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1 Linearization of germs of conformal maps at fixed
point

Consider a germ of conformal map f : (C,0) — (C,0) at fixed point 0:

f(z) =Xz +0(z%), A€ C\ {0}. (1.1)
Question 1.1 Does there exist a germ of conformal map h (C,0) — (C,0)
that conjugates f to its linear part, i.e., for which ho f o h=!(2) = Az? Or
equivalently,

ho f(z) = Mh(z). (1.2)

If such h exists, then the germ f is called linearizable.

First we give a proof of positive answer in the case, when |A| # 0, which
is done by showing that the conjugating map h can be found as a fixed point
of a contracting map of an appropriate metric space.

The case, when |\| = 1,1.e., A = 2™, § € R, is much more difficult. It is
easy to show that for every fixed rational § € Q a typical f with multiplier
A is not linearizable. Sufficient conditions on 6 guaranteeing linearizabil-
ity of every f with given multiplier A\ = e?™ were obtained by K.Siegel
and A.Bruno. Siegel Theorem states that f is linearizable whenever 6 is
a Diophantine number. Bruno Theorem is the same in more general case:
under a weaker Bruno Diophantine condition. A Theorem of J.-C.Yoccoz
(Fields medal, 1994) states that Bruno’s condition is sharp: for every 6 € R



that does not satisfy Bruno’s Diophantine condition there exists an f with
multiplier X\ = €*™ that is not linearizable.

Below we state and prove Siegel Theorem and state Bruno’s and Yoccoz’s
results without proofs.

1.1 Hyperbolic case: |A| # 1.

Theorem 1.2 FEvery germ of conformal mapping (1.1) with |\| # 1 is con-
formally conjugated to its linear part. More precisely, there exists a unique
conformal germ h : (C,0) — (C,0), h(0) =0, h'(0) = 1, satisfying (1.2).

Proof Without loss of generality we consider that 0 < |A| < 1 (replacing f
by f~1, if this is not the case). Equation (1.2) is equivalent to the statement
that h is a fixed point of the transformation

L:h—Xthof.

We will show that £ is a contraction in appropriate complete metric space
and hence, has a unique fixed point there.
Fix a p > 0 such that

O<p? <N <p<l. (1.3)
Fix an 7 > 0 such that f is holomorphic on D, and
|f(2)] < p|z| whenever z € D,. (1.4)

In particular, (1.4) implies that f(D,) C D,.
For every function ¢(z) holomorphic on D, and continuous on D, such
that ¢(0) = ¢’(0) = 0 set

l9(2)]

gl :== sup :
|z|<r |Z’2

Let M denote the space of functions h holomorphic on D, and continuous
on D, such that
h(0) =0, A'(0) =1,

equipped with the distance dist(hy, ha) = ||h1—hz||. This is a complete met-
ric space. Indeed, a sequence fundamental in the norm converges uniformly,
by definition. Hence, its limit is holomorphic, by Weierstrass Theorem, and
vanishes at 0. The derivatives also converge uniformly in compact set to the
derivative of the limit, by Cauchy integral formula for the derivative and



convergence of the function. Therefore, the limit has unit derivative at 0.
Finally, the limit of a converging sequence is an element of the space M,
and hence, M is complete.

Proposition 1.3 L(M) C M.
Proof If h(0) =0, then (Lh)(0) = 0 and (Lh)'(0) = A/(0). If h is holomor-

phic on D, and continuous on D, then so is the composition h o f, since f
is holomorphic on D, and f(D,) C D,. This implies that £ preserves the

space M and proves the proposition. a

Proposition 1.4 |[Lhy — Lho|| < v||hy — ha||, v = [N 1u? < 1.

Proof The operator £ being linear, it suffices to show that ||Lq|| < v||¢||
for every ¢ as above. One has

((Lg)(=) _ Wq\fl(f(z) | 1f(2)1?
22| PACIEEL
by definition, (1.4) and since f(z) € D, whenever z € D,. This implies

that the norm of the image Lq is no greater than v||g||. The proposition is
proved. a

< A7 lgl|p?,

The two latter propositions together imply that £ : M — M is a contrac-
tion. Hence, £ has a unique fixed point A € M, which obviously represents a
conjugating germ we are looking for. Its uniqueness follows from the above
uniqueness of fixed point and the fact that the above argument holds for
every r small enough. This proves Theorem 1.2. O

1.2 Siegel Theorem
Definition 1.5 A number 6 € R is Diophantine, if there exist C,y > 0 such

that for every rational number 7, (m,n) = 1, one has

C
[ (1.5)
n " n|Y
in this case it is called (C,~)-Diophantine. A number is y-Diophantine, if it
is (C,~)-Diophantine for some C'.

Exercise 1.6 Prove that for v > 2 the complement of the set of y-Diophantine
numbers has Lebesgue measure zero, i.e., for v > 2 typical numbers are -
Diophantine.



Theorem 1.7 (Siegel). For every Diophantine number 0 every conformal
germ f with multiplier €*™ is linearizable.

The proof of Theorem 1.7 is based on an infinite-dimensional version of
Newton method of finding root of a functional equation.
1.3 The Newton method with estimates

This is the method of finding root of a strictly monotonous function f(x)
on a segment Iy := [xg — 79, o + ro] by Newton approximations, see Fig. 1:

fwo) o @) g, (1.6)

r1 = X9 — 7f’($0)’ $]+1 = .TJ — f/(,fj)’

f(xo)

Xp- g Xg+y x

e Xy X,

The next lemma not only provides sufficient conditions for convergence,
but also gives useful estimates on the step of Newton method.

Lemma 1.8 FEvery universal constant ¢ > 3 satisfies the following state-
ments. Let rg > 0, no € (0,1], do € (0,m3%). Let f(z) be a C*-smooth
function on Iy := [xg — ro, o + 10| satisfying the following inequalities:

|f(zo)| < doro, (1.7)

and for every x € [xg — ro,xo + 10| one has

1

|f'(2)] = no, [f" (@) < —. (1.8)
ToTo
Set .
m = 50, r = 7"0(1 — 770), (51 = 537766 (19)



Then the above x1 given by (1.6) satisfies the following inequalities:

|21 — 20| < Mo70, (1.10)
|f(z1)] < dury, (1.11)
I = [33‘1 -1y, T + 7“1] C Iy, (1.12)
1
|f'(@)] = m, |f"(2)] < ‘ (1.13)
mri
Moreover,
7
o1 <nie, 8 <4 (1.14)
Proof One has
|f(zo)| _ doro _ .
T — Xo| = < —X ro < 1MoTo,
f(x1) = f(zo) + f'(z0)(x1 — 20) + R,
1

1
R| < = max | f"(2)|(z1 — x0)? <
R] < 5 o | (@)] 1 —20)? € 5

f(zo) + f'(x0)(x1 — 20) =0,

by Taylor series remainder estimate and definition. Therefore,

_ (f(z0)?
2noro(f'(20))?

(Cl?l - .TO)Z,

|f(z1)| = |R| < (z1 — 20)?

~ 2noro

1.5 _ _ .
< 553770 37’0 < 58770 37"1 < 5(2)770 ri,
for every ¢ > 3. One has
01 = 0y © < g’ < i

This proves (1.10), (1.11) and the first inequality in (1.14). Inclusion (1.12)
is implied by the immediate inequality x1 + 11 < xo + 71 < xg + r¢ and by
the inequality

x1 — 11 >z — Noro — 1 = xo — (Mo + (1 —10))ro = T — 70.

Inequalities (1.13) follows from (1.8) and the inclusion I; C Iy. The second
inequality in (1.14) follows from definition and the inequality dy < ng¢. O



1.4 Background material: Cauchy bounds in one variable

In the proof of Siegel Theorem and analytic KAM theorem we use Cauchy
bounds on holomorphic functions given by the next well-known theorem.

Theorem 1.9 (Cauchy bounds). Let U C C be a domain, zo € U and
r > 0 be such that the disk

Dy (z0) :=={]z — 20| < r}

is contained in U. For every bounded holomorphic function f: U — C with
Taylor series

+o0o
f(z) = Zak(z - Zo)k
k=0

for every k € Z>( one has

supy | f|
|ax| < TL,Q : (1.15)

Proof The Taylor series converges uniformly on every smaller disk D,(z0),
p < r. Then each Taylor coefficient a; can be found by well-known Cauchy
integral formula

1 f(Q)

ap = — dc (1.16)
2mi [¢—z0|=p (C - ZO)k+1

(residue formula for integral: aj is the residue at zp of the form (z —
20)~*+1D £(2)dz). The module of the right-hand side in (1.16) is bounded
from above by %%m. This proves (1.15) with r replaced by arbitrary
p € (0,7), and hence, implies (1.15). O

1.5 Proof of Siegel Theorem

Recall that we suppose that

A =20 1h — @| > D for every ™ e Q, (m,n) =1. (1.17)
n |n |7 n

Let fo(z) be a germ of conformal map at the origin, fy(0) =0, fi(0) = A:

fo(z) = Az + fol2), folz) = a2, (1.18)
j=2



Applying conjugacy with rescaling, i.e., replacing f(z) by

“+o00

gu(2) = p 7 f(p2) = Az + p fo(pz) = Ae + > lazl, e (0,1),
j=2

one can make the nonlinear part well-defined on an arbitrarily given disk
D, (p should be small depending on r) and arbitrarily small on D,. This
follows from the asymptotics and inequality

fo(2) = O(z%), |Jo(p2)| < vi® for every pi € (0,1).

Here v is a constant depending only on the germ f.

Let us choose some ro > 0, no € (0, ) and &y € (0,1) (which eventually
will be very small) and normalize fy by rescaling so that fy be holomorphic
on D,,, continuous on D,, and satisfying the upper bound

1fo(2)] = | fo(2) — Az| < Soro for every z € Dy, (1.19)

Finding 1 that conjugates fo to its linear part is equivalent to solving
the following functional equation in infinite-dimensional space:

G(¥) := foe(z) —¢(Az) = 0. (1.20)

To solve it, we apply a multidimensional version of the Newton method,
starting with ¥y = Id, constructing next Newton approximation iy of
etc. To prove its convergence, we prove the following estimates on Newton
method step, analogous to those of Lemma 1.8 but more tricky.

