose differentials at z are linearly independent: that is, the holomorphic
vector function (f1,..., fn) : M — C™ is a local biholomorphism at z.

Example 8.3 Every domain of holomorphy in C" is obviously Stein. Let
now M C CV be a holomorphic submanifold. Then it is Stein. Indeed, let
H denote the collection of projections M — C to the coordinate axes, which
are holomorphic functions. The functions from class H obviously separate
points. Condition 3) holds even for functions from class H. Finally, the
H-convex hull of each compact subset in M is a bounded closed subset in
CV contained in M. Hence, it is compact. The next big theorem states the
converse.

Theorem 8.4 (Embedding Theorem). Each Stein manifold can be em-
bedded as a submanifold in CN for appropriate N. This is true for N =
2n + 2, where n s the dimension of the manifold.

Corollary 8.5 Every domain of holomorphy in C" can be embedded as a
submanifold in C*"*2. In particular, every geometrically convex domain in
C" can be embedded as a submanifold in C?"+2,

Example 8.6 The unit disk D C C is Stein. It admits an embedding as a
submanifold in CV. The proof of this statement is non-trivial. In Problems 5
and 6 from Task 3 it is asked to prove the existence of its embedding to C? by
using polynomial automorphisms with Fatou—Bieberbach domains. Namely,
consider a Fatou-Bieberbach domain B C C? that is an attracting basin of a
linearizable attractive fixed point of a polynomial automorphism F : C? —
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C2. We choose F so that B # C?. Recall that B is always biholomorphic
to C2. Consider a complex line L intersecting B and passing through its
boundary point. One can show that each connected component U of the
intersection L N B is simply connected, applying the Maximum Principle to
the iterates F™. Therefore, U C L ~ C is conformally equivalent to the
unit disk. This together with biholomorphism B ~ C? yields an embedding
U — C? as a submanifold.

9 Dolbeault cohomology

9.1 Basic definitions and 0-Poincaré Lemma

Here we introduce the O-complex of differential forms, analogous to de Rham
complex.

Recall that each R-linear C-valued 1-form on a complex space C" is a
linear combination of the forms dz; and their complex conjugates E with
constant complex coefficients. Thus, each R-linear 1-form is a sum of two 1-
forms: a C-linear form (linear combination of dz;) and a C-antilinear form
(linear combination of dzj). Therefore, the space of R-linear C-valued 1-
forms is the direct sum AY? @ A% where A0 is the space of C-linear forms
and A%! (its complex conjugate) is the space of C-antilinear forms.

Passing to exterior powers, we get that the space of R-polylinear C-
valued skew-symmetric d-forms is the direct sum

Dptq=alAd, APT = (/\§:1A170) A (N A%,

Passing to differential forms on a complex manifold M, we get that the
space Q% of C*-smooth differential d-forms is the direct sum

d
O = @p—s—q:de’q,
OP9 = {forms whose restriction to each tangent space T, M lies in AP},

_ Recall that for a function g(z) on a complex manifold M, we denote by
0g the C-antilinear part of its differential at each point:

dg(z) = 0g(x) + Ig(x).

Thus the image of the J-operator on functions lies in the space Q%!. The
0-operator acting on differential forms is defined analogously. Namely, for
every R-linear C-valued d-form w € QP one has

dw € QP14 g Qpatl, (9.1)

80



Indeed, each term of the form w is locally a linear combination of forms
dzi, N\ .. .dZZ'p A del ARER /\deq.

Taking differential transforms w to sum of the above forms wedge-multiplied
by 1-forms: differentials of functional coefficients. Each 1-form multiplier
clearly lies in Q50 4+ Q%1 This implies (9.1). Set

Ow = the QP4 — component of dw; dw := its QP19 — component:

dw = Ow + Ow.
This yields the Dolbeault O-complex

8 : QP4 Qpatl

Proposition 9.1 One has 0?> = 0.

Proof One has d = 9 + 0. Hence,
d* = 9%+ 0* + 99 + 00 = 0.

