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Problems for seminar 2

1. Compute I'(1) and I"(1).

Solution.

1“(11)267102[(14_711)6_%

n=1
=e" lim ef(l+%+"'+%)(N+l)
N—o0
. (1+ia.a 1
— ¢ lim e~ (Fat+-tx)+logN 1+ —
N—oo N

—eVe
=1

Hence I'(1) =
By the result of problem 2,

F/(Z> :_7_74— Z z+n

Therefore,

I'1)=I(1) |—y—1 =——141=—y. |
(1)=T(1) +Z 1—|—n y-1+ vy

2. Show that first and second logarithmic derivatives of I'(z) are given by the following seria, absolutely
convergent for z # 0, —1,

dlogT'(z) d2 logI‘ °°
dz =Yoot Z (z+n) — (z+n)?
; . . H nln® 1 z = z _z
Solution. Recall: T'(z) = r}1_>n;c e O T = e nl;ll (1 + E) e—Z.

logT'(z) = lli_}m (log(n!) + zlogn — (log z + log(z + 1) + - - - + log(z + n)))
logT’ 1 1 1
dL(Z): lim (logn—( -+
dz n—o0 z erl Z+7”L
1 1 1<
= 1 —(1+Z24+..42) 21 _
nggol( ( +2+ +n> ogn) z+mz_:1<m m+z>
SR
- “n(z+n)
d?logT(z) 1 = 1
dz? _7+;(z+n)2
— 1
=2 n
2
n=0 (Z+Tl)
3. Compute integrals
a) fog cos™ L xsin" ! da;

dz__ " where m > 0;

1
b) Jo iem
o) Jy° zme~ du.

Solution.



a) Recall: B(p,q) = Lap=1(1 — g)e 1 da.
0
Let Iy = fog cos™ 1 xsin® !z da.

jus

B(p,q) e /2 sin®?~2 0 cos?1~2 §(2sin 0 cos 0) dO
0

5
= 2/ sin??~1 9 cos?471 9 do.
0

Then

For even n,

For odd n =2k + 1, T'(2 4+ 1) = 2I'(2) gives

. (g) . (k+ ;) _ fkkk)!!ﬁ: (2k2—]€1)!!ﬁ: (n2:221)uﬁ_

If m = 2l,n = 2k are even integers, then

(n—=2)!! (m—2)!

L1 1R g — o
B = T R e e )L

If m =20+ 1,n =2k, then
L (=12t
272

Im,n - 5 (m+n72)!l\/77_

m+n—1
2 2

Note that
(k—1)! _ (n=2)!  (n—2)1

2 2k=1.9 T 9% 7

thus
(n—2)!1(m —2)!l

(m+n—2)!

Imm:
Ifm=2l+1,n=2k+1, then

n—2)!1 m—2)!!
| VT (Q"L—;z VA = 2Um =2 e ) (m — 2)!

22 - -

I n— = = =
g (k+1)! 2 (m+n-2)1 L — 2 (m+n-—2)!
P

In summary, we have the following conclusion:

(n=2)!!(m—-2)!!

(m+n=-2)1 >

%%, m,n odd integers
I’m,n g
else.

(b) Let Jyn = fi

1
m_ 1 dt
T = ! / 1 0)F mi—2 (mxm_ldxzdt,m:t%n)
0 — nomt-T m
1 1
== [ tmia - Rt
m Jo

1 1 1
m m n

_1MG)T(0-4)
Sm L od)

m n



4. Show that

(a) B(m,n) = [;° %, where Rem,Ren > 0

(b) For any z,—k —1 <Rez < —k

Solution.

(a) Recall: B(m,n) = fol 2™ (1 — z)" 1 da.

x

B(m,n) e /000 e 1 —2)" (1 —2)?dy  (dz = (1 —2)?dy)

0o
— / mm—lxn+1y—n—1 dy (1 —r= J))
0 )

_/°° y™ 1 dy
o (14y)mtn’

(b) Let I(z) = [~ ¢*! (e‘t —1+t—--+ (—1)’““%) dt, where k is the integer s.t. —k — 1 < x < —F,
r = Rez.