Lemma 1.10 There exists a universal constant ¢ = c(co,vy) > 3 satisfying
the following statements. Let X\ = e*™ be the same, as in (1.17). Take
arbitrary numbers

1
o > 07 Mo € (07 1)7 50 € (Oangc)
Let fo(2) be the same, as in (1.18), holomorphic on D,,, continuous on D,

and satisfying inequality (1.19). Set

_ 0
r = (1—mo)ro, 01 =38, , m = %

Then there exists an injective map 1 : Dy, — D, holomorphic on D,, and
continuous on D, , such that the conjugated map

fi(2) ==t o fo ot (2) (1.21)



is holomorphic on D,,, continuous on D,, and satisfies the estimate
171(2)] = |f1(2) — Az| < 617y for every z € Dy, (1.22)
and the map 11 satisfies the estimate
[1(2) — 2| < domg © for every z € D,,. (1.23)

Moreover, one has
7
51 < i, 81 < ¢ (1.24)

Proof of Siegel Theorem modulo Lemma 1.10. Define by induction

_ Tk
i1 = (1= )7, Oky1 = Opme €, M1 = 5

The sequence 7 being a decreasing geometric progression, the sequence 7y,
is decreasing and converges to some limit r > 0. The sequence §; decreases
to zero superexponentially, by (1.24). Let ¢, be the maps constructed suc-
cessively by applying Lemma 1.10: 1, satisfies (1.23) with &g, 1o replaced
by &1, n1 etc. By construction

i (2) — 2| < Op—1m.5, on Dy D D,

The sequence of the latter right-hand sides tends to zero superexponentially,
by (1.24) and since 7 is a geometric progression. Therefore, the function
sequence 9 (z) converges uniformly and superexponentially to z on D,. Set
now

P(z) == lim Hp(2), Hi(z):=vo01o...¢p(2).

k—+o0

For every k the above composition Hy is a well-defined map D, — D,,,
since v, sends D,, to D,, .

Claim 1. The sequence H} converges uniformly with derivatives on E%
to a map 1 (z) holomorphic on D% and continuous on E%.

Proof Indeed, the derivatives H, are uniformly bounded on the latter disk,
since |Hg(z)| < ro and by the Cauchy bound (1.15):

max|c|<, |[Hg(C)| _ 2rg

|Hi(2)] < |7 < s whenever |z| <

N3

Therefore, for every z € Eg one has



The latter right-hand side tends to zero, as k — oo. This proves Claim 1.
O

Clearly v conjugates fy to the limit limg_,o, fr on D%. The latter limit
clearly coincides with Az: the map Hj conjugates fo with fx, and |fx(2) —
A\z| < 0k 1751 — 0 on D,. Thus, v is the conjugacy from Siegel Theorem
we are looking for. This proves Siegel Theorem modulo Lemma 1.10. O

Proof of Lemma 1.10. Proof of (1.24) repeats the proof of (1.14).

Without loss of generality we can and will consider that g = 1, applying
rescaling by = ro: the rescaling does not change the bound (1.19), which
now becomes

Fo@) <0, fole) = folz) = Az =3 a;0. (1.25)
j=2

Write N
D1(2) = 2 +1(2), i(2) Zijzj.
j=2

Our goal is to find a conjugacy v, i.e., a map satisfying fo o 1(z) = ¥(Az2).
Applying a Newton method step presented below will yield the first Newton
approximation ¥ of ¥ so that the difference fy o 11(z) — ¥1(A2) admits a
good upper bound. The terms of the latter difference are given by

fooun(2) = Az44h1(2)+fo(2)+ R(2), R(z) = folz+4h1(2))—fo(2), (1.26)

W1 (A2) = Az + 1 (A2). (1.27)
Equating (1.26) and (2.5) yields
A1(2) = fol2) + R(2), Adn(2) = $1(A2) = M (2). (1.28)

Definition 1.11 The homological equation is the following equation on 121 (2):
ABL(2) = Fole). (1.20)

In what follows we prove the statements of the lemma for the map 1 (2) =
2 4+ 11(z), where 91 is a solution of the homological equation.

Proposition 1.12 The homological equation has a unique formal solution,
i.e., a unique solution of type of a formal Taylor series; it is given by

a;

’(21(2:) = ijzj, bj = m (130)
j=2

10



The latter series converges uniformly on D,, v =1— 2, and satisfies (1.23)

on the latter disk with appropriate universal constant ¢ = ¢(co,y).

Proof Uniqueness and formula (1.30) are obvious. Let us prove conver-
gence and (1.23). One has |A| =1, [N~ — 1| = |€*™0~1D? _ 1|, The latter
right-hand side is the length of the chord connecting 1 to the point on the
unit circle with argument 27i(j — 1)0(mod27Z). The chord length is bigger
than half of the smallest circular arc length for an arc connecting the same
points. The smallest arc length is clearly equal to 27 times the minimal
distance of the number (j — 1)@ to a point of the integer lattice. Thus, it is

greater than QWW > 2”60 . Finally,
byl = —UL < (e 1.31
| ]‘ - )\()\]71 _ 1) — (7'('00) J |CL]|. ( : )
Set .
y—l—%, u:=—Inv e (0,1); v=e "

On the other hand, |a;| < maxp, |]?0’ < 6o, by Cauchy bound (1.15) and
(1.25). Therefore, the following inequality holds on D,:

> 1bizl| < (meo) 10 Y 5 = (wep) Mooy jTe I, (1.32)
j=2 j=2 j=2

Proposition 1.13 (The main power series inequality). For every v >
0 there exists a constant c = ca(y) > 0 such that for u € (0,3) one has

Zﬂe Ju < W (1.33)

Proof Multiplying the above series by u?*! transforms it to an integral
sum with step u for the integral f0+°° v7e” . The latter integral sum is
uniformly bounded in u varying on any finite segment in R>q. Denoting by
¢y its uniform upper bound on the segment u € [0, 1] we get (1.33). 0

Let us now prove inequality (1.23) on D,  D,,. Substituting (1.33) to
the right-hand side in (1.32) yields that for every z € D,

1)) < 3 1b27] < (meg)Leadgu Y.
j=2

11



Taking into account that v = —In(1—") is no less than g times a universal

constant, we get that the latter right-hand side is less than dg7,“ with some
universal constant ¢ > 0, which we can and will take no less than 3. This
implies convergence of the series 9 (z) and the bound (1.23) for the function
1(2) on the disk D, O

Proposition 1.14 The function fi(z) = ¥ ' o footp1(2) is holomorphic on
D,, and satisfies bound (1.22).

Proof Let us introduce the following four radii:

1 <V < vy <3< Uy, 7’1:1—770,
310 1Mo 310 10
141 4 ) 9 V3 g vy =V 1

Claim 2. The inverse wl_l is holomorphic on D, and sends it to D,,.
Proof Let us prove injectivity of the map v, on D,,. Indeed, 1 is holo-
morphic on D,,, and satisfies upper bound (1.23) there, as was proved above.
On the disk D,, the derivative 1] = 1] — 1 has modulus no greater than

the maximum modulus of a value |¢(2)|, z € D,,, divided by vy —v3 =,
by Cauchy bound (1.15). That is, for every z € D,,, one has
1
[1(2) = 1] < dong “8 " < 8ng*™! < 7. (1.34)

For every z,w € D,, one has

o) - i) = [ wQd=G-w)+ [ w10 - e,
[z,w] [z,w]
The right-hand side is non-zero, since the latter integral has module less
than i|z — w|, by (1.34). Injectivity on D, is proved.

The minimal distance between the 1)1-image of a point of the boundary
0D, and the same boundary 0D, is no greater than maxp, [1| < domy © <
e < B = v3—wy. This implies that ¢ (9D, ) lies outside the disk D,,, and
hence, D,, € 11(D,,). Therefore, the image of the disk D,, under injective
holomorphic map 1 contains D,,. Hence, the inverse vy ' is holomorphic
on E,,Q and sends it to D,,. Claim 2 is proved. O

__ The function ¢, is holomorphic on D,, and sends it to D,,. Indeed,
11 (2)| = [1(2) — 2] < domg € on D, D D,,, and Song ¢ < n3¢ < v1 — ry.

12



Thus, |¢1(2)] < |z| + (v11 —71) < 14 on D,,. The function fy sends D,, to
D,,, since

0
o) = [2l] < Ifo(z) = A=l < G0 < mi < 2 = v .
The function | 1 sends D,, to D,,, by Claim 2. This implies that the
composition f; = L6 fy o 91 is holomorphic on D,, and sends it to
D,/3 C Dq.

Let us now prove (1.22). One has
foorh1(2) = Y10 fi(2) = ¥1(A2) + (Y1(fi(2)) — ¥1(A2)),

fooun(2) = v1(A2) = (fo(2) = Adn(2)) + R(2) = R(2) = fo(t1(2)) = fo(2),
by (1.28) and since 121(2) is a solution of homological equation (1.29). Thus,

1(f1(2)) = 1(Az) = R(2).

On the disk D,, the latter left-hand side has module no less than <min A(Dr) k%4 |) \]?1 (2)],

fl(z) = fi(z) — Az. The latter minimum of module of derivative is no less
than 2, since fi(Dyy) € Dyy and |9 — 1| = [¢'] < 1 on Dy, by (1.34).
Recall that ¢1(D,,) C D,,. Therefore,

R < 5IRE) = 51Rowr(2) ~ Fo(e)] < 5 max | Rl )],
D

v

SUPD1’f0|< oo _ 4o

7
< =
max | fo| < T 0 " 3n

Dy,

by Cauchy bound (1.15) and (1.19). This together with (1.23) implies that

-~ 4 44¢ _ 16 o _
If1(2)] < 33770507706 = 55(2)7700 t< 5m;

(c+2)rl ‘

After denoting ¢ + 2 by c¢ this yields (1.22). Proposition 1.14 is proved. O

Lemma 1.10 follows from Proposition 1.14 and the above arguments.
The proof of Siegel Theorem is complete. O

13



1.6 General results: Bruno’s and Yoccoz’s theorem

Consider presentation of a real number 0 as a continued fraction:

1 1
9:a1—|—71: lim @, ]ﬁ:al—‘ril.
a2+a3+i n—+00 dn An a2+...+$

an,

Definition 1.15 An irrational number 6 is a Bruno number, if
+o0
the series Z q, 'n Qn+1 converges.

n=1

Theorem 1.16 (A.D.Bruno, 1971). For every Bruno number 0 every
conformal germ f(z) = Az + O(22), A = €™ is holomorphically lineariz-
able.

In 1988 J.-C.Yoccos proved his famous converse theorem.