For every (p, q)-form w the three forms 0%w, (90+00)w, *w lie in the vector
subspaces QP24 QPtLatl and OP9+2 respectively. Therefore, 9%w is the
OP9t2_component of d?w. Hence, it vanishes, since d%w = 0. a

Definition 9.2 A differential form w is 5—closed,_ if Ow = 0. A form is
exact, if it is the image of another form under the d-operator. The (p, ¢)-th
Dolbeault cohomology is the group

HP1 .= Ker 0|qp.a/ Tm(9(QP471).
Remark 9.3 Each 0-exact form is O-closed, since 02 = 0.

Remark 9.4 Every holomorphic mapping of complex manifolds G : M —
N induces the pullback mapping G* : HP9(N) — HP9(M). The Dolbeault
cohomology of biholomorphically equivalent manifolds are isomorphic.

The O-problem has the following versions:
- Given a function g(z) of one variable, find a function f such that

of _

0 =9 (9.2)
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- Given a O-closed differential (p,q)-form w, find an (p,q — 1)-form «
such that B
Jda = w. (9.3)

The obstruction to solve the d-problem is non-triviality of the Dolbeault
cohomology class of the form w.

The results on O-problem form an important base for many famous re-
sults in complex analysis and related topics such as quasiconformal map-
pings, Teichmiiller theory, moduli spaces of Riemann surfaces, algebraic
geometry. It has many applications in the above-mentioned domains and
complex dynamics.

Theorem 9.5 (J-Poincaré Lemma). For every (p,q) € 72, with ¢ > 0
the (p, q)-cohomology of polydisk is trivial: each 0-closed (p, q)-form is exact.

Remark 9.6 The 0-Poincaré Lemma has important corollaries in complex
geometry. For example, it allows to prove that every holomorphic hyper-
surface in a polydisk A (i.e., an analytic subset in A given locally as zero
locus of one local holomorphic function) is a zero locus of a global holomor-
phic function A — C. The proof of this statement (omitted in the present
lectures) is based on solution of holomorphic additive Cousin problem. See
the next subsection.

Theorem 9.7 (Generalized 0-Poincaré Lemma). Each Stein manifold
has trivial (p, q)-cohomology for every (p,q) € ZQZO with ¢ > 0.

We will not prove Theorem 9.7 in this lectures.

9.2 Proof of 0-Poincaré Lemma in one variable

First we treat the O-problem for functions. Then we introduce O-operator
acting on differential forms, which defines Dolbeault complex and cohomol-
ogy. We solve the corresponding d-problem on polydisk by proving triviality
of Dolbeault cohomology (9-Poincaré Lemma). Afterwards we apply this re-
sult together with elements of sheaf theory to show that each hypersurface
in a polydisk is the zero locus of a global holomorphic function.

Theorem 9.8 For every C* function g : D1 — C on the unit disk D1 C C
there exists a C* function f : D1 — C satisfying (9.2).

Addendum. Let the function g = g(z,w,s) depend on additional pa-
rameters (w,s) € V, where V is a domain in C" x S. Let g be C*°-smooth
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in (z,w,s) and holomorphic in w. Then the corresponding function f can
be chosen from the same class: C°°-smooth in (z,w,s) and holomorphic in
w.

The addendum will be further applied to prove the above-mentioned 0-
Poincaré Lemma. The proof of the theorem and the addendum will be split
into two steps:

- case of a function f with finite support in Dy;

- the general case.

In the deduction of the general case from the finite support case we use
the following obvious remark.

Remark 9.9 If a C*-smooth function f solving (9.2) exists, then it is
unique up to addition of a holomorphic function.

Proposition 9.10 1) For every C™ function g : D1 — C with finite support
the function

10 =g [ 2acrag = on [ Macrm o

T omi cC—=% 2mi Jo (— 2

is C®-smooth in z € C and satisfies (9.2). Here we extend g to a C*°-
function on all of C by setting it zero outside the unit disk D1.