For x < —1, note that x + k < 0 and x + k£ + 1 > 0, then by partial integration,

R Oo+1/ootz otk (R
Z_Z € 7l . 2/ e ]
_og fztD _IG+D
z z
For —1 <2 <0,
I(z):/ e =) dt = —(e7' = 1) +f/ fetar — LEHD
0 z 0 ZJo z

It follows that I(z) = I'(z) for —1 < = < 0. The equation for x < —1 implies that I(z) = T'(z) for
x < —1. As aresult, for any z, -k — 1 < Rez < —k

00 k
[(z) = / =1 (e_t —14+t—-+ (—1)’““’};‘) dt. [ |
0 .



Problems for seminar 3

(a) Compute Dirichlet integral

ar;—1 .

x] -~x,‘§”_1 dzy---dz,, Rea; >0.

21>0,...,2,>0,> ;<1

(b) Compute the volume of ellipsoid

n

B B . ;|7
E= {x—(xl,...,mn)ER : ; o <1},
where aq,...,a,,p1,...,Pn are positive.
Solution.
(a) Let
Jn(fyar, ..., an) = / flog + -+ o)zt - - day,

21>0,...,2,>0,3 z; <1
where f is continuous, and Rea; > 0,1 =1,...,n. Let I,(a1,...,an) = Jn(1,a1,..., ).

First calculate the double integral of x1 and x3: let A =23+ x4 + -+ + z,, T2 = 1 + T2, then
1—X 17)\712
/ dzo / @1+ 29 + Nt ey day
0 0

1-X 1-X
:/ dl’g/ f(T2+)\)(T27$2)a171$g2_1d7'2.
0 T

2

Change the order of integration, and let o = oz, we obtain
1—X To
/ dTg/ f(T2+/\)(T2 —mg)alflx?*l dxs
0 0

1-A 1
= Ty + N7tz qr, 1— ) g2y
I )
0 0

F(al)F(OQ) /1_)\ ay+as—1
= ——"c ATt T2 d .
Doy + a2) J f(r2 4 N3 &

This reduces one integral, while the integral form remains unchanged. Applying the above method to 7
and x3 can reduce another integral, and the factor before the integral is

F(al)l“(ag) F(Oél + (Jé2)F(Oé3) _ F(al)F(ag)F(ag)
F(Oél + 042) F(Oél —+ o + 043) I‘(al + a9 + ag) '

By continuously applying the above method, we finally get:

Take f =1, then

ar—1

L ’ 'xgn_l dxl o dxn = In(ala c '7an) = Jn(lvala ce '7an)

21>0,...,2,>0,> ;<1

- (o) T(ay) 1 ;::1% 1
7F(a1+..._~_an)/0 T( ) dr



_ T(a1)---T(an)

1

ST+t

n
>
=1

[(ay)---Tlan)

o+ +an+1)

(b) Consider the change of variables

then z; = aiXil/pi and

Now, the volume of ellipsoid is

V:/dx1~-~dmn:2”/ dzq---dz,
E {z€E: z;>0Vi}
2n al ..

PLDn
X1, X0 >0,30 X <1

_gn 0L n (11)
P1-Pn P1 Pn

1 1
o, D)0 (%)

_2”
p pn| il PN il
() + + p + )

2. Show that for Rez >0

?logl’ et
d*logT'(2) / e dt.
0

Solution. Let I = [>° 2= d¢, then

0 1—e-t
= / te '* Z(e_t)” dt
0 n=0
0 o)
= Z/ te~t=tn) gy
n=0"0
=2 [ L C O - /Oo et dt}
— z+n 0 z+mn Jy
_ Z (0 _ 1 . e—t(z+n) )
n=0 (Z + n) 0
B i 1 d’logT(z)
N = (z4+n)2 dz2

. 1 1
n / X7 1...X7§n lXm...

dX,

3. Find first three terms of asymptotical expansion over big n of n-th positive root of the equation

rsinx = 1.
Solution. Suppose x, sinx, = 1, then we write
Ty = TN + Q.

