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4 Teopus MoTeHIIAAIA

5 Iumuuaapuydeckue u chpepumieckne (pyHKITAN

Hunujapudeckue u cpepudeckune PyHKIUU €CTECTBEHHBIM 00Pa30M BO3HUKAIOT HPU 110-
IBITKE PEIUTh ypaBHeHue [eabMro/ibia

Au = —)u,

T.€. ypaBHEHHe Ha COOCTBeHHBIC 3HAYCHUS U cOOCTBeHHbIe (DYyHKIMH Ooleparopa Jlamaca,
COOTBETCTBEHHO B KpyTe (pasMepHocTh d = 2) u B mape (d = 3) ¢ HyJIeBbIME TDAHUIHBIMA
YCIOBUAMI.

Urpymeunsiii npumep: orpe3ok (d = 1). Yrobbl JaTh HAISIHOE MPEJCTABICHEE
0 TOM, YTO Mbl COOUpaEMCH JIeJIaTh B PA3MEPHOCTAX 2 U 3, Mbl HAUHEM C “UTPYIHIEYHOTO”
npuMepa B pazMepHocTH d = 1, I7ie aHAJIOTOM Tapa CJIyKUT OTPE30K MPSMOI (CKazKeM,

0, L]).

Omneparop Jlammaca B 0JHOMEPHT — 3TO MPOCTO OMEPATOP B3ATHSI BTOPO MPON3BOIHOI
02. 3a1a4a HAXOK/ICHUH ero COGCTBeHHBIX 3HAYCHUI U COOCTBeHHBIX (DYHKIUN BO3HUKACT
IIPH PellleHnH YPABHEHHS IOMEePEeIHBIX KOJeOAHUN CTPYHBI

2
Ut = C Ugg,

rie v = u(x,t) uMeeT CMBICJ IIONEPEYHOrO CMEINEeHHsl TOYKH T CTPYHBI (KOTOPOe IpPeji-
[OJIAraeTcsl MaJbIM 110 CPDABHEHWIO C JUIMHOW CTPYHBI) B MOMEHT BpeMeHH t. DTO Tak

1



HA3BIBAEMOE BOJIHOBOE YDABHEHHE B OJHOM M3MEDEHHH, O KOTOPOM MbI IOJAPOOHEE MOTO-
BOpUM n037ke. KOHCTAHTA ¢ IMEET CMBICJT CKOPOCTH PACTPOCTPAHEHEsT KOMEOAHUIT BIOIH
CTPYHBI, IIOCKOJBKY 00IIee PeleHne BOJTHOBOTO YPABHEHHS HA BCeil IIPSAMOil, KAK HETDY/I-
HO TIOHSITH, HMEET BUJL

u(z,t) = F(x — ct) + G(z + ct),

rae ' w G — npousBosbhbie (aBaxapl anddepernnpyembie) QYHKINE OJHON MepeMeH-
Hoii. [lepBoe ciaraeMoe mpejcTaBiasgeT coboit BO3IMYIIeHNE, OeryIiee cO CKOPOCThIO € Ha-
MpaBoO ¢ COXpaHeHWeM cBoeil GOpPMBI, a BTOpoe — HAJIeBO, H O0Iee pellleHre — UX Cylep-
nosutnust. Mbl, 0fHAKO, 6y/IeM HHTepecoBaThCs pelneHusMu Ha orpeske [0, L] ¢ HyaeBbMu
rpaununbivu yeaosusivu u(0,t) = u(L,t) = 0 (crpyHa ¢ 3aKkpensieHHbIMEH KOHIAMHE). B
9TOM CJIy4ae pelieHue B BUJE CYNEpPIO3UNU OerymuX BOJH HE TOIUTCS.

MBI BOCTIOJIB3yeMCs METOIOM Pas3/IeIeHnsl MePEMEHHbBIX, KOTOPBIH 3aKII09aeTCa B TOM,
9T00bl ucKaTh perierue B Buje u(x,t) = f(z)g(t), tae f — dyHKIMSI TOABKO OT T, & g —
TOJBKO OT . ITojcTaB/asgsg 9TOT aH3all B BOJHOBOE ypaBHEHHE, Oy1eM UMeTh

fx) 1 g"(1)
flx) 2 g(t)
JleBast qacTh — PYHKIUS TOJBKO OT T W HE 3aBUCUT OT t, paBasi — (OYHKIUS TOJBKO OT

t u He 3apucut or r. CiemoBaTesbHO, 00€ YacTH JOJ:KHBI OBITH PABHBI OJHOI U TOH Ke
KOHCTaHTe, KOTOPYIO MBI 0003HadnM —k:

) 1gn
fw) @ g -

Tem cambiM BMeeM ypaBHeHus Ha DYHKIUU f 1 g:
f'(@) + k2 f(x) =0,

q"(t) + *k*g(t) = 0.

