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6 YpaBHeHUE TENJONPOBOJHOCTHU

VpaBHEHHE TEIIONPOBOJHOCTH B d-MEPHOM IPOCTPAHCTBE NMEET BHI
d
_ _ 2
du=A~A0Au, A=) 0.
i=1

B gacTHOCTH, B OIHOM M3MEPEHUN HMeeM ypaBHEHHE
Ut = Ugy-

[TepeMenHas ¢ MHTEPOPETHPYETCS KAK BPEMs, a OCTAJbHbIE HepeMEHHBIE — MPOCTPaH-
CTBEHHbIE JIEKAPTOBBI KOOPMHATHI. Y PABHEHUE TEILIOIPOBOJAHOCTH OIIMCHIBAET TAKUE Pa3-
Hble (U3MIECKHe TPOIECChl, KakK DAaCHpoCTpaHeHne Temia B rete (mpu stom u(x,t) —
TeMIiepaTypa B TOUYKe T B MOMEeHT BpemeHw t), muddy3ust (Ipn 9TOM u — KOHIEHTpa-
st 1 dyHIUPYIONIEro BelecTsa), caydaiinsie 6uyzxaanus (torga u(x,t) umeer CMbICT
IJIOTHOCTH BEPOATHOCTH OOHAPYZKEHUs CJIyYaliHOro OGJIyKAaTeasd B TOYKE T B MOMEHT
Bpemenn t). lMest B BUjly Bropoe M3 9THX IIPUJIOKEHUTl, yPABHEHHE TEILIONPOBOJIHOCTH
4aCcTO HA3BIBAIOT ypaBHeHueM auddy3un.



DBpuctuydeckuii BbIBOJ, ypaBHeHud nuddy3un. [logcnum, kak nogydaercd ypas-
Henne audPy3un, OrpaHUdUBINNCH CJIYYaeM OJHOTO H3MepeHwusi. PaccMOTpuM cHadaJa
OJIHY YaCTHILy, KOTOpas OJy’KJaeT MO pelleTKe, COCTOAIIeld U3 TOUeK ¢ KOODJIWHATAMU
0,=%h,+2h,... B auckperaom Bpemenu t = 0,7, 27, . ... [Ipeamnosoxxum, 910 ecau B Mo-
MEHT BPEMEHU NT YACTHIA HAXOIUIACH B TOYKE jh, TO B CACAYIONUN MOMEHT BPEMEHU
(n 4+ 1)7 ona MoxKeT ¢ PaBHOI BEPOATHOCTHIO OKA3aThCst b0 B Touke (j — 1)h, mubo B
rouke (j + 1)h. Tenepb npeanooxKum, 9T0 UMEETC MHOTO TAKUX YACTHIL, U [OBEICHUE
KaKJI0ifl He 3aBUCHT OT ee IpPeJIlecTBYIONIEro MOBeJeHNs U OT IOBeJIeHUs OCTATbHBIX.
[Ipm sTOM MycTh B OJHOM TOUKE PENTeTKH MOYKET HAXOIUTHCA OJHOBPEMEHHO MHOTO Ya-
cTuI (U1 HATVISIIHOCTH STH TOYKU MOYKHO TIPEJICTABISThH cebe KAK MaJeHbKHe KIeTKH,
BMEIIAOIINE He OJHY YaCTHILY). DTa MOJEIb MPeJCTaBIgeT cODOM MIPOCTERIITYI0 MO/IEIb
nporecca auddy3un BeIecTBa, COCTOANEro U3 TUX IacTHIL.

JlomycTnM, 9TO B HEKOTODBIII MOMEHT BPEMEeHH NT 9YnCaA0 JacTur [V (nT) B KaxK IO
u3 Touek jh Benuko. Torma oYeBHIHO, YTO B CJAEAYIONINIT MOMEHT BPEMEHH MPUMEDPHO
HOJIOBUHA BCEX YACTHII, HAXOJSIIUXCS B TOUKe jh, mepeijier Ha miar BIeBo B TOUKY (J —
1)h, a apyras noJioBUHA — Ha IIAar BOPaBo B TOYKY (j + 1)h, mpudem 310 yTBEpXKIeHHe
TeM TOYHee, 4eM OOoJibllle YHUCJIO Nj(TlT). [Ipumem, 4TO ITOT 3aKOH $BJILETCH TOYHBIM;
TOT/Ia CPa3y MPHUIEM K OYEeBUHOMY COOTHOIIEHUIO

Ny((n + 1)7) = ;(Nj_l(m') T Nyr(n7))).