2) In the case, when g depends on additional parameters as in the ad-
dendum, the function f satisfies the statements of the addendum.

Proof The above integral converges and is a well-defined continuous func-
tion, being an integral of a function O(CTIZ) over a real two-dimensional
domain. One has

1 _
f(z) = 5 (Cg(uzj—z)du/\du, u=_—z. (9.5)
Taking the a%—derivative yields
of 1 dg du —
—(2)=— [ = — Ad
0z (2 2mi Jo 0Z (u+2) U “
1 dg — du 1 du
=—— [ = duN—=——1[d —
27rz'/@82(u+z) WA T el

The latter integral coincides with the same integral but taken over the disk
Dy, since the subintegral form vanishes outside it, as does g. It equals the

integral of the form g(u + z)%“ over the boundary 0Dy minus the limit of
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its integral over the circle 0Dy, by Stokes formula. Taking into account that
the former integral vanishes, as does g(u + z) on D3, one has
of 1 du

—(z) = lim(— u+z)—).

82( ) 5—>0(2m fi’)Dé 4 ) U )

The expression under the limit is equal to the mean value of the function g
over the circle of radius ¢ centered at z; this follows by substitution u = de®.
Therefore, the limit equals g(z). This proves (9.2). The function f is C*°,
since the integral in (9.5) can be differentiated: the derivatives of the subin-
tegral expression have converging integrals, since the differentiations do not
affect the denominator u. The same argument proves smoothness (holomor-

phicity) of the function f in the additional parameters of the function g.
The proposition is proved. O
Proof of Theorem 9.8. Set
_ 1
Tn = 1-— 27
Consider a sequence of "hat functions”:

pn : C = R is a C°° — function supported in Dy, Pn‘DrnH =1, (9.6)

Set
._ 1 [ gaQ) —
() = g@on(). ) = g [ Eacnac. (o
One has 5
% =gon D, ., (9.8)

by Proposition 9.10. In the case, when the functions f,, converge with all the
derivatives uniformly on compact subsets in D; to a function f, the latter
satisfies the statements of the theorem. Let us show that one can modify
the functions f, inductively, replacing them by

J?n = fn — Ppn, Pn(z) being a polynomial,
so that the new functions fn converge. One has
Ofp=08fn=gon D, ., (9.9)

by construction. This together with the above argument will prove the
theorem. B
Induction base: n = 1. Set f1 = fi.

84



Induction step. Let ﬁl be already constructed. Let us construct ﬁl+1 o)

that 1
|fn+1 - fn| < ;- on Ern- (9.10)
on

The difference ¥, = fr41— f; is holomorphic on Dy, ,,, by (9.9). Therefore,
its Taylor series converges to it uniformly on D, & D Fix a Taylor
polynomial P,, such that

Tn41°

1 _
[ = Pal < g on D, (9.11)

Set fui1 = fui1 — Pa. Then inequality (9.10) holds by construction. The
induction step is over. The functions f,, are constructed.

For every compact subset K € D; there exists an N > 0 such that the
functions f, with n > N are well-defined on K and converge uniformly on K,
as n — oo. This follows from inequality (9.10), which implies that for every
n,m > N the difference f,, — f,, has module less than %, I = min{m,n}—1
on K. This together with the above discussion proves the theorem. O
Proof of the addendum. The functions f, given by (9.7) have the same
regularity in parameters, as g, by Proposition 9.10. We show that one can
choose the above polynomials P, so that the functions f,, converge uniformly
with derivatives on compact subsets in Dy x V', and hence, the limit function
f has the same regularity. To do this, we use the following proposition.

Proposition 9.11 Let a function f(z,w,s) be C*-smooth on a domain
Dy xV, where V is a domain in C"* x S, S being a manifold. Let f be
holomorphic in (z,w). Then the finite sums of its Taylor series in powers
of z with coefficients depending on (w,s) € V are C*-smooth in (z,w,s),
holomorphic in (z,w) and converge to f uniformly on compact sets in Dy xV
together with all the derivatives in (z,w, s).