U3 rpannunbix yeaosuit w(0,t) = f(0)g(t) = 0, u(L,t) = f(L)g(t) = 0 BbITEKaeT, YTO
f(0) = f(L) = 0. Jna dyukuun ¢g(t) HUKAKAX JTONOJHATEIBHBIX YCIOBHHA HE BOSHUKAET.
Nrak, HaM HY?KHO PEIIUTDH 33134y

f'(@) + k2 f(x) =0,

T.e. HafiTH 3Hadenud k? IpH KOTOPBIX CYIIECTBYIOT PeNIeHns N HAHTH STH PelleHns. JTo
upocreitmuii npumep 3aaa4u [rypma-JInysusuiss. Takum obpasom, 3a/a4a 0 KoJjiedaHu-
AX CTPYHBI C 3aKPEIJICHHBIMU KOHIOaMM CBeJIaCh K 3a/Ja"e¢ O HaXO0KIACHUN CO6CTB€HHBIX
3HadeHuil u cobcrrennbx GyHKIMil oneparopa 02 Ha OTpPe3Ke.

Jlerko BuzeTh, uro npu k? < 0 mama 3agada He nMeer pemennit. [Ipu k2 > 0 obmee
pemenne ypapaenua f” + k*f = 0 umeeT BH

f(z) = acoskx + bsin k.

W3 rpannunbix yeaosuit a = 0, bsin kL = 0, oTKyma HaXOJIUM BO3MOXKHBIE 3HAUCHUA K:
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) TN 2
Mubr Harmm co6CTBEHHBIE 3HAYEHNS ofepaTopa 05, PaBHBIe _(f) , N € 7, n oTBevaio-
e UM coOCTBeHHbIE (DYyHKIIUH
TN

fn(x) =sin -

Ob6mee pemenne ypasuenns na Gynkuuo g npu k = mn/L umeer Buj

mnct m™nct
+ B, sin 7

gn(t) = A, cos

e Ay, B, — upousBoJibHble KOI(DDUIMEHTHI, TOIA

Un(z,t) = fu(z)gn(t) = (An cos

mnct nx

L )
a O6HI€€ penienrue BOJIHOBOI'O ypaBHEHHA [IJid CTPYHBI € 3aKpeIlJICHHbIMHA KOHIaMH — HMX

CYTIePHO3UIIAS
u(z,t) = up(x, ).
n>1

mnct s
+ B, sin i3 ) sin

CKazKeM HECKOJBKO CJIOB O CMBICJIE TOJSYYEHHOTO permenus u,(x,t). ToxaecTsa maisa
TPUTOHOMETPUIeCKUX (DYyHKINIT TO3BOISIOT IPEACTABATD €T0 B BH/IE

up(x,t) = Cy, cos(wnt — d,) sin sz,

B,
C,=\A2+ B2, §,= arctgA—n, Wy, = ?

Dta popMysia 03HAYAELT, UTO K&%I},ZL&H TOYKA CTPYHBI T COBEPINAET TAPMOHHYECKHE KO-
" . TTXo
JiebaHus ¢ aMILTATYA0 C’n‘sm e

rjie

, 9TO IpeJicTaBageT coboil croguyio BoHy. Bean4an-
HBI W, HA3BIBAIOTCS COOCTBEHHBLIMU YACTOTAME KOJeOAHHI CTPYHbBI, HAMMEHbINAs U3 HUX,
wy = mc/L, — ocHOBHOI TOH.

