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For any z,−k − 1 < Re z < −k

Γ(z) =

∫ ∞

0

tz−1

(
e−t − 1 + t− · · ·+ (−1)k+1 t

k

k!

)
dt.

Solution. Let I(z) =
∫∞
0

tz−1
(
e−t − 1 + t− · · ·+ (−1)k+1 tk

k!

)
dt, where k is the integer s.t. −k−1 < x < −k,

x = Re z.
For x < −1, note that x+ k < 0 and x+ k + 1 > 0, then by partial integration,
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For −1 < x < 0,

I(z) =

∫ ∞

0

tz−1(e−t − 1) dt =
tz

z
(e−t − 1)
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0

+
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∫ ∞

0

tze−t dt =
Γ(z + 1)

z
.

It follows that I(z) = Γ(z) for −1 < x < 0. The equation for x < −1 implies that I(z) = Γ(z) for x < −1. As
a result, for any z,−k − 1 < Re z < −k

Γ(z) =

∫ ∞

0

tz−1

(
e−t − 1 + t− · · ·+ (−1)k+1 t

k

k!

)
dt. ■
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