Exercises on symmetric functions 16.01.2024

These exercises are due by January 23rd. This is a general rule: the due date is one week
after the assignment. The final grade for the course is calculated as 0.1 of the percentage of
completely solved problems. There will be about 100 problems in total. You may submit e.g.
the high quality scans of your handwritten solutions in the natural order. I will grade neither
poor quality scans nor randomly ordered scans. You may also submit your handwritten
solutions as a hardcopy or solutions typeset in TeX.

1. For a box = = (4,7) in a Young diagram X of length ¢()\) = n we define its hooklength

as h(x) = h(i,j) := X\ + Xb —i —j + 1 (here X' stands for the transposed Young diagram).
A1+n—1

Also, we set p; ==X\ +n—1i, 1 <i<n. ProveZt)‘H‘1 J—l—ZtAl =X Z tl.

7j=1 7j=1
2. Prove ith(m + itmw = itj.
=1 j=2 j=1
Hi
3. Prove Z @) 4 Z tHiTH = Z Z .

zeX i<j i>1 j=1
o [1 (1 =8
4. Prove H(l — th@) = L (H m— )
TEA H7'<](1 — ])
5. Prove H h(z) = Loy !

Hi<j<:ui — 1)

TEA
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1. Prove that the sum of all hooklengths of a diagram X is >, h(z) = n(A) +n(\) +|A[,

where n(\) = Zizl( -1\ = Zizl (/\2)
2. For a box x = (4,7) € A we define its content as c(x) := j — 4. Prove that ) _, c(z) =
n(A) —n(A).

3. Forn > {(\) prove H( — pnte@) H P +n il , where ¢, (t) := (1—t)(1—t?) - - - (1—
SDTL 'L

TEA i>1
).
4. A partition A = (Aq, ..., \,) can be written in the Frobenius notation (aq, ..., a, | 5, ...
where o; ;== N\, —4; B = A —4, 1 <i < 7“ and 7 is the length of the mtersectlon of the

diagram A\ with the diagonal i = j. Prove Z t(1l—tN) = z:(zfﬁfrl —t7%).

i=1 j=1

5. Prove Y (h(z)® — c(x)?) = A
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1. Let A\, € P(n) be two partitions of n. Prove that A\ > p (i.e. Ay > py, Ay + Ay >
g1 + pl2, . ..) if and only if there is a double stochastic n x n-matrix M (i.e. m;; € R=%, and
the sums of the matrix entries in every column and in every row are equal to 1) such that
MX = p.

2. We specialize z; = 1/n for 1 < i < n, and z; = 0 for i > n. (a) Prove that
e, =n" (’:), h, =n"" ("Jr:*l). (b) Let us take the limit as n — oo. Prove that e, = h, =
%, p1 = 1 and p, = 0 for r > 1; moreover, m, = 0 unless A = (1").

3. We specialize z; = ¢*~! for 1 <1 <n,and x; =0 for i > n.

n—1
(a) Prove E(t) = H (1+¢'t) = Z g v/ [ ]tT, where ["] is the Gaussian ¢-binomial co-
i=0

: (1—¢")(A—g""1)-(1—g" ")
efficient =iy

(b) Prove H(t) = 1:[(1 i)t = Z {” *: N 1] #

4. Let us take the limit as n — 00.
(a) Prove E(t) =H 1+q't) = qu“ V24 [0, (q), where ¢,(q) = (1-¢)(1=¢%) --- (1—¢").
i=0

(b) Prove H(t) :H 1—q't)” Zt”/gpr ,and p. = (1 —¢")~ L.
i=0
5. Since the functions h, are algebralcally independent, we can specialize their values in

1—0q't
an arbitrary way. For instance, we may take H(t) = H q

| — aq't’
r a— bqi—l r aqi—l —b a” —b"
Prove h, = [[ e, & = [[ 2—+. pr = .
rove H 1_qz € H 1_qz p 1_qr

i=1 i=1
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1. We set z; = ¢, 1 <i < n. Prove

3 i+3j o [Lis1 Prin—i(q)
(a) axy, = q”()‘)+(3) (1-— q>\i_>\j—l+j) _ qn()\)+(3) > .
v H er)\(l - qh(x))

1<j
1—
(b) = QN(/\)H q (notations of the previous problem sets). In other words,
TEA
o n()\) . 1 _ qnfC(CL”)
S)\(17Q7”‘7q ): [ } where [)J ::H 1_qh(1’) ’