HaxkoHen, ykazkeMm, KaK M0JIy YeHHOE PEIIEHUE TIO3BOJISAET PEIUTh 33144y C 33 JaHHbIMU
HavaabHbIMu yeaoBusamu u(z, 0) = o(x), uy(z,0) = () (or 91ux QyHKIME MBI TPEOYEM,
a106b1 ©(0) = (L) =0, ¥(0) = (L) = 0). Paznoxum dyukmun ¢, 1 B psiast Pypbe:

o0 L
. TNT 2 . €
ple) = > pasin T, oy = = [Ti()sin 5 d,
= L L Jo L

#@) = S vusin T v, = 7 [ (e sin T e

Torma dhopmyibt
u(z,0) = > A,sin % = (),
n=1

< mne .
ug(z,0) = Z I By, sin A ¥(z)
n=1
MO3BOJIAIOT OTOXKIECTBATH
L
An = Pn, Bn = 7¢na
™e

YTO U peHraeT 3aJa4y C HaYaJbHBIMU YCJIOBUAMMN.



Iunauuapuyeckue dpyHkimm, pyuknuu Beccens. BoJsiHoBoe ypaBHeHHe B JIBYX
U3MEPEHUAX UMeeT BU/IL

Uy = 02(um +uyy), uw=u(z,y,t).

OHO OIMCHIBAELT HOIEPEYHBIC KOTCOAHN ILIOCKONR MeMOpaHbl. Pazmensds nepeMeHnnie, T.e.
nma pemenne B Buge u(z,y,t) = f(z,y)g(t), upuxoaum K ypaBHEHHIO HA COGCTBEHHDIC
3HAUeHHs JBYMEePHOro onepatopa Jlammaca A = 07 + 0

Af+ K f=0.

PacemorpuMm kosebanuss Kpyrioit meMOpanbl pajuyca R ¢ 3akpelieHHOU rpanuneii. B
9TOM CJIydae IPAHHYHBIE YCIOBUS HUMEIOT BUI

f(ﬂfay)’\/mg—ﬂg:R =0,

u f JoszKHa ObITh orpanuyenHoil gyukimeit npu x2 + y? < R2.

st periernst 3a1a9u yJ00HO MepedTH K HOJISPHBIM KOODJIUHATAM L = T COS (, Y =
rsin @ n ncxarh pemenns ypasHenng Af + k?f = 0 MeTomzoM pazaeaeHus HepeMeHHBIX
B Buge f(z,y) = F(r)®(p). Samumem oneparop Jlamiaca B MoJIgpHBIX KOOPIMHATAX:

10, 0 1 92
_100y 10
ror\ or/  r?20p?
[Moncranoska anzana f(x,y) = F(r)®(¢) B ypaBHeHue gaer:
1 (D//
2 2y _ ¥
rgf@vaFwwq__ 5 =M

rae A obsg3aHa ObITH KOHCTAHTOH, T.K. JieBas YacTh 3aBHCHT TOJBKO OT I, a IpaBas —
TOJTBKO OT . OTciofa noJydaeM ypaBHenus Ha dynknun [, ®:

1d, dF A
~—(r— K — 5)F =0,
rdr ( dr ) + ( 7"2)

O + )\ = 0.
OueBugno, dbyukuus ¢ gomkaa 66T nepuoguunoii, (¢ + 27) = P(p), T.e. npes-
CTaBJATHL cOOOH JMHEHyI0 KOMOMHAIMIO (PYHKIUN sinnx, cosnr ¢ nejJsiM n. OrTcioaa

MBI 3aKTI09aeM, 9T0 A = n?, n € Z. BBend HOByI0 mepeMeHHYIO0 T = kr W OYHKINIO
y(z) = F(r) = F(x/k), tax uro F' = ky', 3anumem nepsoe ypaBHeHHE B BUJIE

2

R A T L

22
nJjn
B wactaoctu, eciim @ = const, To n = 0, ¥ MBI UMeeM ypaBHEHHUE
/" ]‘ /
Yy +-y+y=0.
x
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B 6oJtee ob1iem cirydae paccMaTpuBalOT ypaBHEHHE, B KOTOPOM 1 = I He 00s3aTeIbHO

meJjoe:
2

y”+iy'+(1—;)y—0.

D10 ypaBHEHUE HA3BIBALTC s ypaBHeHneM bBeccestst. Ero pentenust (He paBHbIe TOXK I€CTBEH-
HO HYJIIO) HA3BIBAIOTCS IIUTHHAPAICCKUMI DYHKIUAME. [IPSMOil OICTAHOBKON HETPYIHO
MIPOBEPUTH, YTO OJIHO U3 PEIICHUN JTaeTCd PsjioM

. > (—1)k TN 2k+v
@) = kz:% FIT(k+v+1) G

I[To npusHaky laimambepa psiji CXOAUTCS OpH BCeX * U 3a1aer hyHKIuio J,(x), KoTopas
Ha3bIBaeTcsa GyHKOHei Beccensa mopsaaka v.

