
Ãðóïïà êîñ, êâàíòîâûå ãðóïïû è ïðèëîæåíèÿ

Ëèñòîê 1. Ãðóïïà êîñ

Ðåêîìåíäóåìûé ñðîê ñäà÷è: 12.02.2025

1. a) Íàéäèòå âñå íåýêâèâàëåíòíûå íåðàçëîæèìûå äâóìåðíûå ïðåäñòàâëåíèÿ ãðóïïû
êîñ B3:

ρV : B3 → AutC(V ), dimV = 2.

á) Îïðåäåëèòå, êàêèå èç ýòèõ ïðåäñòàâëåíèé ÿâëÿþòñÿ íåïðèâîäèìûìè.

Ïîäñêàçêà: ðåøåíèå óïðîùàåòñÿ, åñëè ó÷åñòü, ÷òî àðòèíîâû ãåíåðàòîðû ãðóïïû êîñ ñîïðÿ-

æåíû äðóã äðóãó, à çíà÷èò èõ ñïåêòðû â ëþáîì ïðåäñòàâëåíèè ñîâïàäàþò.

2. Äîêàæèòå, ÷òî ãðóïïó êîñ Bn ìîæíî çàäàòü ñ èñïîëüçîâàíèåì íàáîðà ãåíåðàòîðîâ
{b±1

1 , c±1
n }, ãäå cn � îïåðàòîð ïåðåñòàíîâêè êîíöîâ íèòåé ïî öèêëó n → . . . → 2 → 1 → n:

cn := b1b2 . . . bn−1.

Çäåñü bi � àðòèíîâû ãåíåðàòîðû ýëåìåíòàðíûõ çàïëåòåíèé i-é è (i + 1)-é íèòåé (ñì.
çàïèñêè ëåêöèé, ñòð.9�10).

Ïðåäúÿâèòå (ïîëíûé!) ñïèñîê ñîîòíîøåíèé äëÿ òàêîãî íàáîðà ãåíåðàòîðîâ Bn.

3. Ãðóïïó êîñ Bn ìîæíî çàäàòü ñ èñïîëüçîâàíèåì íàáîðà ãåíåðàòîðîâ {(ij)±1}1≤i<j≤n,
ãäå (ij) � îïåðàòîðû ïåðåñòàíîâêè êîíöîâ ïàðû íèòåé ñ íîìåðàìè i è j:

(i i+1) := bi, (ij) := bj−1(i j−1)b−1
j−1 = (bj−1bj−2 . . . bi+1)bi(bj−1bj−2 . . . bi+1)

−1 ∀j > i+ 1.

Äîêàæèòå, ÷òî ïîëíûé íàáîð ñîîòíîøåíèé äëÿ ýòèõ ãåíåðàòîðîâ èìååò âèä

(ij)(kl) = (kl)(ij) ∀ i, j, k, l : i < j < k < l èëè k < i < j < l,

(ij)(ik) = (ik)(jk) = (jk)(ij) ∀ i < j < k.

4. Çàâåðøèòå äîêàçàòåëüñòâî Óòâåðæäåíèÿ 2 èç çàïèñîê ëåêöèé (ñì. ñòð.16), òî åñòü
äîêàæèòå, ÷òî äëÿ ãåíåðàòîðîâ Aij := (ij)2 ãðóïïû êðàøåíûõ êîñ âûïîëíÿþòñÿ ñîîò-
íîøåíèÿ

A13(A14A24A34) = (A14A24A34)A13 . (1)

Ïîäñêàçêà: Âîñïîëüçóéòåñü ñîîòíîøåíèÿìè äëÿ îïåðàòîðîâ (ij).

5. Ïóñòü F � ñâîáîäíàÿ ãðóïïà; {A} è {B} äâà íàáîðà ýëåìåíòîâ ýòîé ãðóïïû; ⟨{A}⟩ è
⟨{B}⟩ � èõ íîðìàëüíûå çàìûêàíèÿ â F . Äîêàæèòå èçîìîðôíîñòü ôàêòîð-ãðóïï(

F/ ⟨{A}⟩
)
/ ⟨{B}⟩ ≃

(
F/ ⟨{B}⟩

)
/ ⟨{A}⟩ ≃ F/ ⟨{A ∪B}⟩ .

6. ∗1 Çàâåðøèòå äîêàçàòåëüñòâî Óòâåðæäåíèÿ 3 èç çàïèñîê ëåêöèé (ñì. ñòð.18), òî åñòü
âûâåäèòå ôîðìóëû ñîïðÿæåíèÿ:

A13A24A
−1
13 = (A−1

34 A
−1
14 A34A14)A24 (A

−1
34 A

−1
14 A34A14)

−1, (2)

A−1
13 A24A13 = (A14A34A

−1
14 A

−1
34 )A24 (A14A34A

−1
14 A

−1
34 )

−1. (3)

1Çâåçäî÷êîé ïîìå÷åíû äîïîëíèòåëüíûå çàäà÷è.
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Ïîäñêàçêà: Ïðåäñòàâüòå ñîîòíîøåíèå (1) â âèäå ôîðìóëû ñîïðÿæåíèÿ îïåðàòîðà (A14A24A34)

è èñïîëüçóéòå ôîðìóëû ñîïðÿæåíèÿ, âûâåäåííûå ïðè äîêàçàòåëüñòâå Óòâåðæäåíèÿ 3 â çà-

ïèñêàõ ëåêöèé.

Çàìå÷àíèå: Ñîîòíîøåíèÿ (1)-(3), ñôîðìóëèðîâàííûå äëÿ íàáîðà íèäåêñîâ {1, 2, 3, 4},
îñòàþòñÿ ñïðàâåäëèâûìè ïðè çàìåíå {1, 2, 3, 4} 7→ {i, j, k, l} ∀ i < j < k < l. Äîêàçàòåëü-
ñòâà äëÿ âñåõ íàáîðîâ {i, j, k, l} èäåíòè÷íû.

7.∗ a) Äîêàæèòå, ÷òî âíóòðåííèé àâòîìîðôèçì ãðóïïû êîñ òèïà Bn−1, çàäàâàåìûé
ýëåìåíòîì

Tn := B0b1b2 . . . bn−1,

ïîðîæäàåò öèêëè÷åñêèé ñäâèã ãåíåðàòîðîâ:

bi+1 = Tn bi T
−1
n ∀ i = 1, . . . , n− 2, b1 = T 2

n bn−1 T
−2
n .

á) Óáåäèòåñü, ÷òî îòîáðàæåíèå àðòèíîâûõ ãåíåðàòîðîâ àôôèííîé ãðóïïû êîñ òèïà
Ãn−1 â ãðóïïó êîñ òèïà Bn−1

bi 7→ bi ∀ i = 1, . . . , n− 1, b0 7→ T−1
n b1Tn = Tnbn−1T

−1
n

ïîðîæäàåò ãîìîìîðôèçì ãðóïï.
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