TEA



2. Let us take the limit as n — oo, so that H(t) = H(l —q't) !
i=0
Prove s, = ¢"™ H(l — ") = "N H,(¢)7, where

TEA

H\(q) = H(l — ¢"@)) is the hook polynomial.
TEA
1 — bq't a — bge®)
n(X) e S
3. If we set H(t) = gl aqt,prove sx=4q" g @
4. (a) If weset ; =1, 1 <i <mn, and x; = 0, ¢ > n, then prove E(t) = (1 +¢)" and
n+ c(z)
ss=||———
TEA h( )
(b) If we set E (1 +¢)® for arbitrary a (not necessarily a positive integer), then prove
a —l— c(x a a—c(x)
S\ — Let
A Ch(x)
TEA TEA
a

(c) Prove (i) ~ det ((A _Hj)) and <—Aa> = (W (;)

5. Let us specialize x; = 1/n, 1 < i <mn; x; =0, i > n, and take the limit as n — oo.
Prove (a) E(t) = H(t) = €.

(b) s\ = hm n_w]—[n—l—cx —Hh

TEA TEA
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1. Prove (a) H 1+ zy) = Zs,\ x)sx(y

= ZS,\ z)sxe(y Z (Z) sx(x)t? (where we set y; = ... =y, = t, and 0 =

Yn+1l = Ynt2 = ' 21 '
(c) B(t)* = ; ( A) sxth.
(d) H(t)* = XA: ( ;‘t>swl.

2. Weset y; =¢" 1, 1<i<n,and y; =0, i > n. Prove

21 CUED TR
b) ﬁﬁ(qi_l) = ; "™ Kt} S



n(At)
q"
c 1424
() igl( j ; )
(d) H (1- x,qifl)fl _ Z qn()\) 51(2)
i1 ’ y HA(Q) 7
where Hy(q) = H(l — ¢"@)) is the hook polynomial.
TEA
3. Weset yy = ... =y, =t/n, y; =0, i > n, and take the limit as n — oco. Prove (a)
1
nT( ) — Hh (A~
TEN
(b)H 1+x_t —>Hexpmt)—exp eit) = Z i |’\‘.
n!
(c) el = sx < (e, 8x) = nl/h(A).

4. Prove that the number of standard tableaux of shape A € P(n) equals K 1n) =
(sx, 1) = n!/h(N).
5. Prove that (h,,py) = 1 and (e, ps) = ) := (=1)PHN for any A € P(n).
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1. Let H(t) = (1 —t")/(1—¢)", r > 2. Prove (a) h, = (""" ") — ("2)).

r—1 r—1
(b)pn—Olfn—O (mod 1), and p, =7 if n Z0 (mod r).
(c) Zz N = R D L where the sum is taken over the set of partitions
A S\ r—1 r—1) P

of n Whose parts are not divisible by r. In particular, for r = 2 we get 22;12“’\) =2,

A
where the sum is taken over the set of partitions of n all of whose parts are odd.

2. Let p, = an™/n!, n > 1. Prove (a) if t = xexp(—x), then P(t) = aexp(x)/(1 — x).
(b) hy = ala+n)"! _ala—n)"!

n! ) On n!

3. Let h, =n, n > 1. Prove that
(a) the sequence (p,,) is periodic with period 6.
(b) the sequence (e,,) is periodic with period 3.

1-3-5---(2n—1
4. Prove that Zz(, —Zz;1 =51 6( n2 ), where the first sum is taken over

all the partitions of 2n into even parts, while the second sum is taken over all the partitions
of 2n into odd parts.
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1
5. For any A € P(n) we set My(z) :== — E w(x), where © = (zy,...,,). Prove that
n!
wGSn

the following statements are equivalent:

(a) A > p;
(b) My(z) > M, (z) for any © = (z1,...,z,) € R].
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1. For any f € A we define D(f): A — A by (D(f)u,v) = (u, fv) for any u,v € A. Then
D: A — End(A) is a ring homomorphism. We denote D(s,) by D,,. Prove that
(a) for any f € A, f(z,5) = 5, Duf(2) - 5,(y).
(b) D(hy)m, = 0 unless . = AU v (that is, p is the union of reordered parts of A and v), in
which case D(hy)m, =m,.
(c) For any f(xg,z1,...) € A, (D(hy)f) (21,2, ...) is the coefficient of z{ in f.