Hanomuum onpenenenue u ocuoBabie cBoMicTBa I'-pynkimu, Bxogsiieilt B k0dapdumen sl psijia
mra dyukimun Beccest:

I'(z) = /oO e 't at,
0
I(z+1)=2l(z), T(n+1)=nlupuneZy, T(1/2)=+ /7.

Oyuxmua ['(x) perymspra npu £ > 0 m mMeeT moJIOCH TEPBOrO MOPSIAKA MPU T = —N, N =
0,1,2,...

Oyuknun Beccesist ¢ MOIYIEAbIM I BhIPazKaloTcs depes sjieMentapubie hyuknuu. Hampu-

Mep:
J \/ 2 = | = ging,
1/2 T k 0 2k+ T
|2 [ 2
J_1/2 3:2’“ =4/ — coszx.
X k i T

Ecisin v ne gBaseTcst MEabIM 9HCIOM, J_,,(x) €cTh BTOPOE JTHHEITHO-He3aBUCHMOE DerieHne
ypasuenud beccensi. Eciu v = n € Z, 10 JIerko BHIAETH, 9YTO

Jon(2) = (=1)"Ju(2),

ﬁ

r.e. dyukuun J_,(z) u J,(r) auneiino 3aBucuMbl. B rOM Ciydae BTOpoe JIMHEHHO-
HE3aBUCUMOE pelleHne He orpanudeno npu x — 0. IIpusenem Ge3 gokaszaTenbCTBa BhIpa-
Kenue st acamntotuku dbynknun Beccens mpu x — 400:

2 T T »
Jy(r) = \/% cos(x —5 Z) + O(z7%/?).

Bosppamasich K Hareit 3ajade Ha coOCTBEHHBIE 3HAYCHUS, IUIIEM pelIeHUue ypaBHe-
HUS

1
1/ /
Y +;?J +(1—?)y—0
B BUJE
y(z) = Jo(x).

Hanoxenne rpannanoro yciaosust y(kR) = 0 npuBoauT K 3a1a4e¢ 0 HAXOXKJICHHU HYy-
Jieit pynknun bBeccens Ha MOMOXKUTEIHHON YaCTH BEIECTBEHHOW OCH, T.e. K PEIIeHUIO



ypasrenus J, (1) = 0. Kopuu sroro ypasuenns p\” < pd” < p{” < ... asasiores

TPaHCIEeHIeHTHBIME. VX 6eCKOHEeYHO MHOTO, 1 uﬁr’f) — 00 Ipu M — 00. Tem camMbIM 7714
COOCTBEHHBIX 3HAYEHUN JBYMEPHOTO oreparopa Jlamiaca nmeem

or

R

a coocreennas pyHKIus gaerca GopMyJIoii Jn< )q)n(cp), rae O, () — uneiinas Kom-

ounanusg (PyHKIMA COSNY U Sin nep.

Apyrue nnanaapuyueckue pyukiuu. Hapsny ¢ dyukinusamu Beccesst 6oJ1bImoe 3Ha-
JeHne NI IPHJIOKEeHHH NMET W Ipyrue MuInHIpudecKne byHKimu. [IpuBenem ompe-
JleJIEHEe HEKOTOPBIX U3 HUX.

®ynkuuga Heiimana N, (z) onpenensierca dbopmyaamu

N,(z) = ! (J,,(m) COS TV — J,l,(x)), v ¢,

sin v

, nezw.

v=n

QyHKIUN XaHKeJIS MepBOro W BTOPOTO Pojia Ompe/Iessaercss hopMyaaMu

HV(x) = J,(x) +iN, (),

v

H®(x) = J,(x) —iN,(z).

v

Acumnroruka dyuknun Heltmana npu © — 400 numeer Bu

2 2y _
N,(z) = \/% sm(a: -5 - Z) + O(z73/?).