Theorem 1.17 (J.-C.Yoccoz, 1988 [5, 6], Fields Medal 1994). Let 0
be a fized irrational number, X = e*™?. Then

1) every conformal germ f(z) = Az + O(2?) is linearizable, if and only
if 0 is a Bruno number;

2) the germ of quadratic polynomial f(z) = Az + 22 is linearizable, if and
only if 0 is a Bruno number.

Remark 1.18 In his papers Yoccoz proves not only his converse Theorem
1.17, but also Bruno’s Linearization Theorem 1.16. His proofs are beautiful
mixture of geometric and analytic arguments, based on a priori bounds for
univalent functions (injective holomorphic functions).

Exercise 1.19 Prove that 6 is Diophantine, if and only if it satisfies the
Siegel condition
In
sup Mn+1 < +o0.
neN In qn

Exercise 1.20 Prove that if 8 is Diophantine, then it is a Bruno number.

Hint to Exercise 2.5. Use the following classical properties of the continued
fractions for every n € N:

p

e 0 lies between successive approximating fractions q—" and Pntl
n

qn+1’

o Pnti _ pn _ (=D".
qn+1 qn Andn+1’

e one has ¢, = apqn—1 + qn—2.

14



2 Circle diffeomorphisms, rotation number and an-
alytic conjugacy to rotation

2.1 Rotation number: definition, continuity, monotonicity

Here we briefly recall the material given in [1].
We will be dealing with orientation-preserving homeomorphisms of circle
Ry/27Z. Each of them takes the form

f(@)=0+9(9), g(¢+2m)=g(d).

We can lift f to a homeomorphism F' : Ry — Ry of the universal cover-
ing line, which is given by the above formula. The lifting F' is uniquely
determined up to translation F' — F + 2mm, m € Z.

Definition 2.1 The rotation number of F' is

p:= lim 7‘]0”((;5) — ¢.
n—+oo 27N
Theorem 2.2 1) The rotation number p exists and is independent on ¢.
2) Replacing F' by F + 2mm adds m to p.
3) The rotation number taken modulo Z is a well-defined invariant of
circle homeomorphism, independent of choice of lifting.

Example 2.3 1) For a rotation f(¢) = Ra(¢) = ¢ + a one has p = o-.

2) One has p = 0, if and only if f has a fixed point.

3) One has p = g, if and only if f has a ¢-periodic point.

4) If f, w are orientation preserving circle homeomorphisms conjugated
by an orientation preserving homeomorphism h, i.e., f = h™' o w o h, then

p(f) = p(w).

Proposition 2.4 1) The rotation number depends continuously on the home-
omorphism in the C°-topology.

2) It is monotonous. Namely, let homeomorphisms fi, fo have liftings
Fy < F5. Then p(F1) < p(F).

For the proofs of statements of the above theorem and example see [1].

Exercise 2.5 Prove the proposition.

Exercise 2.6 Prove that if F} < Fy and F} is a translation (i.e., fi is a
rotation, then p(Fy) > p(Fy).

15



2.2 Denjoy Conjugacy Theorem and example
Theorem 2.7 (Denjoy, [1]). Every circle C?-diffeomorphism with irra-

tional rotation number is conjugated to rotation. Thus, its orbits are dense.

Theorem 2.8 (Denjoy, [1]). For every irrational number 0 there exists a
C'-smooth circle diffeomorphism with p = 0 that has an invariant Cantor
set. In particular, it is not conjugated to a rotation.

2.3 Herman Conjugacy Regularity Theorem

Theorem 2.9 (M.Herman) Let D C R denote the union of those irrational
numbers 0 such that for every v > 2 there exists a C = C(vy) > 0 such
that 0 is (C,~)-Diophantine. Then every C*-smooth (analytic) circle diffeo-
morphism with rotation number lying in D is C*~2-smoothly (analytically)
conjugated to rotation.

2.4 Analytic circle diffeomorphisms close to rotations. Kolmogorov—
Arnold analytic conjugacy theorem

Consider a family of analytic circle diffeomorphisms

f(@) =0+ B+9g(¢), BER, g(o+2m)=g(¢). (2.1)

If ¢ = 0, this is a family of rotations. We prove the next analytic conjugacy
theorem, not covered by Herman’s Theorem, stating that if p(f) is (C,~)-
Diophantine and ¢ is ”small enough” depending on C, v and the complex
definition domain of f, then f is analytically conjugate to rotation.

Theorem 2.10 (Kolmogorov, Arnold). For every o,C,~ > 0 there exists a
0 =0(C,~,0) > 0 satisfying the following statements. Let f be as in (2.1),
and let p = p(f) be (C,~)-Diophantine, set

a:=2mp, U, :={|Im¢| <o} C C/2nZ.
Let g in (2.1) be holomorphic on the cylinder U, and continuous on U,. Let

max |g| < 4. (2.2)
U

o

Then there exists an analytic diffeomorphism h conjugating f to rotation:

foh(é) =h(¢+a) (2.3)
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The proof of Theorem 2.10 given below is similar to the above proof of
Siegel Theorem. We construct successive conjugacies h,_1 to new functions

fn(¢) = ¢+/8n +gn(¢) = h;il o fnfl ©hp_1, fO = f7

with g, holomorphic on Uy, , where o,, decreases to a positive number 20,
so that max|g,| — 0 and H,, = hg o hj o--- 0 hy,, converge uniformly to a
map H on U,,. This will imply H conjugates f with the rotation R,.
Here we deal with functions holomorphic on an annulus in C,, z = €?.
We use the following Cauchy bound for their Laurent series coefficients.

Proposition 2.11 Let f(z) be a function holomorphic on an annulus A, , :=
{v < |z| <71}, 0 <v <, and continuous on its closure. Let f(z) =
Y okez apz® be its Laurent series. Then

max 4, | f|

Proof One has
I S (S
k 271 iC|=r <k+1 ’
by the Residue Formula applied to f(z)z~*+1). This implies (2.4). 0

The inductive construction of h, and f,, with bounds implying conver-
gence is based on the following lemma.

Lemma 2.12 (Main Lemma). There exists a universal constant ¢, =
cx(C,7y) > 0 satisfying the following statements. Let fo : S' — S be a
circle diffeomorphism

fo(®) = ¢+ Bo + go(9) (2.5)

with a (C,~)-Diophantine rotation number p, set a = 2wp. Let g > 0, and
let go be holomorphic on Uy, and continuous on its closure. Let

1
o > 07 no < min{47 0;10}7 50 > 07 60 < 7730*’
lg0] < 80 on Usgy. (2.6)
Set
7o

o1 =00 — 10, 01 =3, M = 5 (2.7)

Then there exists a holomorphic map

ho :Uao—%o — C/21Z, ho(¢) = d+q0(9), |go| < domg® on UUO_%O, (2.8)
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whose restriction to S* = R/277Z is a diffeomorphism S — S, such that

f1(¢) == hg' o fo 0 ho(e)

is holomorphic on Uy, and can be written as

f1(¢) = ¢+ fr+91(¢), max|gi| < 6. (2.9)

71

7
One has 61 < nilc*, 0 < g -

Proof of Theorem 2.10 modulo Lemma 2.12. For every n > 0 we
construct inductively h,, and f,,

hn(¢) = ¢+ qn(¢), fn+1 = hﬁl o fn o hna

by successively applying the lemma to fy replaced by f,. Set

H, :=hgohjo---0ohy,: fn:HT:_llofooHn_l,
1 1
Oy 1= 5(0’0 —2?’]0) = 5(0’0 —ZT]]‘) > 0.
J

Claim 3. The maps H,, are holomorphic and they converge uniformly
to some H on U,,.
Proof Each map h,_; is holomorphic on U,, and sends it to U, _,, since

—Cx 3cx TT
|C.7n71| < 51171"7”51 < 77n64 <Mp-1=0p-1—0p onUg,,,

by (2.8). Therefore, H, 1 sends Uy, , and hence, Us,, C U,, , holomorphi-
cally to Uy,. On the set U,, one has h,(¢) € U,,,, and hence,

| Hn(¢) — Hn1(8)| = [Hn—1 0 hn(¢) — Hp—1($)| < max|H,, ;| max |g|.
on onin

(2.10)
To estimate the latter derivative, let us deal with H,,_1 as a mapping written
in the coordinate ‘
z=¢€9 In|z| <oy

Set
T = e =7 Ap = A(ry ), Aw = A(rytr).

Then H,_1(A,) C Ap. The derivative module |H! ;| on A, is no greater

than m’fr* , by Cauchy bound. Therefore, on the same set in the coordinate
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2
¢ one has \H;l_l\ < K := rg(f; , since 7 is the maximum of derivative of the
*

exponential map U,, — As, ¢ — €'®, and of holomorphic branches of its
inverse. Thus, the left-hand side in (2.10) is bounded by K|maxg_ B lgn| <

Ké&,n,% < Kn3¢ where 1, is a decreasing geometric progression. This

implies uniform convergence of H,. a

Finally, the maps H,, are holomorphic, they fix the circle S and their
restrictions there are analytic diffeomorphisms. They converge to a map H
uniformly on U,,. They satisfy the relation fqo H,, = H, o f,. The map f,
converge to the rotation R, : ¢ — ¢+ . Indeed, the difference g, = f, — B,
have module less than §,, — 0 on U,,, and hence, converge uniformly to 0.
This implies that each subsequence of f,, contains a uniformly converging
subsequence, and its limit is a rotation. The latter rotation coincides with
R, since the rotation numbers of all of f,,, and hence, of the limit, are equal
to p = 5-. Thus, f, = Ra, and passing to limit, we get that

foo H(¢) = H(¢ + a). (2.11)

The map H is analytic on U,,, and hence, on S', by Weierstrass Theorem,
as a limit of uniformly converging sequence of holomorphic functions.