2. Prove that (a) D(pn)hn = hn_y, that is D(p,) = > -, hrﬁ, where we view the
symmetric functions as polynomials in h;, i > 0. -

(b) D(pn) = (=1)" " Xnp ergo

(c¢) D(p,) = ai' In other words, if f € A is written as a polynomial f = ¢(p1,pa,...),

then D(f) = ¢( 621 ,2 82 ,...) is a linear differential operator with constant coefficients.
3. Prove that (a) for f € A™, g € A", we have w(f og) = f o (wg) if n is even, and
w(fog)=(wf)o(wg) if n is odd.
(b) fo(=g)=(=1)"(wf)ey.
(C) Pr© Py = Dy © Px = Prop, Where X o p is the partition with parts A; - ;.
(d) w(hy 0 ps) = (1) Ve, o p,.
4. Prove that fo(g+h) =3, ((Duf)og)(s.oh) for any f,g,h € A.

5. Prove that h, o (gf) =22\ —n(sa0g)(sxo f), and e, 0 (9f) = 325 = (sx 0 9)(sn o ).
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1. Let A =det ((1 — a:iyj)*l)1<ij<n (Cauchy determinant). Prove that
A =a,(x)a,(y) H (1—zy;) ' = Za,\+p(x)a)\+p(y) (the sum is taken over all partitions
ij=1 ;}
of length at most n).
2. Prove that for a partition A = (i) = (A > A > ...) we have

O [Lem ) = [T 1= %),

where the second product is taken over r = Ay, Ag,..., and v = (A\y,..., A\p_q) for r =
M. Furthermore, \' stands for the dual partition (corresponding to the transposed Young
diagram), and ¢,,(¢t) :== (1 —¢)--- (1 —t™).



3. Construct a bijection between the set of partitions A whose Young diagram is contained
in the k x ¢-box and the set of sequences of nonnegative integers (ay, ..., am;bo, ..., by) such
that > a, =k, Y b; = (, and ay,...,am,b1,...,b,_1 are all positive, but by and b, can
possibly vanish.

4. Fix a complete flag 0 = V) C Vi C ... C Viye = CF*. We define the Schubert cell
X, C Gr(k, k + ¢) as the set of all k-dimensional subspaces U C C*+* such that

dim(U NVy,) = 0, dim(U N Viy4a,) = au,
d1m<U N %0+al+-4-+bi—2+ai—1+bi—1) =ar+...+a;, dlm(U N %0+al+-~-+bi—1+ai> =ap+...+a;

dim(Uﬂ%0+a1+---+bm—2+am—1+bm—1) =ai+.. . +lm-1, dim(Um%0+a1+..-+bm—1+am) = ai+...+ap.
Prove that a) Gr(k,k +¢) =], X).

b) X, is an orbit in Gr(k,k + ¢) of the Borel subgroup of GL(k + ¢,C) preserving the
above complete flag.

¢) X, C Xy iff u C A, i.e. the Young diagram of 4 is contained in the Young diagram of
A

5. Construct an isomorphism X, ~ CH.
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1. Let ¢(A\) <n. We set d := (n —1)|\|. Prove

(a) (S)\ © S(n—l))(mla l‘2) = 3)\(17?_17 mrll_Ql‘% s ,l’g_l) = xgn_l)‘M : S)x(qnila qn727 -y g, 1) =
> i tng—d Cnina S(nyne) (T1, T2), Where ¢ = zizy ", and ¢,y ,, € N.
(b) sa(g" L, q" 2. ,q,1) =: Z?:o a;q" is a unimodal palindromic polynomial in ¢, that is

0<ap<a; <... SGL%J’ and ag—; = a;.
(¢) [4] is a unimodal palindromic polynomial in ¢ for any n, .

2. We set ®(z1,...,2,) := >, sa(z1,...,2,) (the sum is taken over all the partitions of
length < n). Prove that
(8) Q(z1,- 20, y) = D2y, y*Hs,(21,...,2,) (the sum is taken over all the pairs of parti-
tions A D p such that ¢(u) < n, and A — p is a horizontal strip).
(b) > s yrHs, (21, 2,) = > yvI(1 — y)"tsu(zy, ..., 2,) (the right hand sum is
taken over all the pairs of partitions p O v such that ¢(x) < n, and p — v is a horizontal
strip).
(c) Zu,u y|#*1/|(1 - y)ilsu(xlv e Tp) =
ZW y (1 —y)he(xy, .. x0)s, (2, .. x) =
(1—y) 'L, (1 —2y) ' ®(21,. .., 2,) (the middle sum is taken over all the partitions v of
length < n and all r > 0).
(d) Yoysn = [1,(1 = 2) " [[,.;(1 — 2;)~" (the sum is taken over all the partitions). In
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other words, for a vector space V, Sym®*(V @ A%V) is a direct sum of all the irreducible
polynomial representations of GL(V') with multiplicities 1 (a model).

3. Prove (a) (3, s.)(2 g ) = Doy sx (the left hand sum is taken over all the even
partitions u, i.e. such that all the parts are even; while the right hand sum is taken over all
the partitions ).