Proof Smoothness (holomorphicity in w) of Taylor coefficients follows from
the same regularity of the function and the Cauchy integral formulas for
Taylor coefficients. Let us first prove uniform convergence of the Taylor
series. Fix 0 < 4 < v < 1 and a compact subset K € V. Set

M = max |f].
Dy xK

Let cx(w, s) denote the Taylor coefficient of the function f at z¥. One has

M
ek (w, s)| < — for every s € K,
v
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by the Cauchy Inequalities. Therefore, for every z € D,, one has
e (w, )24 < MM, g=E < 1.
v

The right-hand sides of the above inequality form a series converging to
M(1 — )~™. This implies the uniform convergence of the Taylor series on

D, x K. The convergence of derivatives is proved by the same argument
with f being replaced by its derivatives. The proposition is proved. a

Fix a compact exhaustion K| € Kye---=V of the domain V. In the
above construction of the functions f;, let us choose polynomials P, so that
inequality (9.11) holds on the product D, x K,, for the function 1), — P,, and
all its mixed derivatives in the variable z and the parameters up to order n.
Then the functions ﬁL thus constructed converge with derivatives uniformly
on compact sets. The limit is C°°-smooth and is holomorphic in (z,w), by
Weierstrass Theorem. The addendum is proved. O

9.3 Proof of 0-Poincaré Lemma in higher dimensions

Let w € QP9 ¢ > 0, 0w = 0. Let us show that there exists a form o € QP4~1
such that da = w. This will prove the theorem.
1) Reduction to the case (0, ¢). The form w can be written as a sum

w:ZdzI/\wI, wr = ZgIJEG 00 |I| = p,
I J

dw = (—1)Plath) ZdZ] A OQwr = 0.
I

The p-forms dz; are linearly independent. This together with the latter
equality implies that dw; = 0. Suppose that we have proved the theorem
for (p,q) = (0,q). Then we can find (0,q — 1)-forms «; such that day = wy.
Set

a=(—1)r Zdz; Aar.
1

One has 0o = w, by definition. This proves the theorem in the general case.
2) Case (0,q): p=0. Then

w:ZgJ%, ow=0, |J=q>0.
J

Set
K:UJ, gJ?‘éO{jla---ajq} - {1,...,71}; ‘K| > q.
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We prove the existence of a form a such that da = w by induction in |K].
Induction base: |K| = ¢. Then up to permutation of coordinates we can
and will consider that

w=g(2)dz1 A+ ANdz,.

The equality Ow = 0 is equivalent to the statement that the function g

is holomorphic in z441,...,2,. There exists a C* function f : A — C
holomorphic in the same variables such that

of

821 - g7

by Theorem 9.8 and its addendum. Set
a= fdza A\ Adz,.

One has da = w, by definition. This proves the induction base.

Induction step. Let we have proved the existence of the above form « in
the case, when |K| <[, I > ¢q. Let us prove its existence for a form w with
|K| = 1. Up to permutation of coordinates, we can and will consider that
1 € K. Then

wzzg[ThATm+ZgJE, I:(il,...,iq_l), J:(jl,...,jq),
I J

is,jr € K'= K\ {1}.

The functions_ gr are holomorphic in variables z;, t ¢ K. This follows from
the equality 305 0 and linear independence of the collection of 1-forms
dz1 N\ dzr and dzjy. Therefore, for every I there exists a C'*° function f :

A — C holomorphic in the same variables such that % = g1. Set

B=Y_ fidzr.
I

The difference w — 93 is a 0-closed form, and it contains only products dzg
with S = (s1,...,84), s; € K’ = K\ {1}, by construction. One has |K'| < [.
Therefore, there exists a form o such that 0a = w — 93, by the induction
hypothesis. Thus,

w=0(a+B).