It remains to show that H : S — S! is an analytic diffeomorphism, i.e.,
its inverse is analytic. One can prove this by showing that H,, are injective on
Us,,, and their derivatives are bounded from below there by using Cauchy
bound for the derivative of the difference H,(¢) — ¢. But we present a
different proof. Suppose the contrary: H : S — S is not a diffeomorphism.
Then either H is a non-constant non-injective analytic map, or H is constant,
or H is injective and there is a ¢g € R such that H'(¢g) = 0. The first case
is impossible, since then the restrictions H,, : S — S' are non-injective for
n large enough, which contradicts to the statement that h,,, and hence, H,,
being restricted to S', are diffeomorphisms. If H = const, then H sends
S' to a point, hence H, with big n send S' to a small circle arc, which is
impossible for a circle diffeomorphism. If H is injective and H'(¢g) = 0 for
some ¢g, then H'(¢g + na) = 0 for all n, by (2.11). Hence, H = 0 on S',
by density of the sequence na(mod 27Z) (density of orbits of the rotation
R, with irrational rotation number). Therefore, H = const on S!, — a
contradiction. Thus, H is an analytic diffeomorphism S' — S! conjugating
fo to Ry. Theorem 2.10 is proved modulo Main Lemma 2.12. O
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2.5 Proof of Main Lemma 2.12

Note that the last inequalities on é1, 71 of the lemma were already proved
in the proof of the Main Lemma for Siegel Theorem. Let us prove the main
part of Lemma 2.12.

Step 1. A priori bounds on Fourier coefficients of gg. Let us

write fo(@) = ¢+ Bo + go(¢) as
fo@) =d+a+Co+90(d), Gold)= > are™, ap=may (2.12)

1 2m
(0) = 0(0) —ao. =5 [ ao(@)do. G = a0+ fo—c.

Claim 4. One has
|Col, max |go| < 2dp. (2.13)

Uop
Proof The number ap has module no greater than maxg, lgo| < do. This

implies the bound on gp in (2.13). Suppose the contrary to the first bound
in (2.13): say, (o > 200; the case ( < —2dy is treated analogously. Then

fo(¢) = ¢+ a+ (Go+go(¢) > Ra(9) = ¢ + a.

Therefore, p(fo) > p(Ra) = ==, by Exercise 2.6, — a contradiction. O

= ﬁ’
Step 2. Homological equation and bound on its solution. We
are looking for a conjugating diffeomorphism hg killing a big part of go:

ho:S'— S, ho(d) =¢+ao(d), qled)= Y bre™®, by =0
kGZ;,gO

If ho conjugates fp to the rotation R,, then fy o ho(¢) — ho(¢ + ) = 0.
Below we construct an hg for which the latter difference is very small. To
do this, we use the following formula for the difference:

fooho(¢) —ho(¢p+a) = ¢+qo(¢) +a+Co+3go(@+q(d)) — (¢ +a+q(p+a))

= (90(¢) + q0(¢) — q0(¢ + @) + Co + R(9), R(¢) = go(¢ + q0(#)) — 9o(¢)-

(2.14)
The homological equation is vanishing of the expression in the first brackets:
qo(¢ + @) — qo(®) = go(o). (2.15)
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Proposition 2.13 The homological equation (2.15) has a unique holomor-
phic solution on a neighborhood of the circle S with zero average along S*:

' — a
w(®) = D bpe®®, by =0y, by = e,mi’“_l (2.16)
k‘EZ#Q

The function qo(¢p) is holomorphic on U,,. There exists a universal constant
c1 = c1(C, ) such that for every ng > 0, ny < min{%, P},

_max |qo(&)] < domgy - (2.17)

o071

Proof The Fourier series (2.16), if converges, obvious solves (2.15), and is
obviously unique in the above sense. Let us prove its holomorphicity and
bound (2.17). The sum of series (2.16) admits the bound on ﬁgof%oz

1Y bt <23 Ihlekleo—®) _ a3 I ety g4

|eika _ 1‘
kEZso keN kEN
since b_j, = by, and by (2.16). For every k € N one has

lag|eF70 < max [go| < 200, (2.19)

90

by Cauchy bound (Proposition 2.11), writing gp as a Laurent series in the
variable z = ¢'?,
. '
etk — 1] > i (2.20)
by Diophantine inequality on «, as in the proof of Siegel’s Theorem. Here
C’' = C'(C,~) > 0. Substituting (2.19) and (2.20) to (2.18) yields
. kn
Y b < 2(0) 710 S [k[Te T (2.21)

k€40 keN

The series in (2.21) is no greater than some universal constant times 7, ('YH),

see Proposition 1.13. Therefore, the right-hand side in (2.21) is no greater
than dpn, “* with some universal constant ¢y, since 7y < i. This implies that
the series for the function gy converges uniformly on every annulus strictly
smaller than U,, and satisfies (2.17). Proposition 2.13 is proved. O

Thus, the bound (2.8) is proved with a universal constant ¢;, and hence,
with every constant c, > c¢;. We will choose ¢, > 4. Recall that we choose

0o so that g < néc*.
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Step 3. Holomorphicity of the composition f; = hal o foohg and
its bound (2.9). To prove its holomorphicity, we have to prove injectivity
of the map hg on appropriate annulus. To this end, let us introduce the
numbers vg =01 < v < -+ < Vs = 00
3 3

770, V2:00—@, VSZUO—ﬂ, V4:UO_1-

4 2 8 4

vVl =009 —

Proposition 2.14 The map ho(¢) = ¢ + qo(¢) sends each U,,j, j <4, to
Uy 1 1Its derivative satisfies the upper bound

_c 1 —
lgh] < domy < 5 on Uy ¢ =ce+ 3 is a universal constant.  (2.22)

Proof The first statement follows from (2.8) and the elementary inequality
Somg < 3% < vjs1—v;. To prove (2.22), let us consider the function go(¢)
restricted to the strips Uy, = {|Im ¢| < v;} C C. On U, one has

d supg g _ _ _ 1
dao, _ U g Ot < g et e L
dz V4 — U3 2

by Cauchy bound and elementary inequalities. O

Proposition 2.15 The map hg : U,, — U, injective.

Proof The lifting of the map hg to the closure of the strip ﬁ,,S is injective.
Indeed, for every two distinct ¢1, ¢9 lying there one has

ho(¢1) — ho(d2) = (1 — ¢2) + (qo(¢1) — qo(2)), (2.23)

g0(¢1) — qo(2)| < %[¢1 — ¢2|, by (2.22). Hence, the right-hand side in
(2.23) is non-zero. Let us prove injectivity of the map hy as an annulus
map. Suppose the contrary: hg is not injective. Then there exist ¢1,¢2 in
the closure of the strip U,, such that ¢1 — ¢2 ¢ 27Z while the difference
(2.23) is equal to 27n for some n € Z. Shifting ¢o by 27n one can achieve
that the difference (2.23) is equal to zero. But this is impossible, since
¢1 # ¢2 and hence, the first term in the right-hand side in (2.23) dominates
the second term, as above. The proposition is proved. O

Proposition 2.16 The map hy sends U, outside U,,. The map hy" is
holomorphic on U,,, and it sends is to U,,.
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Proof The first statement follows from (2.8), as in the proof of Proposition
2.14. The second statement follows from the first one and injectivity of the
map hg on U,,, see Proposition 2.15. O

Proposition 2.17 The map f1 = ho_1 o fo o hg is holomorphic on U,, and

fi(@) =+ a+Co+a1(d), |g1] <0ng®, c3 is a universal constant.
(2.24)

Proof The map hg is holomorphic on U,, and sends it to U,,, by Propo-
sition 2.14. The map fy sends U, to U,,, which is proved similarly to the
analogous statement for the map hg in Proposition 2.14. The map hj Lis
holomorphic on U,,. This implies holomorphicity of the composition f; on
U,,. Let us write f; as in (2.24) and prove the upper bound (2.24) on
g1. First, let us estimate the difference between the images of fi(¢) and
¢ + a+ (o under the map hg. One has

ho o f1(¢) — ho(¢ + a + (o) = fo o ho(p) — ho(d + a + (o) (2.25)

= (90(¢) + 90(¢) — q(¢ + @)) + B(¢) + R(¢) = B(¢) + R(9),
B(¢) = qo(¢ + @) — qo(¢ + a+ o), R(9) = go(¢ + q0(9)) — go(9),
by (2.14) and since qq is the solution of the homological equation (2.15).

Proposition 2.18 The remainders B, R are holomorphic on U,, and sat-
1sfy the inequalities

|B(#)|, |R(®)] < d3mg > on Uy, co is an universal constant. (2.26)

Proof Holomorphicity follows from holomorphicity of the function gy on

Us, and the inclusion ho(U,,) C U,; = Uy, see Proposition 2.14. One has

2,,—Cx
max || < max|gh| max go| <~ < 5,2,
vy — U3
v2 v3 v2
where ¢ > 0 is a universal constant, by the inclusion ho(U,,) C U,,, Cauchy
bound, (2.13), (2.8) and elementary inequalities,
max | B| < max |gy[|¢o| < 205m, ',

v2 v2

by (2.22) and (2.13). The latter right-hand side is no greater than §3n, “*
with some universal constant co. The proposition is proved. O
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Let us now prove inequality (2.9). On U,, one has

f1(8) = (& + a+ Co) = hg  (fo o ho(9)) — hy (ho(¢ + o + o))

= hy ' (ho(é + a4+ (o) + B(¢) + R(9)) — by ' (ho(d + o + (o). (2.27)

Both maps ho(¢ + a + (o) and ho(¢ + a + (o) + B(¢) + R(¢) send Uy, to
U,,, since the former map sends it to U,, and the difference B(¢) + R(¢)
between the maps is much less than the gap vo — 11, see (2.26). One has

max |hg ')/ (¢)] < max|(hy(9)) 7 < 2, (2.28)

v2 v3

by (2.22), elementary inequalities and since hy'(U,,) C Uy,,. Therefore,

on U,, the module of the right-hand side in (2.27) is less than 2(|B(¢)| +
IR(})]) < 4630y < 62ng®, by (2.28) and (2.26), with some universal

constant c3 > 4. Proposition 2.17 is proved. O
Now it remains to correct ¢, to be greater than all the above-mentioned
universal constants ¢, + 3, c1,...,c3 and & < 17, and set d; = 3ny ™

Then (2.9) follows from Proposition 2.17. The Main Lemma 2.12 is proved.

3 Introduction to symplectic geometry and dy-
namics

3.1 Symplectic manifolds. Basic examples

Definition 3.1 Consider an antisymmetric bilinear form w on vector space
R™. For every vector u € R let us introduce the linear functional

iyw : R™ =R (iyw)(v) := w(u,v).

The kernel of the form w is kernel of the linear operator R™ — R"*: u >
iww. That is, the set of vectors u such that i,w(v) = 0 for all v € R™. A
form w is called non-degenerate, if its kernel is zero.