(b) ZM even Su = Hz(l o x?)_l Hi<j(1 - .I'iij)_l.
(C) (Zyt even SV)(ZO hT) = Z)\ S)\i
(d) Zyt even SV = Hi<j(1 - xixj)i :

4. Prove (a) [[,;(1 +zz;)"! = > (=1)"725, (the sum is taken over all the diagrams v

with columns of even heights).
(0) TLL =) Lo, (1 + @)™ = (55 h) (5, (<)),

oo v )‘E
() (5" he) (32, (=1)2s,) = 32, (=1)f Wy, where f(A) = 35,13,
(d) [L,(A =) [Lic;(1+ ziwy) T =2\ (=1)" Vs,

5. Prove (a) Y2, t"Msy = [T;(1 — ta;) ™ TT;o;(1 — 252;)~" (the sum is taken over all the
partitions A, and ¢(\) is the number of columns of odd height in A).

14 tx; 1 . o
(b) Z t"Nsy = H i H . (the sum is taken over all the partitions A, and 7(\)
A

1 — 22 — 2T
i to<y v

is the number of rows of odd length in A).
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1. Recall that K = M (s, m) is the Kostka transition matrix from the monomial base to
the Schur base. Prove that (K1), 1ny = e - (A)!/ T], m;!, where A = (™) is a partition of
n.

2. Let X := M(p, s) (the character table of the symmetric group S,,), and L := M (p, m).
Prove that

b) XJ = eX, where €y, = d\.€x.
c) L € U_ (i.e. Ly, =0 unless A < p).
d) L, =[[; ms!, where pp = (™).
e) La,/Ly, € Z.
f) X=LK', K'JK =L"'el, KK = L'27'L.
g) M(p,e) =ezL*, M(p,h) = zL*, where L* = (L")~'.
3. We denote by A} C A" the submonoid N(s))xcpm), and Ay = €, AL. We have
hy,ex, s, € Ay for any A\, pu,v. For f,g € A" we say f > g when f —g € A}, For
A, it € P(n) prove that the following statements are equivalent:



e) ex < e,

f) M(e,m)xe, > 0.

g) K/\M > 0.

Hint: the key claim is (a)=-(d). Then we may assume A\ = R;;x (a raising operator) and
apply the Jacobi-Trudi identity s, ;) = Py Py — hya1hp;—1).

4. Let Oy C Mat,,y,, denote the set (conjugacy class) of nilpotent matrices with Jordan
blocks of sizes Aj, Ay, ... Prove that O, D Q, if and only if A > p.

5. Let Gry be the positive affine Grassmannian: the set of sublattices (i.e. C[z]-
submodules of finite codimension) in C[z]". For a partition A let Gry be the set of sublattices
L C C[z]" such that the nilpotent operator z on the quotient C[z]" /L has Jordan blocks
of sizes A1, A, ... Prove that @j\v D Gry, if and only if A > p.
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1. (a) For partitions A, p, we denote by Ap (resp. A ® u) a partition with parts A;u; (resp.
min(\;, i;)). Prove that (Au)t = A ® p'.
(b) Let M, N be finite O-modules of types p, v. Prove that the type of M @ N (resp. M @ N)
is pUv (resp. p @ v).

2. Prove that the structure constant in the Hall algebra H(O)
G 1y (q) = "V T [AM Ml]q_l.

3. Prove (a) Ry(1,t,. t’“1 1 1) = t"Mu,(t), where v, (t) = [T, =
(b) Qx(1,¢t, ... t" 1 t) = 1"V, (1) /P, (1), where mg = n — £(X), and @, (t) = v, (t)(1 —1)"
Asn — oo, we get in the hmlt Qx(1,t,8%,.. ;1) = "V,

4. Prove
() Pa(, ... wn5t) = oa() " [ [ (L=t Ry)sa(zn, .o wn) = [Lon, (I =tR)sa(z1, - - @),
where v)(t) = [ ;s m, (t) for A = (i) (starting from ¢ = 0, so that mg = n — £(\)).

(b) Py =312 (=1)"s(n- rv)
. P - = = .
5. Prove ( ZH p— 71(15) -

i=1 j;ﬁz v Un
wYI(-2) -
i=1 j#i o
(c) Let (a1, ..., a,) € N*. We define ¢(ay, ..., a,) as the constant term of H < — ﬂ) :
T

1<ij<n
n

Then c(al,...,an):Zc(al,...,ai—l,...,an).