B camoMm gene, B CJeyonmii MOMEHT BPEMeHH B JII00YI0 TOUKY jh IPUAET IOJOBHHA, BCEX
YaCTHUIl, HAXOJAUBIIUXCA B IIPEJBIIYMIAN MOMEHT B OJIMzKAMIIel TOUKe CJIeBa, U MOJOBHHA,
BCEX YACTHI, HAXOAUBINUXCA B OMMKAIIeil TOUKe copaBa, a BCe JACTHIBI, H3HAYAIHLHO
HAXOIMBINKECS B ToUKe jh, yitayT u3 Hee. Tenepb obo3uauum x = jh, t = nT 1 paccMoT-
puM N(z,t) = N;(nT). Dra BequdnHa numeer CMbIC KOHIeHTpanuu AuddyHIupyoIero
BEIeCTBa B TOUKE ' B MOMEHT Bpemenu t. Haire cooTHOImEeHe MOKHO IIepenucarTh B BHJIE
N(x,t+71)— N(z,7) N(x —h,t) —2N(z,t) + N(z + h,t) h?

T h? ’ 2T

[Iepexons K HempepuiBHOMY mpejaeny h — 0, 7 — 0, Tak 91006l [ 0CTaJIOCHh KOHEUHBIM
U HEHYJIEBBIM, HOJIy4aeM jiuddepeHiuaibioe ypaBHeHue

O;N(x,t) = DO’ N (,1),

KOTOpOe U TpejcTaBasgeT coboit ypasuenne nuddysun. Kospdbunuent D, KoTophlit 6e3
OrpaHUYeHns OOIIHOCTH MOXKHO TOJOKUTH PABHBIM 1 (JOOHBIIHCH 3TOrO PACTAKEHHEM
BpeMeHH ), Ha3biBaeTcs Kodhdurmentom nuddysnm.

Hamre paccyxkaenune HeTpyaHO 000OINTH HA JIFOOOE YMCJIO MPOCTPAHCTBEHHBIX W3-
MepeHuii. Hanmpumep, OIpuHSB, 9TO YaCTHNBI HA ILJIOCKOCTH MOTYT IPBIFATh II0 TOYKAM
KBaIPAaTHOH PEIIeTKH ¢ PAaBHOH BEPOATHOCTHIO Ha IIar BJEBO, BIPAaBO, BBEPX M BHU3,
IpHIEM K YpaBHeHHUIO TudDY3Un ¢ IByMEpPHBIM onepaTopoM Jlamiaca B mpaBoii 4acTu.

YpaBHEHHE TEMJIOIPOBOAHOCT Ha OeckoHeuyHOil mpamoii. Hekoropoie obimue
CBOMCTBA peIIeHUuN YypaBHEeHUd TeIJIOIIPOBOIHOCTU Ha IPAMOM,

U = Ugg,



MOKHO BBIBECTH M3 CaMOI'0 ypaBHEHHsd, jake He pernras ero. Hampumep, mHTErpupoBa-
HUEM II0 YaCTAIM JIETKO YCTAHOBUTH, 9TO

d [ d [
%/_Oo u(z, t)de = %/—oo zu(z,t)dr =0,
dt/ u(z, t) x—2/

OTKY/Ia CJIeAyeT, 9TO BTOPOif MOMEHT / T u(x, t)dx MeHsieTcst BO BpEMEHH 110 JINHEHHO-
— 00

My 3aKOHY.
Paccmorpum 3agay Komw /i ypaBHEHHS TEILIONPOBOJIHOCTH:
Up = Uz, u(x,0) =wug(z), t>0.

HacTHoe perieHre WIIEM METONOM pasjeseHus mepemeHHbix: u(x,t) = f(x)g(t). dns
dbynknmii f, g moayyaem ypaBHeHHs

f"+kf =0,
g +k*g=0,
OTKY/Ja HaXOJAUM YaCTHBbI€ pEIICHHA
up(z,t) = A(k)e Ftike,
Oo0r1rtee perieHne — WX HEMPEPBIBHAS CYEPIO3UIINST

u(z,t) = /'OO A(k)e ke g,

—0o0

[Tpu t = 0 umeem npejcraBienue GyHKIUU ug(xr) B Bujge uHTerpaia Oypoe:

wole) = [ T Ak)e*dk.

—00
[Moacrasass B dhopmyay st u(z,t) obparnoe npeobpasosanue Pypbe,

- —ikz g
5 /_oo uo(z)e T,

() = — / < / oKk fdk) o()de.

Buyrpennuit uurerpas MOXKHO BbIYUC/IUTD:

2 J- Nz

A(k) =

HaXO/IUM:

Bresem ¢pynkiumio




TOLIA,

(0 — 02)Go(x, & 1) = 6(t)o(x — &),

tak uro Go(z,&;t) saisierca dyukuueir ['puna ypasHerust Teronposognoctu. OHa ere
Ha3bIBAETCA TEIJIOBBIM siIpoM. Yepe3 Hee BbIparkaeTcs pelenne 3amadu Korm:

ulat) = [ Gola, & t)uol€)ee.