The induction step is over. The proof of the 0-Poincaré Lemma is complete.
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9.4 Case of (p,0)-forms

Proposition 9.12 For every p € Z>o the (p,0)-cohomology of every com-
plex manifold is isomorphic to the space of holomorphic (p,0)-forms.

Proof The space of (p, —1)-form being trivial, is its 0-image in QP0 is also
trivial. Therefore, the (p,0)-cohomology coincides with the kernel of the
operator 0 in QP0. A form w € QP9 with local coordinate presentation
> jyaj(z)dzy lies in its kernel, if and only if %‘: = 0 for all J and s, i.e.,
the coefficients a(z) are holomorphic; or equivalently, so is w. This follows
from linear independence of the forms dz,, dz;. The proposition is proved.

O

9.5 Holomorphic hypersurfaces. Existence of defining holo-
morphic functions. Cousin problems

Definition 9.13 A holomorphic hypersurface in a complex manifold M is
an analytic subset A C M such that each its point has a neighborhood U in
M where the set ANU is zero locus of just one holomorphic function on U.

Here we study the question of the existence of global holomorphic function
vanishing exactly on A.

Proposition 9.14 An analytic subset is a hypersurface, if and only if it
has pure codimension one, i.e., each connected component of its reqular part
has codimension one.

Proof Let A C M be a hypersurface. Fix an arbitrary point x € A and
its neighborhood U = U(x) C M where there exists a holomorphic function
f : U — C vanishing exactly on A N U. Without loss of generality we
consider that in local coordinates (z1,...,2,), n = dim M, centered at x
the domain U is a Weierstrass polydisk A”~! x Djs for the function f, and
f is a Weierstrass polynomial. Here A" ! is a polydisk in the coordinate
(#1,...,2n_1)-hyperplane. Let 7 : U — A™"! denote the projection. Then
there exists an analytic subset B C A"~! such that the intersection A° :=
(ANU)Na~1(A" 1\ B) lies in the regular part A,., and the restriction
7 : A° — A" 1\ B is a holomorphic covering. This immediately implies
that A is of pure codimension one.

Conversely, let A be of pure codimension one. Fix an arbitrary point x €
A and its neighborhood U where there exists a collection of (not identically
zero) holomorphic functions fi,..., fr : U — C such that ANU = {f; =
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-+ = fr =0}. Set f = f1. Again without loss of generality we can and will
consider that U is its Weierstrass polydisk A" ™! x D5 and f is a Weierstrass
polynomial. Set _

A:={f=0}CU.

Let B C A" ! be the above analytic subset constructed for the zero locus A:
A° = (AnU)n7 (A" 1\ B) greg and the projection 7 : A° — A"\ B
is a covering. One has (ANU) C A. Therefore, A° N A is an open subset
in A. The intersection of the set A with a connected component of the
latter covering should be either emply, or the whole component. Indeed,
otherwise the latter intersection would be a non-trivial analytic subset in the
component (thus, of codimension at least two in C™) that is simultaneously
an open subset in A. Therefore, A is not of pure codimension one (density of
Apeg in A), — a contradiction. The set ANU cannot contain an open subset
lying entirely in 7#~!(B) for the same reason. Therefore, the intersection
AN AY s open and dense subset in A N U, and it is a union of connected
components of the covering AO. Hence, AN U is the closure of their union.
Each component contained in AN U corresponds to an irreducible factor g;
of the function f in U. Therefore, ANU = {[[;g; = 0}. Hence, A is a
hypersurface. The proposition is proved. O

Proposition 9.15 Let A C M be a hypersurface. For everyxz € A let [5(x)
denote the ideal in the local ring O, of germs of holomorphic functions at x
consisting of those germs that vanish on A. The ideal I5(x) is principal: it
has one generator given by the above product g := Hj g;j. A generator g is
completely characterized (up to multiplication by unity) by the property that
dg(y) # 0 for an open and dense subset of points y € A close to x. For every
y € A close enough to x the function g is a generator of the corresponding

ideal T4 (y).