(d) elar,...,an) = (a1 + ...+ ap)/aq!- - a,l.
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1. Prove the following formulas for the dimension x*(1) of an irreducible S,-module:
(a) x*(1) is the coefficient of z# in (3 ;)" >, g e(w)z™, where = A+ p.

(b) x*(1 ) = ntdet (1/(si —n +j)!).

(¢) xM1) = B A(n), where p! =TT, !, and A(p) =TT, (s — ny).

2. Let v = (r,1"7"). Prove the following formulas for the character value x; on an r-cycle:
(a) x; is the coefficient of z# in (37 a7) (3 )" "> e, €(w)a".
(b) X)\ _ Z (n—T)'A(M1,7MZ _T7"'7un).

. (n_T)' i ]_r
(c) Xi‘((l) Tl Z =) H# .

= g
—TQhVXV ,
(d) Z,uz pi — 1) (i —r+ 1) —r)/¢' (), where p(t) = [[,(t — i), and

h, = n'/zl, = n'/r(n — )l
(e) = h(”f” is the coefficient of t~! in the Taylor expansion of
t(t — 1) (t—r+ l)go(t —1)/p(t) in powers of 1.

(f) If r = 2, then h”z‘l”) = n(A") —n(N).

3. Prove (a) 3,00)° = =
) sxksy= ., 2, (x2)?p, (inner product).

(
(c) Z\,\| SA ¥ S\ = ZM nPv-

(d) ZAS/\*SA—HkN( pr)

E )) [T (1 — miyz) ™ ZM S ()5 (y) (s * 8,)(2).

£) TLjx(X 4+ @iyize) = 325 sa(@) s (y) (81 % 5,)(2)-
4. Recall (Problem 2, 12.03.2024) that & = ), s,.

p 5 v
Prove ® = [] P Bo) T Do
(a) rove exp ( n 2n) exp (Qn)

n odd n even

(b) Set ¢ = 37, x*. Prove that the Value at a permutation of the cycle type v is

@

given by o(v) = (®,p,) = [[;5; al(m’( , where a /m‘ is the coefficient of t™ in the series
exp(t + it?/2) or exp(it?/2) depending on whether 4 is odd or even.
(c) Prove that ¢(v) = 0 if the cycle type v has an odd number of 2r-cycles for some r.

5. Set ¢ := > x*, where the sum is taken over all the even partitions of 2n (into even
parts). Prove that

(a) the value at a permutation of the cycle type v is given by ¥ (v) = [[;5, bgmi(u)), where

™ /ml is the coefficient of {™ in the series exp(t+it2/2) or exp(it?/2) depending on whether
¢ is even or odd.
(b) ¥(v) = 0 if the cycle type v has an odd number of 2r — 1-cycles for some r > 1.
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1. We identify A ®z A with the ring of symmetric functions in variables z,y: f ® g —
f(x)g(y). We define a coproduct A: A — A ®z A by (Af)(z,y) = f(z,y). We define a
counit e: A — Z requiring that e(A") =0 for n > 0, and £(1) = 1. Prove that
(a) Ahy, = Zogkgn hie @ hy—g.

(b) Aen =3 gcpan €k ® Ent-
(¢) App = pn ®1+1®p, (ie. p, are primitive).
(d) Asy =2, 8x/u @ sy

2. We equip A ®z A with a scalar product such that (f1 ® g1, fo ® g2) = (f1, f2) - (91, g2)-
Prove that A: A — A ®z A is adjoint to the multiplication m: A ®, A — A, and the counit
e: A — Z is adjoint to the unit e: Z — A. In other words, the Hopf algebra A is selfdual.

3. Prove that (notation of 27.02.2024) D(f)(gh) = S2,(D(f™M)g) - (D(f*)h), where
Af = Zz fi(l) 2 fz'(2)'

4. Prove that any primitive element p € A" (i.e. Ap = p® 1+ 1®p) is proportional to p,.

5. Define an involution @ = (—1)"w on A™. Prove that @ is an antipode, i.e. mo (O ®1d) o
A=mo(Id®w)oA=coe: A — A.
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1. Let FF=Q(q,t), and Ap = A®z F. Let A: Ap — Ap ® Ap be the scalar extension of
A of 09.04.2024. Let (,) be an F-valued nondegenerate symmetric bilinear form on Ag such
that (A%, A%) = 0 for m # n. Prove that the following conditions are equivalent:
a) (Af,g® h) = (f,gh) for any f,g,h € Ap.
b) (px, pu) = dap2a(y for any A, p for a multiplicative family ¢\ € F* (i.e. (x = (i )Coa) - Cn))-
¢) There is an algebra homomorphism x: Ap — F such that x(p,) # 0 for n > 1 and
(f,9) = x(f xg) (inner product).
d) The dual basis {m}} of the monomial basis {m,} is multiplicative (i.e. m} = m{, ym{,,, ==~ m{, ).

