Problems for seminar 6

1. Generalize Riemann functional equation to Hurwitz ¢ function:
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Solution. Recall that Hurwitz ¢ function has integral representations
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where Cy is the Hankel contour that starts at infinity on the positive real axis, encircles the origin once in the
positive direction, excluding the points +2nmi, n > 1 an integer, and returns to positive infinity.

Let C be a contour consisting of a circle of radius (2n + 1), n is an integer, starting at the point (2n + 1)x
on the real axis and encircling the origin in the positive direction, arg(—z) =0 at z = —(2n + 1)m.

Let C,, be a contour that starts from (2n + 1), then encircles the origin once in the positive direction, and
returns to (2n + 1)7.

Claim. The following equality holds:
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where Ry, R). are the residues of the integrand at 2mmi, —2mmi respectively.
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Proof. Note that in the region between C' and the contour C,,, the function % is holomorphic and
one-valued except at the simple poles £27i, ..., +2nmi. Hence (x) holds. ]

At the point at which —z = 2mme™/2, the residue is
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Similarly, at the point at which —z = 2mme™/2, the residue is
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Hence - s
R, + R, = (2mm)*"' - 2cos (5(5 -1+ meﬂ') = 2(2mm)* "t sin (? + 27rmx) .
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Now, note that = € (0, 1], there is a number K independent of n s.t. ‘ 16
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If o <0, then K[(2n + 1)7]%¢™*l — 0 as n — co. We concolude that
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Figure 1: Contours for Mittag-Leftler theorem. Blue dots represent poles of the function cot z — %

We first show that function f(z) = cotz =

On this contour we have:
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We can’t have both sinh(R sin ¢) and sin(R cos ¢) to be equal to zero, because the only real zero of sinh z

is 0, and if R sin ¢ equal to zero, then Rcosp = £R = &7 (m + %) This means that our denominator is
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always nonzero. Now we will estimate from the top this expression.
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Now we can apply Mittag-Leffler theorem. By the theorem our function can be decomposed into series

) = (=) + 3 (n(2) = n(2))), ()

where h(z) and h,,(z) are polynomial of power no more than m, | f(2)|c,, < An|z|™. As we saw previously,
in our case m = 0. To decompose into elementary fractions our function cot z we must work with the

function cot z — %, because to compute coefficients

the function f(z) should be holomorphic at the origin. Now let us obtain the decomposition. First we will
evaluate principal parts gx(z). We have:
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Coefficients ¢ and b can be extracted from the residue theorem:
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After this we can write our principal parts:
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Next we evaluate corrections:
1 2C0S z — sinz L 2—z240(2
h(z) = (t - _) _ (—> 222 OE) 3)
z z z—0 z
z=0 z=0

1 1 1 1
hk<z>_(z—7rk+z—|—7rk>‘ _%jL%’ @

Combining together ([I]), (2)), (8) and () we obtain:
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