N3 cpaBuenus ¢ anajgorundnoii popmysioit g GyHkiun Beccens BuaHO, 9TO DyHKINAA
Beccena amanornyna xocunycy, a dbyaknus Heftmana — cuHycy, B TO BpeMs KakK (pyHK-
nun XaHKeIsd aHAJOTHIHBI SKCIOHEHTAM OT MHEMOTO apryMeHTa Tuia e®?. OaHaxo, B
OTIMYHNE OT TPUTOHOMETPUUIECKUX (PYHKIIUNA MHOTHE TIHHAPUIecKre (PYHKIIUN HeOoTPa-
Hu4eHHo Bo3pacrtaioT npu r — +0. Hanpumep, jmaupyiomas acuMITOTHKA (DyHKIHH

No(z) mpu @ — 40 TakoBa: No(z) = —logx + . ... IMeroTcst TaKzKe aHATIOTH SKCIOHEHTHI
m

+z

OT JIEHCTBUTEILHOTO aprymMenTa e** — muannapudeckue (OyHKIUN MHUMOIO apryMeHTa

I,(x) nu K,(z).

Cdepuueckue pyukmuu. Cheprudeckne hyHKIUA BO3HUKAIOT MPU PEIIEHUH 33,1a91
Ha cOOCTBEeHHbIC 3HadeHHs Jjid omeparopa Jlammaca A = 92 + 85 + 0? B TpexmepHOM
mape:

Au + k*u =0, u=u(z,y,z2)

¢ ycaosuem u = () Ha rpanure mapa pajauyca R. EcrecrBenno nepeiitu K chepmiaeckum
koopauHaTaM 1,6, 1o dopmysam x = rsinfcosy, x = rsinfsing, z = rcosf (0



MeHsteTcst B mpomekyTke ot 0 mo 7, a ¢ — ot 0 1o 27). Oneparop Jlamnaca B chepudecknx
KOOpAWHATAaX IMPpUHUMAECT BHU/

10,,0\ 1
A= g () F e
e
_ Lﬁ(smgﬁ) L1
%™ §ing oo 907 " sin?0 9?2

Paznenenue nepemennnix u(r, 0, ) = f(r)v(0, ¢) naer coornomenne

(T.Qf/)/ + k27‘2f AWPU
= = = M,
f v
B KOTOPOM JieBad YaCTb 3aBHCHUT TOJILKO OT 7, a IpaBagd TOJBKO OT YIVIOBBIX KOOpAHU-

Hat 0, ¢, u moromy 06e OHHU JIOJI?KHBI ObITh PABHBI HEKOTOPOH KOHCTAHTE, KOTOPYIO MBI
obozuauman depe3 . OTciona mosydaeM ypaBHEHUsT

1 M
Ly + (- £) =0 caomen () =0,
Ag#ﬂ) + MU = 0.

Paccmorpum mepsoe ypasnenue. [Ipeamonoxkum, aro k # 0 m caenaeM B IIepBOM
YPABHEHUW 3aMEHY MePEMEHHBIX

r=kr,  yla)= Vi fla/k),

TOr'la 9TO YpaBHEHUE IPUHUMAET BU

1
1 [t
" /
Yy + -y +(1— 24) =0,

i i
YTO €CTb HU YTO MHOE, KaK YpaBHCHUEC BeCCeJIH7 TaK 49TO €ro peleHudaAMn ABJIAI0TCA KaKHe-
TO TUJHUHAPUYIECCKHUE beHKI_[I/II/I HO MbI IIOKa HE€ MOXKEM CKa3aThb, KaKHe HMEHHO, T.K. HE
3Ha€eM, KaKHue 3HadYeHHud MO2KET IIPDUHUMATDL U.

JI1s1 BBISICHEHHS 9TOrO BOIPOCA HAJI0 PACCMOTPETh BTOPOe YPABHEHHE, B KOTOPOEe BXO-
JIAT TO Ke camoe (1. Ero pemmenne — dynkuus v(6, @) — 101KHO OBITH PErYJISIPHO MPH BCEX
0 < 0 < 7 u nepuognuno ¢ nepuojgom 2m: v(6, ¢ + 27) = v(6, p). DTu TpeboBaHusg U Ja-
10T OrPAHMYEHHs HA BO3MOXKHBIE 3HAUEHUs (. ByjieM peniarb Bropoe ypaBHEHHE TeM XKe
MeTOJIOM Da3/eseHns epeMeHHbIX, mpecTaBus perenne B Buje v(6, ) = P(cos )P (),
qTO 1T

sin 6% (sin 0 W) + psin? O P(cos 0) ()
P(cos0) O B(p)

= mQ’

OTKY/Ja MOJIy4aeM YPaBHEHHUS

1 d,. ~dP(cosb) m?
- 22 AR _ " \p _
a0 g ) + (1= ) Pleost) =,

() +m*@(p) = 0.