2. Weset (a;q), = [[;51(a; q),,, where the Pochhammer symbol (a; ¢)m := (a; ¢)so/(aq™; @)oo =
[T, (1 — ag"). Prove that
D o) = 3 E Dk ()

e CR

b) (; @)ngn(w;q.1) € Mg, t].

3. Prove that wy g, (x;0,t71) = (=) "g,(2;0, q).

4. Prove that the coefficient of m, in D, (X;q,t)m, equals
a)\u(X; g,t)=> (1) W H?:l(l + anitnii)a where
Dp(Xs5q,t) = ap(a)™' Y s, (—1) 2 TT (1 + Xt®eHT, ), the sum runs over all the
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triples (w, o, ) such that w is a permutation in &,,, and o ~ X is a composition in N", and
7 is a partition with a 4+ p = w(m + p), and K, is a Kostka number.

5. Prove that in case Ay = py, we have a,,(X;q¢,t) = (1 + Xq)‘lt"_l)a;\p(X;q,t), where
A= ()\2, )\3, .. ) and ﬂ = (,ug,,ug, .. )

Exercises on symmetric functions 23.04.2024

1. Prove that for r > 0 and z = (21, ..., z,) we have

(t - 1) Z Az(fL’, t)l’: = tngT<x7 07 t71> - 607"7

where 37" | Ai(w;t)T, ., = D,, and hence A;(z;t) = [, ti’__;J

2. Let x = (z1,...,2n), y= (Y1, .-, Yn), I =T1I(z,y;q,1t), and
o = we Il = [],; j<, (1 + 2iy;). Prove that
) 1T, T =30, 00 9r(y3 0,87 1)t and 115" Ty, Tlo = 37,5 (=1)"9,(y; 0, q)a]
b) 11~ 1EH > rz0 9r(230,871) g, (y; 0,471 )2 and I, By = 3,2 o(—1)7g,(;0,t 1) g,(y; 0, q),
where £ = E,, :=t (1 + (t — 1)D}.) acts on symmetric functions in the z variables.
c) wye(II™ eql'[) My By g 1Tl and w,, B,y = By 41wy, where w,, acts on the 2 vari-
ables.

3. Prove that for any \, the coefficient of x7' in Py(x;q,t) equals P;(%;q,t), where A\ =
(/\27 Ag, .. ) and ¥ = (ZEQ,ZL’3, .. )

4. For any A set fi(q,t) = (1 —¢) > ,5,(¢* — 1)t"*. Prove that
a) fa(q,t) = far(t, q).
b) The eigenvalues of the operator (t —1)E (where E is the limit of E,, = ¢ "D} —>"" t7")
are fy(q,t™1).

5. Here is an alternative approach to the computation of w,,Py(z;q,t). We have E =
1+ (t —1)E. Prove that
) Bt 1wy Pa(q,t) = (1 + frr (71, @) )wy Pa(q, t).
) (wP(g,t), Par(t,q)) = 1.
) <Wq tPA<Q7 ) P)\T(t7Q)>t,q =1
) thP)\(x q, ) - QAT(xat7Q)

a0 o

Exercises on symmetric functions 30.04.2024

1. A connected skew diagram 6 is called a border p-strip if |#| = p, and it does not contain
a 2 X 2-square. Let A, u be partitions of length < m such that A D pu, and the complement
A — p is a border p-strip. Let £ = A+ pp, 1 =+ pm, where p,, = (m—1,m—2,...,1,0).
Prove that for certain j < k < m we have §; = n, +p, &j1r = Nj3r—1 (1 <7 <k —j), and
&=mnfori<jorjy >k
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2. Assume moreover that for any 0 < r < p—1, the partition £ has m, parts & congruent to
r modulo p. Let us write & = pﬁy) +7r (1 <j<m,), where §§’“> > 55” > . >0 >0 We
set )\y) = fj(r) —m,+74, so that A" is a partition. The collection \* := (A X1 A=) g
called the p-quotient of A\. Prove that A* is independent of m > ¢(\) up to cyclic permutation.
3. Let us remove a border p-strip from A so that what remains is the diagram of a partition.
We repeat this procedure as long as it is possible. What remains is called the p-core A of \.

