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1. à) Ïðîâåðüòå, ÷òî îïåðàòîð Ëàïëàñà íà ïëîñêîñòè ∆ = ∂2
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ïîëÿðíûõ êîîðäèíàòàõ (r, φ) (x = r cosφ, y = r sinφ) èìååò âèä
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á) Ïðîâåðüòå, ÷òî îïåðàòîð Ëàïëàñà â ïðîñòðàíñòâå ∆ = ∂2
x+∂2

y +∂2
z

â ñôåðè÷åñêèõ êîîðäèíàòàõ (r, θ, φ) (x = r sin θ cosφ, x = r sin θ sinφ,
z = r cos θ) èìååò âèä

∆ =
1

r2
∂

∂r

(
r2

∂

∂r

)
+

1

r2
∆θ,φ,

ãäå

∆θ,φ =
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂φ2
.

2. Äîêàæèòå ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ ôóíêöèé Áåññåëÿ:

Jν+1(x) + Jν−1(x) =
2ν

x
Jν(x),

Jν+1(x)− Jν−1(x) = −2J ′
ν(x).

3. Äîêàæèòå òîæäåñòâà (m = 0, 1, 2, . . .)
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4. Äîêàæèòå èíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ ôóíêöèè Áåññåëÿ

Jn(x) =
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∫ π
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e−ix sinφ+inφ dφ, n ∈ Z.

5. Âû÷èñëèòå èíòåãðàëû

à)

∫ ∞

0
e−axJ0(x)dx, a > 0; á)

∫ ∞

0
e−ax2

xν+1Jν(x)dx, a > 0, ν ≥ 0.

6. Íàéäèòå ãëàâíûé ÷ëåí àñèìïòîòèêè ôóíêöèé Íåéìàíà N0(x) è

N1(x) ïðè x → +0.