Remark 3.2 A non-degenerate antisymmetric bilinear form w exists only
on even-dimensional vector spaces R?". It always generates a non-zero vol-
ume form w”\".

Definition 3.3 A symplectic manifold is a manifold M equipped with a
closed non-degenerate 2-form w. Non-degenerate means that at each point
x € M the corresponding antisymmetric bilinear form on 7, M is non-
degenerate: has zero kernel. Due to the above remark, each symplectic man-
ifold is even-dimensional and has a natural volume form w"\", n = % dim M.
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Example 3.4 The standard symplectic space equipped with standard (canon-
ical) symplectic form is

n
(R g propns Wst)s Wt i= dg Adp =" dag; A dp.
j=1

Another similar example is the torus (T?", wg;).

Example 3.5 The cotangent bundle T* M of a smooth n-dimensional man-
ifold M carries a natural symplectic form w. Indeed, consider the Liouville
1-form o on T*M defined as follows. Take an arbitrary ¢ € M, ap € T/ M
and a vector v € Ty, (T * M). Let m : T*M — M denote the standard
bundle projection. Set

a(v) == p(dr(v)), w:=—dao.

Let now U be a local chart on M identified with a domain in R”

ql " “7q7l :
There is a canonical isomorphism 7~ 1(U) = U x Rp, ., such that for every

points ¢ € U and p = (p1,...,pn) € R" the corresponding 1-form is on TzU
is pdq = Z?:l pjdgj. Then for every v as above one has

av) = 3 pida;(dn(v) = (3_pidg;)(v).

This means that

o= ijdea w = —da = wg = dq A dp.
J
3.2 Hamiltonian vector fields. Basic conservation laws

Definition 3.6 Let (M,w) be a symplectic manifold, H : M — R be a
smooth function. The Hamiltonian vector field with the Hamiltonian func-
tion H is the unique vector field Xz on M such that

ixyw = dH. (3.1)

Proposition 3.7 The flow of the Hamiltonian vector field Xy preserves H
and the symplectic form w.

Proof One has (&—HH =w(Xpy,Xy) = —w(Xg, Xpg), by definition and since
w is anti-symmetric. Therefore, the latter quantity vanishes, thus, H has
zero derivative along the field X . Hence, it is invariant under the flow.
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The proof of invariance of the form w is based on Cartan Formula for
Lie derivative. Namely, recall that for a given k-form w and a vector field X
on a manifold M the Lie derivative L xw of the form w along the field X is
defined as follows. Let g% denote the time ¢ flow map of the field X. Then

d

Lxw = — ((9%)"w) li=o-

Here (g% )*w is the pullback of the form w under the time ¢ flow map. The
Cartan Formula is
Lxw= ix(dw) + d(ixw). (3.2)

Applying it to the symplectic form w and the field Xy we get
Lxyw=ixy (dw) + d(iXHW) =0+ d(dH) =0,

since dw = 0 and ix,w = dH, by definition. Finally, the Lie derivative of
the form w along the field Xz vanishes. Hence, w is invariant under its flow.
The proposition is proved. a

Corollary 3.8 Fach Hamiltonian vector field (and in general, each vector
field preserving the symplectic form) is always volume-preserving for the
volume form generated by the symplectic form.

Exercise 3.9 Prove Cartan Formula.
Hint. It suffices to prove it in the case, when M is a domain in R™ and
X is a constant vector field, say X = 8%1. In this case

@ i 0 . i
LX(1;1<~Z:<ik Gir..iy (2) AT N N da™) = Z Tmail"'ik(aj)dw LA oo Adrt,

Prove the latter equality.

3.3 Lie algebra structures. Poisson brackets of functions and
Lie bracket of vector fields

Definition 3.10 Let (M, w) be a symplectic manifold. The Poisson bracket
of smooth functions F,G : M — R is

{F,G} = w(Xp, Xg) = dF(Xg) = —dG(XF). (3.3)

Let us recall the following definition from differential geometry.

26



Definition 3.11 The Lie bracket (or commutator) of two vector fields X
and Y on a manifold M is the field Z = [X,Y] defined in any of the two
following equivalent ways.
1) Set [X,Y] to be the Lie derivative LxY of the field Y along X, that
is q
X,Y]=LxY = ((9x")-Y).
Here Y; = (g)_(t)*Y is the pushforward of the field Y under the flow map g)_(t,

that is,
Yi(q) := (dgx") (9% (@)Y (g% ())-

2) For every vector field X on M consider the corresponding first order
linear differential operator Lx : f — Lxf := df(X) acting on smooth
functions on M. For every two vector fields X, Y on M one has

LxLy — LyLx =Lz, Z is a vector field on M. (3.4)

Indeed, the latter commutator is a first order differential operator: the terms

2 2
with second derivatives cancel out due to relation dai dJ; - = dfj C{mi. The field

Z is called the Lie bracket [X,Y] of the fields X and Y.

Theorem 3.12 The C*°-smooth vector fields on M form a Lie algebra un-
der the Lie bracket.

Proof Recall that an abstract associative algebra always carries a stan-
dard Lie algebra structure, [a,b] := ab — ba, and the Jacobi identity follows
immediately by definition. Let us embed the vector fields to the associa-
tive algebra of differential operators acting on functions, with multiplication
given by composition via the operator X — Lx. The restriction of the as-
sociative algebra bracket to the vector fields coincides with the Lie bracket,
by (3.4). This together with the Jacobi identity in the associative algebra
implies the Jacobi identity for the Lie bracket. O

Theorem 3.13 1) The Poisson bracket is a Lie algebra structure on the
space of C*°-smooth functions, i.e., it satisfies the Jacobi identity

{{A,B},C}+{{C, A}, B} + {{B,C}, A} = 0. (3.5)
2) One has

[(Xr, Xg] = —X(rqy for every two functions F,G: M — R. (3.6)
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In other terms, the map F — —Xp sending a function to minus the corre-
sponding Hamiltonian vector field is a Lie algebra homomorphism between
the function space equipped with Poisson bracket and the vector field space
equipped with the Lie brackets. The Hamiltonian vector fields thus form a
Lie subalgebra in the Lie algebra of vector fields.

Proof We use the following Leibnitz rule for the Lie derivative.

Proposition 3.14 For every C'-smooth k-form w on a manifold M and
every collection of C'-smooth vector fields Y, Xy,..., X} one has

Ly (w(Xy,..., Xp)) = (Lyw)(X1, ..., Xp)

+ w(Xl,...,Xj_l,Lij,Xj+1,...,Xk). (37)
j=1

Proof Let w; = (¢%)*w denote the pullback of the form w under the time
t flow map gt of the field Y. Let X, := (g5)«X; denote the pushforwards
of the fields X; under the inverse map. The value at a point p € M of
the Lie derivatives in (3.7) are equal to the derivatives in ¢t at ¢ = 0 of the
families w; and X;; respectively. Now let us fix a point p and consider the
latter families as families of forms and vectors in T,M = R™. The above
statement together with the usual Leibnitz rule applied to the family of
functions wy(X14,...,Xk,) in t as sums of products of the components of
the vectors X;; and coefficients of the form w; imply (3.7). O

Let us now prove (3.5). One has
{{A, B}, C} = {w(X4a, XB),C} = Lx (w(Xa, XB))

:w([Xc,XA],XB)—i—w(XA,[Xc,XB]), (3.8)

by (3.7) and since Lx w = 0 (invariance of the form w under a Hamiltonian
flow) and since the Lie derivative of a vector field is a commutator. The
latter right-hand side is equal to

—dB([X¢, Xa|)+dA([Xc, XB|) = (Lx,Lxe—LxcLx,)B+(Lxc Lxy—LxzLxc)A

= {{B,C}, A} - {{B, A}, C} + {{4, B}, C} — {{A,C}, B},
since Lx.B = {B,C} etc. This together with (3.8) yields

{{B,C},A} - {{B7A}7C} - {{A7C}7B} =0,
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which is equivalent to (3.5).
Let us prove Statement 2). The sum of the two first terms in (3.5) is
equal to
(LxeLxp — LxpLxe)A = Lixg,xpA-

The third term is equal to minus the derivative of the function A along the
field X{p 3. The above statements hold for every function A. This together
with (3.5) yields [X¢, Xp] = X{B,C} = _X{C,B}- O

3.4 Canonical coordinates. Darboux Theorem

Definition 3.15 Local coordinates (qi,...,Gn,P1,.-.,Pn) O0 a symplectic
manifold are called canonical, if in these coordinates the symplectic form is
standard:

n
w=wg :=dqNdp= quj A dp;.
j=1

Theorem 3.16 (Darboux). On every symplectic manifold each point has
a neighborhood on which canonical coordinates exists. That is, each sym-
plectic form is standard in some local chart.

Proof We prove Theorem 3.16 by induction in dimension. To do this,
let us first make the following preliminary construction. Let (M,w) be
a symplectic manifold. Fix a point x € M and its neighborhood U =
U(z) C M on which some smooth local chart exists. Thus, we can and will
consider that U is a domain in R?" equipped with some symplectic form
w. Take an arbitrary smooth function H : U — R without critical points,
say, a coordinate function, H(z) = 0. Fix a hypersurface I' C U through
x transversal to the Hamiltonian vector field Xp. For every y € U let t(y)
denote the time needed to go to y from the hypersurface I' along an orbit of
the field Xg. The above I' exists and the function ¢ : U — R is well-defined
if U is chosen small enough. Then

(t,HY = dt(Xp) = 1, (3.9)

by construction, and t(x) = H(z) = 0.
Induction base: n = 1. Then ¢ =t, p = H are canonical coordinates.
Induction step. Let Theorem 3.16 be proved for n = k. Let us prove it
forn =k+ 1. Set qt = t, pr = H. Let us construct additional functions
q2,--+5qns P2, - - -, Pp forming, together with g1, p1, a system of canonical
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coordinates. To do this, consider the projection m : U — R% y > (q1,p1)
and for every (a,b) € R? set

Sap = 7 Ya,b) cTy={H =a}, S:= So,0 C I'=Ty.

Each S, is a hypersurface in I, transversal to the field Xz. The restriction
to Sgp of the form w is symplectic due to the next proposition.

Proposition 3.17 Consider the vector space R*™ equipped with a non-degenerate
skew-symmetric bilinear form w. For every codimension one vector subspace

I' € R?" the restriction to T of the form w has one-dimensional kernel. For
every codimension one vector subspace S C I' transversal to the kernel the
restriction w|g is non-degenerate.