Prove that it is independent of the choices involved. We write A ~ v if A = . For example,
p

2-cores are exactly partitions p,,, m € N.
4. Prove that (a) A ~ v iff n = wf (mod p) for a permutation w € S,,, where & =
p

A+ Py, =V + pm, and m > L(N), {(v).
(b) A ~ v iff Xt ~ ot
P P

5. Prove that a partition A is uniquely defined by its p-quotient \* and its p-core .

Exercises on symmetric functions 07.05.2024

1. Prove that (a) The generating function for the partitions with a given p-core A is
> =i thl = M p#P)P, where P(t) = T[22, (1 — t")~! is the generating function of all the
partitions. )

(b) The generating function for the p-cores is Yt = P(t)/P(t?)? = [[°2, (11__t::)P.
(c) In particular, for p = 2, we get 00 #mm=1/2 = T[> 1= (a specialization of the
Jacobi triple product identity).

2. Prove that (a) h(A) = pMIh(A*)W/(X), where h(X) = [[,., h(z) is the product of the
hook lengths, h(\*) = [T’ h(A™)), and h'()) is the product of those hook lengths h(x)
which are not divisible by p.

(b) If p is a prime, then A'(\) = +h()\) (mod p).
(c) If p is a prime, then \ is a p-core iff h()) is relatively prime to p.

3. The content polynomial cy(t) := [],c,\(t + c(x)). Prove that % =II% t—f-—':fii’
where m > (()), and & = \; +m — 1.

4. Let p be a prime. Prove that cy(t) = ¢;(t)(#? —t)*'l (mod p).

5. Let p be a prime. Let || = |pu|. Prove that A ~H & a(t) = cu(t) (mod p).

Exercises on symmetric functions 14.05.2024

1. Let vq,...,v, € V be distinct vectors in a real vector space equipped with a positive
definite scalar product (,). Prove that det(q("#*s)) # 0 as a function of q.



2. a) Let A\ D u be partitions such that A\ p is a horizontal strip. Prove that
t—q

L(@A/u) — T Z (in—)\j _ q)\i_ﬂj _ qui—)\jJrl _|_ qui—,ujJrl)tj_i
q 1<i<G<(N)
and
Fl@h 20 (g
Px/p = H

o @) gt

1<i<j<t
where f(u) = (tu; @)oo/ (qU; @)oo-
b) Let A D p be partitions such that A \ x is a horizontal strip. Prove that

L(Iﬂ/\/u) - 1Tq Z (q“l By qu B _ q#z Aj+1 4 qu )\Jﬂ)tj
1<i<i<e(p)
and
f(qur#jtjfi)f(infAthjfi)
) f(q)\i—ujtj—i)f(q,ui—,\jﬂtj_i) .

c) Let A D u be partitions such that A\ p is a vertical strip. Prove that

Ur/p =

1<i<j<(n

)‘i:Mi+1, )‘j:l"j
L(SOI)\/M) - (t — q) Z inﬁU«j (tjfz . tj*lfl)
1<i<j<o0o

and

/\iuﬂﬁ&-w (1- in—,\jtj—i—l)(l _ qm—ﬂjtj—i—i-l)

(1= gh=29ti =) (1 — qrimrati =)

90//\/11 -
1<i<j<oo

d) Recall that

Ai=pi, Aj=p;+1
t—q)(t—1 o
L(l/};\/H) = —( )i ) Z q#z :U'jtj
q 1<i<j<oo
and

/\im,ﬁufrl (1- qui_ujt]‘—z‘—l)(l _ q/\i—/\jtj—iﬂ)

(1= grimmti =) (1 — ghi=Xti )

w:\/u -

1<i<j<oo

3. Let A = (A1, Ag,...,0,0,...) be a partition viewed as an infinite sequence. Set G»(q, t)
(1= )22 1crejen(l = @ M#771). Prove that ;228 — S~ qa@) and Gy(q,t)

(I-q)(1-t)
G)\T (t7 q)
4. For a partition \ of length £(\) < n, set t = ¢* and

n@t) = [ @M% det)= J] @ o

1<i<j<n 1<i<j<n

13
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Prove that

n " (ut' g ;
5u,t(P)\) =1 ()\)UA(Q7 t) H (Tf( Q))\ +k())\ ) )
1 \b i+k(n—i

1=

o (ut q)x,
fur(@y) = V0 (g.0) [T s
1]1 (¢; Q))\¢+k(n7i)

5. For a partition A of length ¢(\) < n, prove that

n (tj_i—H; Q))\i*)\'
P =10 T S
1<i<j<n 1 q Ai—Aj

n (qt " q)r—
can1a(@) = "0 ]

1<i<j<n (g7~ q)A —Aj

Exercises on symmetric functions 21.05.2024

1. Recall that H(t) = > .o h,t" is the generating function of complete symmetric func-
tions. Let H(t) =[], i bqt Recall from Problem 5 of 30.01.2024 that h, = [];_, %,
6. — HT aqiflfb Dy = a” (qm+1’ Q) — (bv Q)OO(CLQ)OO