@Oynxnua ['puna mo3poger Tak:Ke pelluTh HeOJAHOPOJIHOE yPABHCHHE
U = Ugy + f(x,1).

Pemenne, pasuoe nysio npu t = 0, numeer Bu/I
t [e%¢)
U(l‘7 t) = / / GO(£7 §7t - T)f(gu T)dde
0 J—

B nuddysuonnoit uarepuperamun dbusndeckuii cMmpbica dyuknuu 'puna Go(z, §;t)
TAKOB: OHA pPaBHA KOHIEHTpaIuu MM YHAUPYIONEro BEImEecTBa B TOYKE T B MOMEHT
Bpemenu ¢t > (), ecotm npu ¢t = 0 Bce BemecTBO OBLIO cocpenoTodero B Touke &. Tor dakr,
aro Go(x,&;t) > 0 cpasy Ha Bceil npsiMoil IpH JIOBIX CKOJIb YIOJIHO MAJIBIX HOJIOKUTE b
HBIX 3HAUEHUAX t O3HAYaeT, uTo Auddy3ust (WM pacupocTpaHeHne Telia) MPOHCXOIUT
¢ OeCKOHEYHOI CKOPOCThIO, UTO (PU3UIECKH HEBO3MOXKHO. beckoHeuHast cKOpocTh gud-
¢y3un B Hamieir MOJEN SBJISETCS CJIeICTBHEM uiaeasm3amnun nponecca. Hedopmasbaoe
00CyzK/TeHne peleHnii ypaBHeHNs TeIIOMPOBOJIHOCTH U UX (PU3NIECKOTO CMBICIA MOZKHO
Haiitn B kHure [10].

ypaBHeHI/Ie TEIIJIOIIPOBOAHOCTHU Ha OTpPE3Ke. PaCCMOTpI/IM Tenepb 3a/a41y Ha OT-
pe3Ke [O, L] C HYJIEBBIMU I'DaHUYHBIMHU YCJIOBUAMHI Ha KOHIIAX!:

Up = Ugy, w(0,t) =u(Ll,t) =0, u(x,0)=uy(z).

Pazesienne mepeMeHHBIX HPOXOJAUT TAK K€, KAK U B CJIydae MPsMOil, HO Telnepb BO3-
MoxkHbIe 3Hauenus k kpanryworcs: k = k, = mn/L, n € N. Hacrnoe pemenne mveer
BUT

n(2,1) = Cpe” (T sin LZI

a obimee —

u(z,t) =) Cre B sin %
n=1

¢ npousBobHbiMu KoHCTanTamu Cy,. [Tonoxkus t = 0, Bugum, aro O, — K03duImenTsl
paznoxenus Gynkuun ug(z) B psag Pypoe:

9 L
C”:Z./o uo(f)sinmggdg.

. Tné
Ormernm, uto GasucHble (DYHKINH Sil —— OPTOrOHAIBHBL Ha oTpeske [0, L]:
L

/‘L . mé . 7rm§d L(S
sin —= sin ——dz = — dn-
0 L L 2

4



[ToncraBus Beipaxkerune misg C, B GHOpMyIy s OOMIETO PEIIeHus, MOJIYYUM DEIeHue
3amaun Komu B Brje

L
u(et) = [ Gl & uo(E)de.
rme
2

G(z,&t) = 7

© 7rn)2t Wné- t > O
z:: sm L S 7 .

Do ecth yHknua ['puHa 3ama4um Ha OTpe3ke (TemnoBoe siipo). BeckoreuHyo cymmy
MOYKHO BBIYUCJIUTH SIBHO, BHIPA3UB Yepe3 TaTa-pyHKIuu Axodu.

3agada B JIByX M3MePEHUAX. Y paBHEHUE TEILIONPOBOIHOCTH UMeeT BH]L
Up = Ugg T Uyy-

Bce ouenpb noxozke na ojgnomMepubiii cirydaii. @yukius ['puna na 6eCKOHEYHOH 11JIOCKOCTH
uMeeT BU,

0(t) _1z=c?
GO(ng;t):élnge &,

Ormerum, 9To 31a PopMy/Ia Jerko 06odIaeTcss Ha J00YI0 Pa3MepHOCTH d:

0(t) \512f2|2
@ty |

Pemenne 3aaun Kormn Ha m10CKOCTH 3aUChiBaeTCs ¢ MOMOIIBIO (pynkmnuu ['puna ana-
JIOTHYHO OJTHOMEDHOMY CJIYYAl0:

Go(xl, T2, t)

u(z,t) = /C Go(z, ¢ o (C)dC.