Proof Fix a vector v € R?" transversal to I'. Suppose the contrary: there
exist two linearly independent vectors ui,us € I' lying in the kernel of the
form w|p. There exists their non-trivial linear combination n = ajuz + agus
such that w(n,v) = 0. Then w(n, z) = 0 for every z € R?", by construction.
Hence, the form w is degenerate on the ambient space R™2, — a contradiction.

Suppose, by contradiction, that the form w|g has a non-zero kernel,
let u be its element. Then w(u, Xy) = 0, and hence u lies in the kernel
of the restriction w|p, as does Xp. Therefore, the vectors u and Xy are
proportional, which contradicts transversality of the vector Xz and S in I
The proposition is proved. g

Proposition 3.18 There is a smooth foliation F of the domain U by sur-
faces tangent to the commuting fields Xy and Xpg. Its leaves are transversal
to the fibers Sqp, or equivalently, they are locally diffeomorphically projected
to R? by the projection T to the coordinates (qi,p1).

The proposition follows from commutativity and linear independence of the
fields Xy, Xp at each point and the equality dt(Xy) = 1= —dH(X;) = 1.

There exist canonical coordinates (g2, .. ., qn, P2, . . ., Pn) on the symplec-
tic manifold S N U after shrinking U, by the induction hypothesis. Let us
extend them to the whole U by requiring that they be constant along the
leaves of the foliation F.

Proposition 3.19 The coordinates (q1,-..,Gn,D1,---,Pn) on U thus con-
structed are canonical.
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Proof For every coordinate ¢ = ¢, p; with j > 2 one has

{¢G i} =dd(Xe) ={¢ p1} = dC(X) =0,

since ( is constant along surfaces tangent to X; and Xg. It remains to check
that for every j,£ = 2,...,n one has

{aj,ac} = {pj.pe} =0, {qj,pe} = 0j0. (3.10)

Proposition 3.20 Each function ¢ = qj,p;, j = 2, satisfies the following
statements.

1) The vector field X¢ is tangent to the fibers Sqp, i.e., has zero projection
dm to the coordinates (qi,p1).

2) The field X¢ restricted to each fiber S,y coincides with the Hamilto-

nian vector field XZ of the restriction z:: Cls,,-

Proof One has dqi(X¢) = {q1,X¢} = 0. This imples Statement 1). Thus,
at each point y € S, both vectors u := X¢(y) and v := Xg(y) lie in TS,
and satisfy the relation i,w = i,w = dg; on TyS,,. This together with
non-degeneracy of the form w on T3S, implies that u = v and proves the
proposition. O

The Poisson bracket of any two coordinate functions go, ..., ¢n, P2, ..., e
is equal to the value of the form w on the corresponding Hamiltonian vector
fields. The latter coincide with the Hamiltonian fields of the restriction
to Sgp of the functions in question, by Statement 2) of Proposition 3.20.
Therefore, the bracket in question is equal to the bracket of the restrictions
of the functions to S, ;. But the above coordinates restricted to each S, are
canonical, since this holds on S = Sy o, by assumption, and by invariance of
the form and the fibration under flow maps of the fields X, and X, . This
implies (3.10) and proves Proposition 3.19. O

Proposition 3.19 immediately implies the Darboux Theorem. O

3.5 Symplectomorphisms

Definition 3.21 A diffeomorphism between two symplectic manifolds is
called a symplectomorphism, if its pullback map sends one symplectic form
into the other. A self-diffeomorphism F' of a symplectic manifold that pre-
serves the symplectic form is called a symplectomorphism or a symplectic
automorphism. If the underlying invariant symplectic form is standard, i.e.,
dg A dp in some coordinates (g, p) on a source domain and on its image, then
F is called a canonical transformation.
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Example 3.22 1) Translations of the space Rg?,..-,qn,ph.--,pn equipped with
the standard form dg A dp are symplectomorphism.

2) Consider the product M = Rj x R}* of a vector space and the space
of linear functionals on it. Let a be the 1-form on it that is defined as
follows: for every (¢, p) € M and every v € T{, )M one has a(v) = p(dn(v)),
where 7 is the projection to the g-space. The differential d« is the standard
symplectic form on M. In the coordinates (qi,...,qn,P1,--.,Pn), Where p;
are the coordinates on R™ dual to gy, one has w = wg = dg N dp. Each
linear automorphism A : R” — R"™ induces the conjugate A* : R™ — R™
acting by taking pullback: (A*p)(v) = p(Av). In the above coordinates A*
is given by the matrix A’ transposed to A. The linear automorphism

F:M— M, F(q,p):=(A""q,A"p)
preserves the form «, and hence w. See a more general statement below.

Example 3.23 3) Let N be an arbitrary smooth manifold, set M = T*N.
Recall that M is equipped with the standard symplectic form w = da, where
a is the Liouville form. We denote points in M by (¢,p), ¢ € N, p € T/N.
Let 8 be a smooth 1-form on N. Its restriction to the fiber T; N will be
denoted by B,. The map

Fg:(q,p) = (¢,p + By) (3.11)

1s a symplectomorphism, if and only if the form [ is closed. Indeed,
Fia=a+7"0, (3.12)

which follows by definition, since for every (¢,p) € M and v € T(y,,)M one
has a(v) = p(dm(v)). Therefore, Fjw = w + 7*(df). This implies the above
symplectomorphicity criterium. In standard coordinates (¢,p) on M over a
local chart (q1,...,q,) on N the form [ is represented by a vector function

B=(B1(q),---,Bulq)

Symplectomorphicity of the map Fg, i.e., closeness of the form (3, is equiv-
alent to the system of equations

0B _ 98,
a(Jj 0q;

for every i,7 =1,...,n. (3.13)

4) In the above conditions let f: N — N be a smooth diffeomorphism,
and let F' = f* : T*N — T*N be the corresponding pullback map acting
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on 1-forms on fibers. Then F : M — M preserves the Liouville form «a,
and hence, is a symplectomorphism. Indeed, it sends each point (g,p) to
(f~Yq), (df (f%(q)))*p). Its differential sends a vector v € T(q,p?M to the
vector in Ty, ) M whose projection to the base is (df (f~!(¢)))~(dm(v)) €
T-1(qyN. Therefore, the value on v of the pullback of the form « under the
map F' is equal to

(df (F~ (@) p)[(df (£ (9)) ! (d(v))]
= p(df (fH(@)(df (f~ (q)) " dm(v)) = p(dn(v)) = a(v).

Thus, F' is a symplectomorphism. Let qi,..., g, be local coordinates near
a point y € N and let us denote local coordinates near f(y) by the same
symbol q1,...,q,. Let p1,...,p, denote the corresponding dual linear coor-

dinates on the fibers in 7*N: the coordinates (g, p) are canonical for the form
w. Then in the coordinates (¢, p) the symplectomorphism F' is a canonical
map given by the formula

(¢;p) = (f M (q), (df (f " (2)))*p)- (3.14)

3.6 Generating functions. Local space of symplectomorphisms
Definition 3.24 Consider an arbitrary diffeomorphism between domains,

. 2 2
F:U—=V, UcCR}, VCRgp,

q:(qla-"7qn)7 p:(pla"'vpn)a Q:(le"'aQn)y P:(P177Pn>

We say that the coordinates (¢, Q) are free, if the map (q,p) — (¢, Qo F) is
a diffeomorphism on U. Note that a necessary condition to be free is that

the Jacobian matrix % is non-degenerate.

In what follows we consider that U is simply connected. We equip the ambi-
ent space R?" with the standard symplectic form wy; = dg A dp, respectively
dQ N dP.

Theorem 3.25 In the above assumptions the diffeomorphism F is a canon-
ical transformation, i.e., a symplectomorphism, if and only if

PdQ — pdq = dg(q,Q), g is a function on U,

the function g is written as a function in free coordinates (q, Q) parametriz-
ing U. Here PdQ denotes the 1-form on U that is the pullback of the form
PdQ under the map F. The above function g, if exists, is unique up to
additive constant.
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Proof The form —pdq is a primitive of the symplectic form: d(—pdq) =
dg A dp. Therefore, the map F' is a symplectomorphism, if and only if the
pullback of the form Pd(Q and the form pdq differ by a closed 1-form. Each
closed 1-form on a simply connected domain U is exact, the differential of
a function uniquely determined by the form up to additive constant. This
implies the statement of the theorem. a

Definition 3.26 If in the conditions of Theorem 3.25 the map F' is a sym-
plectomorphism, then the corresponding function g is called its generating
function.

Remark 3.27 Theorem 3.25 implies that locally the space of symplecto-
morphisms looks like the space of functions of 2n variables.

4 Integrable systems. Arnold—Liouville Theorem

The standard integrable Hamiltonian system is a system in canonical vari-
ables (q,p) with a Hamiltonian function on U C R?" that depends only on
n variables, say, H = H(p). In this case the system takes the form

(1o o

and the system has n first integrals py, ..., p,. They are in involution, which
means that {p;,p;j} = 0. The next classical theorem states the converse.

Theorem 4.1 (Arnold — Liouville). Let a Hamiltonian system on a
2n-dimensional symplectic manifold (M,w) with a Hamiltonian function H
have n independent first integrals in involution

Hy=H, Hy,...,H,: 7in involution” means that {H;, H;} = 0.

Independence means that dH;(y) are linearly independent at every point
y € M. Consider the vector function H := (Hy,..., Hy).

1) The level surfaces H™'(a), a = (ay,...,a,) € H(M) C R", are sub-
manifolds tangent to all the vector fields Xp;. They are Lagrangian, which
means that the restriction to each of them of the symplectic form is zero.

2) If S, is a compact connected component of the level set H~ (), then
the following statements hold:

a) There exists a diffeomorphism S, — T" = R&’...’%/QWZ”.
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b) The above diffeomorphism can be chosen to transform Xp, to constant
vector fields on T™ depending only on the parameter . The restriction to
Sa of the system thus takes the form

b= w(a), w(a)= (wi(a),...,w,(a)).

c¢) There exists a neighborhood U = U(a)) C R™ such that for everya € U
the level set H™1(a) contains a compact connected component S, close to S,

and the open subset
N = UanSa C M

admits a symplectomorphism
F:(N,w) = (T"xV,wg), T" = gh“.’%/QﬂZ", VCRY 1, wst =doNdl,

satisfying the following statements:

(i) one has I o F' = g oH, where g is a diffeomorphism U — V, i.e., F
sends each fiber S, to a toric fiber;

(i) in the new coordinates (¢, 1) the Hamiltonian functions H; are func-
tions just of I, thus so are the fields Xp;, and the system takes the form

fizro=¥ w

In particular, the latter system is integrable in quadratures.