S ! = (@™ )e (a:0)x (a1 g)x

2. Let 0 < ¢ < 1 and let f be a function on [0, 1]. We define the g-integral fol f(x)dy(x) :=
(1—-¢)> 20q f(q") (assuming that the RHS converges). Similarly, if f(z) = f(z1,...,z,)
is a function on the cube C™ := [0,1]", we define [, f(z)dy(z) == (1 = q)" > cnn g f(q®),
where o = (aq, ..., ), |a| = a1+...+a,, and f(¢*) = f(¢*,...,q*). Prove the following
g-analogue of the Euler formula for his beta-integral (r, s are positive integers):

By(r,s) = /0 " (qa; Q)s—1dgr =Ty (r)Ty(s)/Ty(r + s),

where T (r) := (¢;¢)r—1/(1 — q)""! is the g-gamma function.
3. Let x = (11,...,7,), and t = ¢*. We set

A*(ziq.t) = ] H —qx) (=g ") = (1) P2 TV A 0, 1),
1<i<j<n r=0
* * - r—1 1 *
Ar (w50.8) = A (i q.t) [ [ 27 (quis@)smr, Ini= = | Palwiq. )AL (w1q,t)dga

i=1 nl Jon
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where A = kn(n—1)/2, and B = k(k — 1)n(n —1)/4. For instance, Iy is a g-analogue of the
famous Selberg integral. We define the coefficients ¢y so that PA\A* = > 5 cAgxﬂ (the sum
over 3 € N such that |5| = |A\| + kn(n — 1)). Prove that

B o1+ B)l(s) _ n N 845 9)s
”'[AZCW/ H”” H(gwis 9)srdyr = ZC H T, r+s+ﬁ) Balr )" 2 ("*%:q)s

B

where (a;q)s :== [[(a;q)s,.

4. Prove that a) Z%,t(QM)PM(%) = ﬁ %
L =1 iy 4)oo

b) gu,t<Qu)<PM7 Pu>;z equals
n /
<H ux;,; q oo > _
fo’ OO
=1 n

where p = (p1, - . ., itn,) is the partition defined by i = )\i+(n—1)k—|—a for a positive integer a.

@B ()= - uiQars _ (Wi q)a (ug";q)s,
5. Prove that a [aziwl ur; @)oo/ (x5 q Oo} = ( = .
) ( / <, (@ Qars, (600 (@50,

) € Qu)Eu Fun = %(_1)Aq3 (u9)3 ZC,\BM
' B

(g; )7 (¢ q)s

Exercises on symmetrlc functions 28.05.2024
1—tx;

r k T — r—1,.—
1. Let A'(z;q,t) = A(z; 4, >H1<z<]<n W H1<z<]<n [Iro (A=q"zz; D(—g" i )
for t = ¢*. Prove that '
a) [A'(z;q,t))1 = H:L 5 [Zk}q (or you may just assume this fact in what follows).

k
Z H 1—twa;’ ﬁ 11—t
weG, 1<z<]<n — Tl =2 1—t
¢) en = milA(wsa, ) =TT, [£7]
(@M @)oo (M N L— gtV
d) <P>\7P>\>;'L: T
@ggn (L @)oo (@M1~ 1 1<E<mHl L—ghhmrt

1-14).

1 uq”; q Bikn ¢ Q)a(ug™ = q)
5 .

(¢"*:q)s H (@ @) ki) (43 )
va(q, t) was introduced in Problem 4 of 14.05.2024.



16

n -1 a
(uq®; q A E (qu QQ)k(i—l)(uq ;a)Ai—l—k(n—i)
3. Prove that E Cx =u"q vy(q,t | | , where
()8 ("t q)s )i=1 (" @ atk2n—i-1)

E = —B+ kn(p ) ZZ Ci, and C; = (i — 1)k(k(i — 1) + 1)/2, so that E = 2k2(3) +
b (n(A) +a(3)).
4. Now take a =r + s — 1 and u = ¢'~! in the previous Problem and prove that
FH Ni+7r+Ek(n—i)ly(s+ k(i —1)) Ly — AN +k(j—i+1))
FyNi+r+s+k(2n—i—1)) Lo\ =N+ k(j—1i)

1<i<j<n

where F' = k(n(X) + 3m(n — 1)) + 3k*n(n — 1)(n — 2).
5. Prove that I,/Iy = eu4(P))evi(Py)/ewi(Py), where u = ¢"t" 1 v = " and w =
qr+st2n—2'