We get
1

“1)"sinap = ———.
(-1)"sinay, p——



Let
1 1

Where f(.]:) = ﬁ

By Lagrange Inversion Theorem, the inverse of f will be expressed to a power series of z:

oo k . dk—l k
an(z) =Y = lim = (f())

k=1
X  _k dk—1 k
= Z i i (( )n 'x o 2)
k! 2=0 dok—1 sinzx
k=1
e Case k= 1. .
: _1\n 2\ (1)
alrli}}) ( 1) sinx ) (=1)
o Case k= 2.
. d n T 2\? .. n T 9 pSinz —xcosw _
ili%@((_l Sinz_x ) _ilg%ﬁ(( b sinx v ) (=1) sin? 2r) =0
e Case k = 3. Wolframalpha told me the following result:
tim ((—1)" S 2)3 — 6+ (—1)"
250 da? sinz ) '
Therefore,
1 —6+(—1)™ 1 1
n=(—1)"— ol—=|.
on = (=1) ™m * 3! (mn)3 * (n4)
It follows that ) 64 (—1) ) .
— + — n
n = )" — O\
T =7t (1) ™m + 3! (mn)3 (n4>



Problems for seminar 4
1. Using asymptotics of logarithm of I" function, find the asymptotics of
IT(a +ix)|, a,xz€R
for fixed a and x tending to +oo.

Solution. Recall:

m

1 1 By, 1 1
logT'(z) = 5log27r—|— (z— 2) logz—z—&-z (2 = 1)2) 22501 +0 (22m+1> .

j=1

Suppose a > 0 and |z| > 1. Take m = 1, we get
. 1 . 1 . . 1
logT(a +iz) = §log27r + (a +ix — 2> log(a +iz) — (a +iz) + O (3) .
x
A simple calculation gives
1 1
Re [(a +iz — 2) log(a + 133)] = (a - 2) log v a? + 22 — x arctan L
a

Note that

1 1 2 1
log Va2 + 22 = = logz? + = log 1+a— =loglz|+ 0| = ),
2 2 x? 22
and

T a
arctan — + arctan — = {
a T
It follows that

1
—warctanf =—x [iﬂ _¢ + 0 <2>}
a T T

T 1

1 1 1
log|T'(a +iz)| = 510g27r—|— (a— 2) log x| — g\x| +0 () .

||

Therefore

Note that by the formula I'(z + 1) = 2I'(z), the assumption a > 0 can be removed. Hence

x 1
IT(a +iz)| = v2rlafe~ e~ Fl [1 o (|>} '
x
2.
(a) Using saddle point method, show that fog sin” tdt = (ﬁ)l/2 (1+0(n™1h)).

2
(b) Derive Wallis formula 7 = lim % (éﬁ@;;,,) from (a).

n—oo n

Solution.

(a) Let I, = fog sin”tdt = 1 [ sin™ tdt. Then

1 (" .
In _ 5/ en log sint dt.
0

Put
g(t) =1 o(t) =logsint.



‘We have
cost 1

'(t) = — =cott ¢"(t)=——5.

w (1) sint «© o) sin? ¢

Note that ¢'(t) > 0 for t € (0,5), ¢'(t) < 0fort € (§,m), and ¢'(t) =0 <= t = 5. So ¢ attains
maximum at ¢ = 5. Now ¢”(5) = —1. Therefore,

:lenw(%) _27Ti n~1) = K -1
Iy =y | 0 ) = 1+ 067,

(b) Replace n by 2n, then on the one hand we have

On the other hand, it is well known that

_@2n-Dlr
Izn 2n)ll 2
Thus L @)
VE = e (14 07,
let n — oo, ,
B 1 (2n)!!
w2 (o) -

3. By definition of Euler—-Mascheroni constant -+,
1 1
1+§+~~~+E =logn + v +o(1).

Make this statement more precise: find the constant a such that
1 1 a 1
1+4-+--+—=logn+v+—+o0(—]).
2 n n n

It can be done by purely geometric considerations of areas under corresponding plots.