Bropoe ypaBHeHHe MMeeT MepuojnydecKue pelieHus TOabKo ecan m € Z: ®(p) = e™?.
PaccMoTpuM neproe ypaBHEHHUE U ¢IeIaeM B HeM 3ameny ¢ = cosf, t € [—1, 1], Torma ono
IIpUMeT BU/L

d dpP m2
-] - _ 41 uP=0
dt[( )dt} g T
nJjin 9
(1—t2)P”—2tP’—1mt2P+MP:0.

Creytoree mpocToe HAOIIOAeHIE MTO3BOIAET CBECTH aHAJIN3 STOTO YPABHEHHS K CJIyYai0

m = 0. lIpousBenga 3ameny
P(t) = (1 £2)"/p(t),

MOy YuM Jijist (PYHKITUN p(t) ypaBHeHue
(1= #)p" = 2(m + 1)tp' + (u —m(m +1))p = 0.

IIponuddepennnposas ypasrerne ¢ m = 0 m pa3, notyanM s dyakmun P (t) =
07" P(t) To ke camoe ypaBHeHHe, 9TO Mbl BeiBesin st p(t). Orciona mesaeM BBIBOJ, 9TO
pemrenue ypasaenns ¢ m # 0, koropoe Mbl 0603HaunM P™(t), ceazano ¢ pemrenuem PO(t)
ypasuenus ¢ m = 0 ¢popmyJioit

mipy 2ymj2 A" ()
P™(t) = (1 —t3)™/ e

Y4auTeBasg CKa3aHHOE, COCPEIOTOUYNMCS Ha YpaBHEHUN
(1—t)P" —2tP' + uP = 0.

Mbl 10JI2KHBI BBISICHUTH, TPH KaKUX 3HAYEHUSIX [l Y HEr0 €CThb PeIeHHs], PeryjsipHble
na orpeske [—1,1]. TIpm 3tom 1 w —1 aBAAIOTCA OCOOBIMH TOYKAMH ITOTO yPABHEHUS
(mockobKy Ko3hMbUIHEHT TP cTapineil MPOM3BOAHON B 9TUX TOYKaxX obparmaercs B (),
U CYIIeCTBOBAHHE PETYJISPHBIX pelleHuii Ha BceM orpeske [—1, 1] He oueBugHO U TpebyeT
uccnenosanus. Hopmupyem pemtenust yenosueM P(1) = 1 u GygeM uckaTh pelieHus B
OKPECTHOCTH TOYKH 1 B BUJE Psjia Mo creneHdaMm s =t — 1:

P(l+s)=1+) as".

k>1

[Ipsimast mMo/ICTAaHOBKA 3TOTO Psifia B YpaBHEHUE JIAET PEKYPPEHTHOE COOTHOIIEHUE st

K03 DUITHUEHTOB Qv

p—k(k+1)
2(k+1)

¢ “HadaJbHBIM yeaoBueM” 2aq = u. B cayuae ecin o # k(k+1) npu kakom-u6o nesom k,
BCe KOI(DDUIMEHTHI Psijla HEHYJIEBbIe, U 110 (hopMyJie JJIsl PAJIUyCa CXOAUMOCTH HAXOIUM,
9TO OH paBeH 2. DTO O3HAYAET, YTO B TOUKe —1 (KOTOpasi Kak pa3 HAXOJMTCS Ha PACCTO-
STHUW 2 OT TOYKH 1) PeryasipHOCTD PellleHns MOKeT HapymaThes. B cayuae = n(n+1)
npu n € N psan oOpblBaeTcd Ha N-M YjeHe W PelleHre IpeJcTaBIdeT cOOOH MOJTUHOM
crertenu n. CTporoe 10Ka3aTeILCTBO TOTO, YTO MPH APYTUX 3HAYCHUSX [t OTPAHUIECHHBIX
¥ KBa/[PATHYHO MHTEIPUPYEMBIX DellleHuil Her, MOKHO HaiiTu B Kuure |9]. lrak, Mbl Bbi-
sacamau, 9o npu 4 = n(n + 1), n € N, y manero ypaBHeHusi €CTh PEryagpHOe PEIeHne
P,(t), npeacrasiisitoniee cobGOH TOJMHOM.