Proof The property of the function g to be a generator of ideal and the
second statement of the proposition (on differentials) follow immediately
from the fact that each component of the above covering is the zero locus of
an irreducible holomorphic function (a unique Weierstrass polynomial): an
irreducible factor in every function vanishing on A. See Subsection 5.7. Its
third statement follows from its second statement. O

Definition 9.16 Let A C M be a holomorphic hypersurface in a complex
manifold M. A holomorphic function f : M — Cis a global defining function
for the hypersurface A, if A = {f = 0} and for every point x € A the germ
of the function f at x generates the corresponding ideal I4(x).
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Theorem 9.17 FEvery holomorphic hypersurface in a polydisk has a global
defining function.

We will see that existence of a global defining function is equivalent
to solvability of the so-called multiplicative holomorphic Cousin problem
(vanishing of appropriate cohomology). Then we make a first step towards
its proof for polydisk: we solve additive holomorphic Cousin problem. We
discuss how its solution together with a topological fact (stated without
proof) imply solvability of the multiplicative problem and thus, existence of
global defining function.

Definition 9.18 Let M be a complex manifold. Consider its locally finite
covering U;U; by open subsets. An additive holomorphic (C*°-smooth) cov-
ering 1-cocycle is a collection h;; of functions holomorphic (C*°-smooth) on
U; N U; satistying the cocycle identities:

hij = —hji; hij + hji + hg; =0 on U; N U; N U. (9.12)

A cocycle is a holomorphic (C°°-smooth) coboundary, if there exists a col-
lection of holomorphic (C*°-smooth) functions h; : U; — C such that

hij :hj—hi on UiﬂUj. (913)

A multiplicative 1-cocycle (coboundary) is defined in the same way, but
with all functions being nowhere vanishing and with relations (9.12), (9.13)
written in the multiplicative group: h;; = h;il; hijhjkhg; = 1; hi; = Z—J
Remark 9.19 Each holomorphic coboundary is a holomorphic 1-cocycle.

The Holomorphic (C*°) Multiplivative (Additive) Cousin Prob-
lem. Is the converse true? Is it true that each holomorphic (C'*°) multi-
plicative (additive) 1-cocycle is a holomorphic coboundary?

Let A C M be a holomorphic hypersurface. Let us consider its locally
finite covering by open subsets U; C M such that there exist holomorphic
functions g; : U; — C for which ANU; = {g; = 0} and g; generate the
ideals 14 (y) for every y € ANU;. Then

95

I
Y gi

(9.14)

are nonvanishing holomorphic functions on U; N U}, by Proposition 9.15.

90



Let us consider the covering of the whole manifold by the above neigh-
borhoods U; and the complement

Up= M\ A.

Set .
go =1, hoj = gi = gj on Uy NUj. (9.15)
0

The collection of the functions h;; on U; NUj is obviously a holomorphic
multiplicative 1-cocycle.

Proposition 9.20 An analytic hypersurface A C M admits a global defin-
ing function, if and only if the Multiplicative Cousin Problem for the above
cocycle is solvable: that is, if and only if there exist nonvanishing holomor-
phic functions f; : Uy — C* such that

fi
fi
Proof Let f be a defining function. Then the functions f; = % are

holomorphic and nonvanishing on U; and satisfy (9.16). Conversely, let
fj : U;j = C* be nonvanishing holomorphic functions satisfying (9.16). Then

= hij. (9.16)

9j

r=%

fi
is a global defining function: the latter fractions are holomorphic on the
domains Uj, coincide on their intersections, by (9.16), vanish exactly on A
and generate the corresponding ideals. The proposition is proved. O

It appears that solvability of Multiplicative Cousin Problem is closely re-
lated to solvability of the additive one and to the singular integer homology
of the ambient manifold. Namely, consider the case, when all the covering
domains U; are simply connected and their pairwise intersections are con-
nected and simply connected. Then for a given multiplicative one-cocycle
hi; we can take the logarithms g;; = —g;; = %, which are well-defined
on the intersections U; N U;. However each g;; is well-defined up to additive

integer constant. The cocycle relation
Gijk = 9ij + gjk + gri = 0

is not necessarily true anymore, but it holds modulo Z. At the same time,
the left-hand sides G, are well-defined constant integer-valued functions
on the triple intersections U; NU; NUj. They satisfy the 2-cocycle relations:

Giji, is (anti) invariant under (odd) even permutation of indices 1, j, k;
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ijé — Gire + Gijg — Gijk =0 on U;nN Uj NU, NU,.