Solution. Recall the Euler—Maclaurin formula:
/ f(z)dx —I— ) f(n) / f(z)P(x)dz,

where f € C[m,n], m,n are natural numbers, Py(z) = By(z — [2]). In particular, P(z) = z — [z] — 1.
Put m =1, f(z) = 1, then
"1 1 "l
Z; —logn = M _/ — Py(z)dz
1

=1

Let n — oo,

1 1 1 | <1
725—/ *P1($)d$:§—/ *Pl(l")dx_/ —Pi(z)da.
1 1 n

2 2

Thus

oo

1 1 1
;Z_logn+2n+7+/n ﬁpl(x)dx.



For the remainder term,

e o] o0 J+1 P1($>
[;ﬁmmmag/ 1)

J

S 1 .

z=j+t Pi(j+1)
———-dt

Z o (G+1)?

j=n

Z/ G —|—t dt (P; has period 1).

j=n

Note that fo Py (t)dt = 0, then

Z/;+t“_z/ﬂ (G55 o)
S L0 (3 i)
=L [ mwla

1
=— | |[t—=|at
n? J, 2’
_ 1
4n?’

Therefore

1 1 1 1
1+-4+--+—=logn+v+—+0|— ).
2 n 2n n

The constant we are looking for is a = %



Problems for seminar 5

1. Using Riemann functional equation to compute the sums

1 1 1
1+227m+%+'”+7n2m+'”'

Solution. Riemann zeta function ((s) satisfies the functional equation

C(s)T(s) = 25_”5)«1 ).

cos (%

Recall that B
1—2m)=-—=2.
Hence

22m71 ﬂ,Qm

¢(2m)I'(2m) = WCU —2m)

Bom
(_1)m22m—1ﬂ_2m (_ 2 ))

2m

-1 m+122m—1 2m Bom
com) = T
I'(2m)
B (_1)m+1%(2ﬂ_)2mB2m
 2m-(2m —1)!

1 m—+1 Bzm 2m
= (-t (2m)!(2ﬂ') . n

2. One can define multiparameter Hurwitz ¢ function
!

1
C(x73|w17w27'”7wm>: Z

(T 4+ niwy + - + N )®

N1,y 20

Here ' means that there is no summand with (nq,...,n,,) = (0,...,0). What can you say (functional equation,
identifying with something known, etc.) about the functions

o (0L sk
G(z|w1) = exp ( 2 3_0) )
G(x|wy,ws) = exp (W ) '
5=0

Solution. For m =1,

o) = ¥ = L Y = (L),

r+nw)®  w z 5w
n1>0 1 ni>0 +nq 1

Taking derivative w.r.t. s,

oC(x,s|lwr) _1ogw1< (x,s) N iaC (w%’s)

Os wy w1 wf Os
Let s = 0, note that ¢ (a,0) = % —a and % = log L\/%’ then
s=0
o(, slun) ( . 1) r(z)
—_ =|— —=)logw; +1o ,
0s R w2 S & Vor

10



and hence

x

wyt E x
G(z|w1) = \1/% r (M) :

Let Cm(z, sjwi, wa, . .., wm) = ((x, Slwi,wa, . ..y win ).
It can be check that

C’H’L(m +wja3|wla B 7wm) - Cm(mvslwla v 7wm) = _Cmfl(x7s|w(j))7 ] = 1a s, My,

where w(j) = (w1,...,Wj—1,Wjt1,...,wm) and (o(z,s) =z ~°.
Form =1,

Gz +wi, slwr) — G (2, slwr) = Z ( : - Z ( :

x4 wi +njwp)®

n120 n120
D i M e
= (z+ njw)® = (z +njw)®
1
— —E.
Noe, assume m > 2, then
Cm(T +wj, Slwi, ..., wim) — Cm (T, Slwi, ..., W)
-y 1 > 1
N1,y 20 (1‘ + Wi +niwy + -+ n"me)s N1yeee N 20 (J? +nwy + -t nmwnb)s
> 1 )3 !
N1yeeey N =0 (x+n1w1++(nJ+1)wJ++nmwm)s N1,y =0 ($+n1w1+“.+nmwm)s
> 1
o (T +nwr 4+ 0w+ + Ny )*

n120,...,n;=0,n,, >0

—Cm—1(2; 8lw(7))-

Let
oC(z, s|wi, ..., wm)

aS s-O) .