Definition 4.2 The above coordinates (¢, ) are called the action-angle
coordinates: I is the action; ¢ is the angle.

Proof of Theorem 4.1. Let us first prove Statements 1), 2a),b). The level
subsets {H = a} are smooth n-dimensional submanifolds, by independence
of the functions H;. One has dH;(Xpy,) = {H;, H;} = w(Xpy,, Xp,) = 0 for
every ¢ and j. Thus, H; = const along orbits of each field X,. Hence, X,
is tangent to each above level submanifold, and hence, to S,. The above
statement also implies that the fields Xp,(y) generate the whole tangent
space to the level submanifold through each y, and w vanishes on each pair
of them. Hence, it is a Lagrangian submanifold. Statement 1) is proved.
The vector fields X, are linearly independent at each point y € M, as
are the differentials dH;(y). They commute, since {H;, H;} = 0. For every
compact component S, of the submanifold {# = a} the restrictions to S, of
the fields Xy, have well-defined flow maps ngHi 1Sy = 85, for every t € R.

Thus, for every o € S, there is a smooth map

I, : RZV“,% — Sa, (tl, . ,tn) — g%.Hl 0---0 gE?Hn (330) (43)
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Claim 5. The map Il : R®™ — S, is a universal covering.
Proof The image II,(R™) C S, is open. Moreover, there exist d,¢ > 0
such that the map II, is injective on the ball of radius § around each point
z € R", and its II,-image contains the e-ball in S, centered at Il,(z). By
definition, the latter e-ball is the intersection with S, of the e-neighborhood
of the point x( in some fixed Riemannian metric on M. The above statement
follows by linear independence of the fields Xz, and compactness. It implies
that the image II,(R™) has no boundary points and hence, coincides with
all of S,, and the map II, is a covering, hence universal. a

The above coordinates (¢1, . .., t,) on the universal coverings are uniquely
defined up to change of the point zy, which results in translation of the coor-
dinates t by a vector depending on the transversal parameter a. The liftings
to R™ of the vector fields Xp; coincide with the fields %, by construction.
The covering desk transformations R™ — R”™ are translations, since they
preserve the above fields. Thus, S, is isomorphic to the quotient of the
space R™ by a discrete additive subgroup A with compact quotient. The
subgroup A has a finite number, say k, of generators. They are linearly
independent over R. Indeed, if, to the contrary, there were a subsystem of
generators that are linearly dependent over R but not over Q, then they
would generate a non-discrete subgroup, — a contradiction. Their number &
is equal to n: otherwise their linear combinations with real coefficients do
not cover all of R", then the quotient is not compact. Finally, A has n gen-
erators, linearly independent over R. Hence, there is a linear transformation
A R" — R" sending A to the lattice 2nZ". Together with the covering
projection I, : R™ — S, it induces a diffeomorphism S, — T" sending each
X, to a constant field. Statements 2a),b) are proved.

Let us prove Statement 2c). The first statement, existence of a compact
component S, close to S, in H~!(a) for a close to a follows immediately
by transversality. It implies, again by transversality, that the union N is
a n-dimensional submanifold. It remains to prove existence of a rectifying
symplectomorphism F'. This will be done in the following steps. They deal
with the universal covering N of the manifold N, which is the union of the
universal coverings S, of the topological tori S,.

Step 1). Construction of preliminary canonical coordinates (t1y. oy tny Hiy ooy Hy)
on the universal cover V. We have already constructed some preliminary
coordinates t1, . . ., t, on universal coverings S, see (4.3). They were defined
by a base point zg € S,, but for different choises of z( the corresponding
t-charts on S, differ by translation. The above coordinates 1,..., ¢, iden-

tify each S, with R", and Xp, = d%. Let us correct the cordinates ¢ by
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fiber-depending translations in order make the coordinates (¢, ) canonical:

la) Construction of the coordinate ¢;. Recall that the vector fields Xy,
commute. Therefore, there exists a foliation, denoted by Fi, by (n — 1)-
dimensional leaves (local submanifolds), each leaf being saturated by orbits
of the fields Xpg,,..., Xp,. Fix an integral hypersurface ¥; of the foliation
F1, i.e., a hypersurface that is a union of leaves, that is transversal to the
vector field Xpg,. It cuts each universal cover Sa by an affine subspace

parallel to the subspace generated by the vectors Xp, = d%' For every

Yy € N close to S, let t1(y) denote the time needed to reach y along a
trajectory of the field Xy, starting at ¥£;. On each universal covering it
coincides with the previously constructed coordinate t; up to translation.
One has

{t1, Hy} = dt1(Xp,) = o1y, (4.5)

Indeed, the above equalities holds on X1, by construction. They remain
valid along orbits of the field Xp,: its time 7 flow translates ¢; by 7 and
preserves each field Xy, since [Xp,, Xp;] = 0.

1b) Construction of the coordinate to. The vector fields X¢,, Xp,, ..., Xm,
commute, by assumption and (4.5). They are linearly independent at each
point, by construction. Let Fo denote the foliation by n-dimensional leaves
saturated by orbits of the fields Xy,, X, X#,,..., X¢,. Fix its integral
hypersurface X9 that is transversal to the field Xg,. Let us define the time
function t2 as above with 1, Xy, replaced by ¥2, Xp,. One has

{t2, H;} = 095, {t1,t2} = dt2(Xy,) =0, (4.6)

as in the above construction.

1c) Construction of t3,...,t,. The fields X;,, X+,, X#,,..., Xy, com-
mute, by (4.6). Let F3 denote the foliation by (n + 1)-dimensional leaves
saturated by orbits of the fields Xy, X¢,, X#,, X#,, X#,, ..., XH,. Fix its
integral surface X3 transversal to Xp, and construct t3 as above. Contin-
uing this procedure we construct coordinates t¢1,...,t, satisfying (4.4) and
hence, canonical. B

The vector fields Xy, lifted to N are tangent to the fibers H = const

and coincide with the fields 6%. The desk transformations of the covering

N preserve the lifted fields and the vector function . Hence, they are
translations by vectors depending on the transversal parameter a = H. For
every a the translation vectors form a cocompact lattice, i.e., an additive
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subgroup in R™ with compact quotient. Hence the above lattice is generated
over Z by n vectors, which we will denote vy, ...,v,. Each vg = v4(H) is a
function of the coordinates H = (Hy, ..., Hy,).

Step 2) Simultaneous symplectic rectification of the lattices. Here we
construct a symplectomorphism

F:(N,w)— (R} xV,wg) VCR}, ¢=(b1,....00), I=(I1,....I).

Here by w we denote the lifting to N of the form w, and wg = do A dI. We
construct F' so that I is a vector function of the coordinates H, and F' sends
fibers to fibers by affine maps depending on the parameter H. We construct
F so that the corresponding linear maps send the basis lattice vectors vg(H)
to the standard basis vectors 2me;. This will imply that I passes to a quo-
tient symplectomorphism N — T" x V. Then the corresponding coordinates
(¢, I) are action-angle coordinates we are looking for.
In the above coordinates (¢, H) each covering desk transformation

Td : N—)N, Td : (75,7‘[) — (t+vd(H),’H)

is a symplectomorphism for the standard form wg. Let vy = (v14, ..., Vnq)
be the coordinate representation of the vector function vg. The 1-form
> vja(H)dH; is closed, by symplectomorphicity, see Example 3.23. We
consider that it is exact, choosing U simply connected. Thus,

094 094
OH," "’ 0H,

vg = ( ) for some function gg4(H) on U.

Consider the map
g:U—R", (Hla e 7Hn) = (91(%), ce 7971(7'[))

It is a local diffeomorphism, since the gradients vy(H) of the functions g4(H)
are linearly independent at every H € U. We can and will consider that it
is a diffeomorphism U — V C R”, shrinking U. Consider the map

F:N Ry xR}, (tL,H) — 2rt(dg(H)) ™", (2m) " g(H)). (4.7)

Here t(dg(#H)) ! is the product of a horizontal vector t = (t1,...,t,) and the
matrix (dg(H))~!. The above map F can be considered as a map between
the cotangent bundles of the domains U and V', where the bases are equipped
with coordinates H and I respectively and the fibers with coordinates t
and ¢ respectively. Recall that (¢,H) and (¢, I) are canonical coordinates.
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The map F' is the lifting to the cotangent bundle of the diffeomorphism
(2m)~1g(H), which follows from (4.7). Hence, it is a symplectomorphism, see
Example 3.23, 4). Its restriction to each fiber is a linear operator R” — R”
sending each vector vy(H) to 2megy; here eq is the d-th vector in the standard
basis. Thus, F' induces a quotient symplectomorphism N — Ty x V7. The
action-angle coordinates (¢, I) are constructed. Theorem 4.1 is proved. O

Remark 4.3 In the proof of Arnold-Liouville Theorem given in [1] the con-
struction of action-angle coordinates is done by constructing the generating
function of a symplectomorphism F' we are looking for.

5 The KAM invariant tori theorem: analytic case

5.1 Analytic theorem on persistence of invariant tori

This theorem deals with perturbations of a standard integrable system on
a domain T" x U C T§ x Ry, given by an analytic Hamiltonian function
K = K(p) depending only on the p-variables:

T = glw-,(f)n/zﬂ-zn’ b= (pl’ cee 7pn)-

We impose the following ;
non-degeneracy condition: the Hessian matrix %TIQ{ is non-degenerate
for every p € U.
The corresponding Hamiltonian system takes the form
OK(p)

{¢ZW<p> w(p) = (wa(p),. - wa(p)), wilp) = 5P ()

p=0, Ip;

Remark 5.1 The non-degeneracy condition is equivalent to the condition
that the frequency map p — w(p) is a local diffeomorphism.
Recall that a vector w = (w1, ...,w,) € R™ is called Diophantine, if there

exist constants C,y > 0 such that

C
| <w,m>|>—— forevery m=(my,...,my) €Z"\{0}. (5.2)

[m|”

In this case it is called (C,~)-Diophantine. If for a given number + a vector
is (C,~)-Diophantine for appropriate C' > 0, then it is called «-Diophantine.
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Exercise 5.2 For every v > n — 1 the set of y-Diophantine vectors has full
measure.