Proposition 9.21 Let an integer 2-cocycle Gij. be an integer coboundary:
there exist integers ¢;; such that Gy = ¢ij + @i + ¢r;. Then

9ij = 9ij — Pij
1s an additive holomorphic cocycle.

The proposition follows from definition.

Remark 9.22 It appears that for a covering as above each integer 2-cocycle
is an integer coboundary, if and only if the manifold M has trivial second
integer singular cohomology H2(M,Z). For example, this holds in the case,
when M is contractible, e.g., a polydisk. But we will not prove this in the
present lectures.

Corollary 9.23 Let M have trivial second integer cohomology. Consider
its covering as above. Then each holomorphic multiplicative cocycle can be
transformed to a holomorphic additive cocycle by taken appropriate branch of
log as above. For these M and covering solvability of every holomorphic Ad-
ditive Cousin Problem implies solvability of every holomorphic Multiplicative
Cousin Problem.

Theorem 9.24 On every polydisk A each Holomorphic Additive Cousin
Problem can be solved: for every covering each holomorphic 1-cocycle is a
coboundary. In general, this is true on every complexr manifold with trivial
Dolbeault (0,1) 9-cohomology.

Proof Consider a locally finite covering A = U;U; and a holomorphic
l-cocycle h;; : UyNU; — C. Let us prove that there exist holomorphic
functions h; : U; — C such that h;; = h; — h;.

Step 1. Realizing the cocycle as a smooth coboundary. Construction of
C*°-smooth functions h; satisfying the coboundary identity (9.13): h;; =
hj — h;. Take a partition of unity p; subordinated to the covering Uj:
pj © A — R are C*°-smooth functions vanishing on A \ U; and also on
neighborhoods of the boundaries OU;, and such that Zj p; = 1. For every
j set

hj = Zpshsj : Uj — C.
S

These are well-defined C"°°-smooth functions on U;. Indeed, each p, vanishes
on a neighborhood of the boundary dUs in A. Hence, the function equal to

92



pshs; on U; NUs and zero on U; \ Us is well-defined and C'*°-smooth on Uj.
Therefore, each h; is well-defined and C'°*°-smooth on Uj, by local finiteness
of covering. One has

hj — hl = Zps(hsj — hsz)

In the latter sum each p, vanishes everywhere on U; N Uj, except for the
intersection U; NU; N Us. On the latter intersection one has hy; — hy; = hij,
by the cocycle identity (9.12). Therefore, h; — h; = hyj >, ps = hsj. Thus,
the coboundary identity holds.
Step 2. Correcting h; to make them holomorphic, keeping h;; the same.
Set
w = 5h]~ on Uj.

This is a well-defined C'*°-smooth form of type (0, 1) on the whole manifold
A. Indeed, this definition matches on the intersections U; N Uj: 5hj —
Oh; = 5hij = 0, since h;; are holomorphic. The form w is closed, since
0? = 0. Therefore, it is exact, since the manifold has trivial Dolbeault (0, 1)
0-cohomology. Hence, there exists a C°°-smooth function f : A — C such
that 0f = w. Set now B
hj = hj — f

The functions ﬁj are holomorphic on Uj, since ('%j = 5hj —0f =w—w =0.
One has 7&]- — Ez = h;; on U; NUj, by construction. Therefore, the 1-cocycle
in question is a holomorphic coboundary. Theorem 9.24 is proved. O

Theorem 9.24 together with Corollary 9.23 imply Theorem 9.17.
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