After differentiating above difference equations () w.r.t. s, let s = 0, and take exp, we get

Iy (z|lw) = exp (

1

mfm(:c\wl, cee W),

Iz + wjlwi, ..o ywm) =

where Ig(z|w) = 271,

In particular, take j = m, then
To(xlwi, .. oywm) = Te1(@|wr, - oy Wim—1) Do (2 + win|wi, - -+ Win)-

Now, let m = 1, we then have

1
Fl(x|w1) = El—‘l(I + w1|w1)

1 1
= — I 2
x <x+w1 1(37—1— w1|w1))

-1
1
:Fl(l"i’lt&)l‘&)l)HT, leN
k:Ox W1

11



Similarly, let m = 2, we then have

F2($|W1,UJ2) = F1($|OJ1)P2(£L' —+ UJQ‘UJl,LUQ)
=T (z|w)T (2 4+ w2)To(x 4 2ws |w1, ws)

-1
:FQ(I+ZWQ|LU17U}2)HF1($+]€CU2|W1)7 leN.
k=0

Next, let’s derive the integral representation of I';,.
Recall that for I € NU {0},

/Oc %t”le_z’f =757t /00 d—uus+le_“ =z T(s+1).
o 1 0o u

Let [ =0, then
e 1
/ t57le™#t dt = —T'(s) (1)
0 2%

The following integral representations for the Euler gamma function are well known

T — > s—1 _—t — i / _\s—1 _—t
(s) /O et = g [ oetan

where in the first case Re s > 0, and in the second expression | arg(—t)| < 7 and the Hankel contour Cy starts
and finishes near the +oco point, turning around the half-axis [0, 00) counterclockwise. Note that

m 1 oo

H _ § / e tmwit At nmwn)
1 —emwt
k=1 N1yeey Ny, =0

On the one hand,

*oorle™ ol —at N t(niwi+-+ )

_ S— —x —t(Niwi—T - TNmWm
/ - dt—/ t°" e g e m@m) d¢
0 T (1 —e-wrt) 0 N1y, Nm=0
k=1

o0 o)
Z / ts—le—(ﬂf+nlwl+"'+nnzwm)t dt
0

N1,.eeey i, =0

ad 1

= I'(s).
Z (x+n1w1+...+nmwm)5 ( )

N1y, =0

On the other hand,

(_t)s—le—wt 00
/ —_— dt = / (_t)s—le—wt Z e—t(n1w1+-»~+nmwm) dt
Cr IT (1 — e~wwt) Cu N1 ey =0
k=1
o)
— Z / (7t)571€7(x+n1w1+~~~+nmwm)t dt
N1yeee s, =0 Cu
B i 1 2T'(s) sin(ms)

(z+niwi + -+ + npwm)® 1
N1yeeey N, =0

oo

- Z 1 2T
N (x+njwr + -+ npwy)® 01 —s)

N1yeee s, =0

Thus

1 0 ts—le—wt
Cm(z, 8|lw) = ) /O R dt

i3



o 11"(1 — 3) (_t)s—le_wt )
A ] .
=1

H ( _ e—wkt)
k

After differentiating above difference equations (x) w.r.t. s,let s = 0, and take exp, we get

1 —)(—t)5 et
+F(1—8)Is:o/ Oggﬂ (=) e
5=0 Cu H (1 _ e—wkt) s=0
- k=1 L

i , (—t)—le—zt log(—t)(—t)_le_m
=expq o— [(~I'(1)) S S M VS O § N
/CH II /CH T (1 — e—wst)

. =t k=1

Polelw) =expd oo | (-T7(1 —8))\5:0/ (e

—i

—xt ] 4 ot
- P 97 7/ me—dm—/ n(:g(—)edt
Tl ff ey Jon [l e

k=1

= exp

1 / e~ (log(=1) +1) .,
27'” Cy t ﬁ (1 _ e_wkt)
k=1

13
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