Paccvorpum Temeps 3a/1avy B KOMITAKTHO# CBA3HO 1 0IHOCBSI3HON obtactu D ¢ Tiai-
KO TpaHureil ¢ ycjoBueM u o = 0. Tlycrb 1, (z) — OpTOHOPMUPOBAHHBIE COOCTBEHHBIE
dyuknuu oneparopa Jlamraca B D, paBubie Hy/I0 HA IpaHuUIE, ¢ COOCTBEHHBIMU 3HAYE-
ausmu — A, < 0: Ay, + A, =0, ¥, op = 0. OHHu yI0OBIETBOPSIIOT YCJAOBUSIM OPTOHOPMHU-
POBAHHOCTHU

/Dwn(z)wm<z)d22 = 6mn
" 1HOJIHOTBI

®ynkuua ['puHa (TemioBoe siIpo) uveer BHL

G(z, ¢ t) = }:5*%% ) (C), t>0.

D10 s1po oneparopa e

= [ GG.G0fQd



JHeiicrBurebuo, pasaoxum GyHKIuo f 10 cobcreenubim dyHkiuam: f(z Z Cnthn (2

TOTIa,

> [ GG G07Qeun(Qd¢ = % [ cntn(Dem(Qun(Od
=Y e e, (z) = e f(2).

TemtoBoe AOAPO dBJIACTCA d)YH,HaMeHTaIIbHI)IM peneHneM ypaBHEHHA TEILJIOIIPOBOAHOCTH
BDc HYJIEBbIMU I'DaAaHUYIHBIMHA YCJIOBUAMMN. Ecim nanucars

Gz, ¢t) =0t Ze 4 (2)n(C),

OyaeM UMeThb

(00 = A2)G(z,¢5t) = 6(1)d(z = Q).

BasKHy10 pOJIb UI'DAET 3HAYEHHUE TEILIOBOrO s/pa Ha AuaroHamu (2 = () U MHTerpa
/ G(z, z;t)d*z = tre®
D

KOTOPBIH HMeeT CMBICT ciiea oneparopa /. Bo/bInoii nHTEpeC IpeicTaBisier pasJio-
xKenne tret® mpu ¢ — +0 no cremensm t. OrvernM, 4To 3 UMIECKUX COOOPaZKEHUI
CJIeYeT, ITO

G<27C;t) S GO(Z7C;t>7

W Ha MaJbIX BpEeMeHax ¢
G(z,(;t) = Go(z, (;t) + manbie nonpaskm,

€CJT TOYKH 2, ( HE CJAUMIKOM OJIU3KH K IPAHUIE. DTO PABEHCTBO CJIEAYeT U3 TOrO, 9TO HA
MaJIBIX BpeMeHax CrycToK AupdyHIUPYIONEro BemecTBa B TOUKe ( ele He yCmeeT Kak
cJiesryer “movyBCTBOBATH MPUCYTCTBUE TPAHUIIBI, HAXOISAIIEHCS OT Hero jajieko. M3 srux
CcOOOpazKeHU MbI MOXKEM €pa3y HAIHCATh JIMJIUPYIONUH WIEeH aCUHMITOTHKH TEILJIOBOTO
sanapa npu t — +0:
G(z,z;t) =

Tt + MeHee cUHTYJgpHbIe Yienbl, © — +0.
mt

Pasymeercst, G(z, z;t) nomkHa obpamarbea B 0 HA TPAHUIE, TOITOMY 3T ACUMITOTHKA,
Tpebyer kKoMMeHTapueB. OHa mepectaeT ObITh BEPHOIL, €C/TH TOYKA 2 CTPEMUTCH K TDAHUIIE
onHoBpeMeHHO ¢ t — +0. Touree, mycTh TOYKa 2z 6IM3Ka K IPAHUIE, U § — PACCTOSHUE OT
Hee [0 TPAHHIIB, TOTA YKA3AMHAS aCHMITOTHKA CIIpaBeIInBa Ha BpeMenax 0 < t < CvV/§
¢ nekotopoit koucrauroii C nopsinka 1. Tlosromy npenensnoe snauenne G(z, z; t) 3aBucut
oT mopsiika B3sgTus npeaeao d — +0 u t — +0: ecoim MbI cHauaa 6GepeM TepBBId U3 HUX
upu dukcupoBannoM t, G(z, z;t) crpemurcs K 0, a eciu BTopoil npu (hHKCUPOBAHHOM 0,
G(z, z;t) crpemutest K GeckonednocTu kak 1/(4mt).

W3 HaiimeHHO# acCHMIOTOTUKY JUATOHAIH TEIJIOBOTO 4/Ipa cpa3y MOoJydaeM JIUIAPYIO-
MU “IeH aCHMITOTHKH CJIeia omeparopa e':

tA A

tre
T 4t

+ MeHee CUHI'YJIADHBIC YJICHDbI,

rie A= A(D) = / d*z — wiomane obaactu D.
D

6
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