Qg1 = (6773



Sanumiem ypaBHEeHIE B BHJIE
(1—t)P" —2tP, +n(n+1)P, =0, n=0,1,2....

Ero peryasipuoe pemenue P, (t) siBisieTcsi MOJMHOMOM CTEIEHH 7, KOTOPbIii HA3BIBAETCSI
noauromom Jlescandpa. st mosmnomos Jlexanpa cymecrsyer sisaast bopmyaa (bop-
mysia Poppura):

1 d°
©2npl din
HopmupoBouHblii MHOKHTE b BbiOpan Tak, uro P,(1) = 1. Bor HecKobKO nepBbIxX mo-
JuHOMOB Jlexkanmpa:

P,(t) (t* —1)™

Pt)=1, P(t)=t, PRt)= 2# _

13 Gopmysbl Pogpura ouesuno, uro P,(—t) = (—1)"P,(t).

QyuKIUn
dm
PM(t) = (1 —t2)™2—— P,(t
(1) = (1= )22 Pu)
VAOBJIETBOPAIOT YPaBHEHUIO
m2
(1 —3)(P™)" — 2t(P™) — T—7# P"+n(n+1)P =0

1 HA3BIBAIOTCS NpucoeduHertbmu Gyrryuamu Jleocanopa.

Nrak, Mbl HAILIM peIleHns ypaBHEHUS HA COOCTBEHHBbIC 3HAYEHHS YIJIOBOW YacTh
oneparopa Jlamraca

Npv+nn+1v=0 n=0,12,...
B Pa3/leJIEHHBIX TTePEeMEeHHBIX:
v(0,p) = Y™, p) = P™(cos0)e™?, n=0,1,..., m=0,%1,..., %n.

Oyukuun Y, (0, @) HasbBaOTCH chepuneckumu GyHKUUAMU.

Tenepp BepHeMcs K ypaBHeHHIO Beccesid Ha pajuajibHYIO 9acTh COOCTBEHHOM (DyHK-
MU TPEXMEPHOro orneparopa Jlamnaca, koropoe nipu i = n(n + 1) npumer Bu

1
y//+y/+<1_ -
T Xz

Orcrona cienyer, 9T0 pajnaabHas 9acTh COOCTBEHHON (DYHKIINN BRIPA3UTCS depe3 (hyHK-
o Beccend ¢ mOMyneapiM WHIEKCOM:
1
fr) = —=Jpa(
+7
Vkr 2

U HPUHAJJIEZKUT KJIACCY JI€MEHTAPHbIX (PyHKIH.

kr)

Haxkomnen, obcyaum ciyuait k = 0, Koryia ucxojnasi 3a/1a4a CBOJIMTCA K HAXOZKJICHUIO
rapMOHUYECKUX (DYHKIIMI B TPOCTPAHCTBE U NPH HAJTOKEHUH HYJI€BOI'O IPAHUYHOTO yCJIO-
Bus Ha cepe pagmyca R uMeer TOJIHKO TpUBHAIbHOE pertenne. [loaromy npu k = 0 Ha 10



oTkazarbesa oT 3roro yeaosusa. Ipu k = 0 u = n(n + 1) ypaBuenne na pajunanabHyO
YaCThb NMPpUHUMaACT BU

7+ 2 ) - " pe) o,

r

Y Hero ecTh ABa JuHEHHO-He3aBUCUMBIX permenus: f(r) = 7" u f(r) = r~"'. Crenosa-
TEJILHO, YACTHBIMU DENICHUSIME Y paBHeHusl Jlamnaaca B IPOCTPAHCTBE SIBISIIOTCST (DYHKIHH

Y ™0, 0) wu r’”’lY,f” 0, ).

FapMonmyeckast pyHKIUS OOIIETO BUIA TPEJCTABISIETC KaK JUHEHHAST KOMOMHAIINS ITUX
dyuknuit. Harpumep, B TakoM Brjte MOXKHO UCKATh pernterune 3aaadu Jlupuxie. Ormernm,
aro dpyuknusg r"Y" (0, p) npeacraBiser coboii rapMOHUYECKUIT OHOPOIHBIA TIOJUHOM OT
Z,Y, Z CTETIeHH M.
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