In what follows for every s > 0 we denote

Ag:={(r1,...,m) € C" | max|rj| < s},
J

Ty :={o=(d1,...,0n) € C"/27Z" | |Im¢;| < s forall j =1,...,n},

For a domain U C R" we set
Us:={reC"| |Imrj| <s, and Rer lies in the s —neighborhood of U}.

Theorem 5.3 (Kolmogorov — Arnold). Fiz C,~,s > 0. Let K(p) be a
function analytic on U and satisfying the non-degeneracy condition on U.
Then there exists an €9 = €o(C, 7y, K) > 0 satisfying the following statement.
Consider a new, perturbed Hamiltonian function H(¢,p) analytic on T x U
and continuous on its closure. Let for some € € (0,e9) one have

|H(p,p) — K(p))| <e for every (¢,p) € T% x Us. (5.3)

Then for every ¢ € U corresponding to a (C,~y)-Diophantine frequency w(()
the Hamiltonian system with the Hamiltonian function H has an invariant
n-dimensional torus

T ={p = C+gc(9)}, g¢ is an analytic function on T, max |g¢| < §(K,¢),

0(K,e) =0, as € —0.

The Hamiltonian flow on the torus ’72” is analytically conjugated to the flow
b = w(¢) of the non-perturbed system on the torus T™ x {C}.

5.2 Reduction to KAM theorem for one torus

We deduce Theorem 5.3 from a similar theorem concerning just one Dio-
phantine torus. We prove the latter theorem using a method analogous to
proofs of Siegel Theorem and its analogue for circle diffeomorphisms close
to rotations.

Consider a Hamiltonian system on T" x U C T" x R", 0 € U, with a
Hamiltonian function of type

Ko(¢p,r) = cot+ < a,r > +0(r%), as r— 0. (5.4)
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Then the torus
o =T"x {0} CT" x R"

is invariant for the Hamiltonian vector field Xg,, and the corresponding
differential equation on T{j takes the form

b=a
5.5

{7’" =0. (55)
In what follows we denote

Pp— 82K0 Pp— 1 .
Qo) = 50,0, @ = g [ Qe do: (59

Q(¢) is the Hessian matrix function, and QU is its average over ¢, a constant
matrix. The latter matrices are symmetric, and we also deal with them as
with quadratic forms. Set

K% := the set of functions Ky(¢,r) of type (5.4),

Mg =T, x Ag,
A(U) := {functions holomorphic on U and continuous on U},
A = A(Ms), K :=K*N As.

The space A, is a Banach space with the norm

[1£1ls := max|f].

M

We show that the dynamics on the invariant torus of the perturbed system
is conjugated to that of the non-perturbed system by a symplectomorphism
of the following group:

= := the group of analytic symplectomorphisms
G:T" xR = T" xR", G(¢,7) = (0(6), (r +p(6))(0'(9)) ), (5.7)
. . 8pi apj
d¢ is a closed 1-f €. = ey Pn ) = ,
p(8)d0 i a closed 1-form, ., p=(p1(6), -, pu(d). 5 = 5Et
¢ — 0(¢) is an analytic diffeomorphism T" — T".

(5.8)

Note that closeness condition (5.8) is equivalent to the condition that

oS oS

=R+ 5'(¢), S is a functi ™, 8 =(—,..., —
(o) (p) is a function on (6¢1 90,

). (5.9)
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Theorem 5.4 (Kolmogorov — Arnold). For every collection of positive
constants C,~,s,d > 0 there exist eg > 0 and a family of constants §(g) > 0
depending on ¢ € (0,&0] such that §(¢) — 0, as e — 0, that satisfy the
following statements. Let o = (au,...,an) € R™ be a (C,v)-Diophantine
vector. Let a function Ko(¢,r) € K$ be such that

max |Ko| < d, [|(Q°) 7] <d. (5.10)
M

E]

Let a function H(p,r) € As be such that
||H — Kol|s <e, €< ep. (5.11)
Then there exists an analytic symplectomorphism G € Z such that
K, :=HoG(¢,r) € K, (5.12)
max|G(¢,0) — (4, 0)] < d(e). (5.13)
In particular, the Hamiltonian field X on T™ x R™ has an invariant torus
T"=G(Ty), T ={r=9(#)}, g(¢) is analytic on T", max|g| < 6(¢)
and the restriction Xy |7n is conjugated by G to the standard flow b= a.

Proof of Theorem 5.3. For every ( € U with (C,~)-Diophantine fre-
quency w(() let us consider the auxiliary Hamiltonian function

Ke(¢,r) = K(C+7) =K+ < a,r>+0(r*) € K¢, a=w(r).

Its Hessian matrix ) in 7 is equal to that of the function K. It is non-
degenerate and depends only on r. The norm ||Q || is uniformly bounded
on Mg by the same constant d, independent on (, that bounds the norm
0\ —1

I(2x

[|[K¢(¢,7)||s < dforall ¢ € U. Let now g = €0(C, 7, s,d) be the same, as in
Theorem 5.4, and let € € (0,&0). Then the function H¢(¢,7) := H(¢,( + 1)
is e-close to K on M,. Hence, it satisfies the statements of Theorem 5.4:
the Hamiltonian vector field Xy, has an invariant torus d(e)-close to the
invariant torus {r = 0} = {p = (} of the nonperturbed system Xk . In
the coordinates (¢, p) it is an invariant torus of the Hamiltonian vector field
Xpg. This proves Theorem 5.3 modulo Theorem 5.4. O

|| on U,. We choose the above d greater than maxg_|K|, then

Theorem 5.4 will be proved below following a proof due to J.Féjoz [2, 3].
Its proof will be somewhat similar to the proof of Siegel Theorem and to
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the proof of Kolmogorov-Arnold theorem on analytic circle diffeomorphisms
close to rotations. We find the symplectomorphism G as an infinite compo-
sition of symplectomorphisms of type (5.7), each obtained as a solution of
the KAM analogue of homological equation.

To prove convergence of compositions, we prove an upper bound on solu-
tion of KAM homological equation using multidimensional Cauchy bounds.
The corresponding background material is presented below. Then we prove
a preparatory upper bound on solution of a simplified homological equation.
Afterwards we prove an upper bound of solution of the KAM homological
equation. Then we prove convergence of compositions to a limit symplecto-
morphism G. Apriori bounds will imply that G is d(¢)-close to the identity.

5.3 Background material 1. Several complex variables. Mul-
tidimensional Cauchy formula and Taylor series

For every R = (Ry,...,R,) € R} and a = (a1,...,a,) € C" by Ag(a) we
denote the polydisk centered at a of multiradius R:

Ag(a) == HDR]-(aj) ={(21,--»2n) | [25 — a5 < Ry}
j=1

Ag:=ARg(0), As:=A(y,.. s forevery s> 0.

Recall that a function f(z1,...,z,) of several complex variables, defined
in a domain U C C", is holomorphic, if it is differentiable as a function of
2n real variables Re z;, Im z;, and its differential at every point z, which
is a R-linear functional R?" = T,C" — C is in fact a C-linear functional
Cc" — C.

Theorem 5.5 (Hartogs). A function f(z1,...,z,) is holomorphic on a do-
main w = wy X - -+ Xwy, C C™, if and only if it is separately holomorphic:
for every j = 1,...,n and every given collection of points zs € ws, s # j,
the function g(z) = f(z1,...,2j-1,%, Zj+1, - - -, Zn) 18 holomorphic on w;.

Remark 5.6 Separate holomorphicity obviously follows from holomorphic-
ity. The nontrivial part of the theorem says that if a function is separately
holomorphic, then it is holomorphic as a function of several variables. We
will not prove Theorem 5.5 in full generality. We will prove its weaker version
under continuity assumption (Osgood Lemma).

The next theorem generalizes the classical Cauchy formula for holomor-
phic functions in one variable.
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Theorem 5.7 (Multidimensional Cauchy formula). Let f : A, — C be a
continuous function that is separately holomorphic on A,. Then for every
z=(21,...,2n) € A, one has

_ 1 _ MO
1) = g 7{@“ 7{@4% Ty o G

Remark 5.8 Let ¢g(¢) denote the sub-integral function in the latter right-
hand side. The multiple integral in (5.14) is independent of integration
order (Fubini’s theorem and continuity of the function g(¢)). It is equal
to the integral of the complex-valued differential n-form g(¢)d{; A --- A d¢,
on the n-torus T = [[7_; S]l, S} = {|¢j| = r;}, oriented as a product of
positively (i.e., counterclockwise) oriented circles. That is, an orienting basis
U1, ..., Up € T¢T™ is formed by vectors v; € T¢; S ]1 oriented counterclockwise.

Proof It suffices to prove the statement of the theorem in the case, when f
is holomorphic in each variable on a domain containing the closed polydisk
A,: the general case is reduced to it via scaling the function f to f.(z) =
f(ez), 0 < e < 1 (which is holomorphic in each variable on A,) and passing
to the limit under the integral, as ¢ — 1. We prove formula (5.14) by
induction in n.

Induction base: for n = 1 this is the classical Cauchy formula for one
variable.

Induction step. Let formula (5.14) be proved for the given n = k. Let
us prove it for n = k + 1. For every w = (wy, ..., w;) € CF set

fw(t) = f(’UJ1, . ,wk,t),

For every fixed 241 € Dy, the function g(w1, ..., wg) = fuw(zk+1) is holo-
morphic on A, .. Hence,

Zk+1)
f(z1,- 0, 2p41) 7{ 7{ d¢y . .. dGy,
27” C1\—7"1 ICk1="% H] 1 Cj )

(5.15)
by the induction hypothesis. The function f¢(¢) being holomorphic in ¢ €

D, ., for every ¢ = (C1,...,Ck), it is expressed by Cauchy Formula
1 fe(Crv1)
ft—,jg =——d(4 for every t € D,, ..
2 2mi |Ckt11=Tk+1 Cet1 —t " s

Substituting the latter formula with ¢ = z;41 to (5.15) yields (5.14), by
continuity and Fubini Theorem. a
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Lemma 5.9 (Osgood). Every continuous function on a domain in C" that
18 holomorphic in each individual variable is holomorphic.

Proof It sufficed to prove the statement of the lemma for a function con-
tinuous on a closed polydisk A,. Then Multidimensional Cauchy Formula
(5.14) holds, and its subintegral expression is a continuous family of rational
functions in z € A,. Therefore, the subintegral expressions are holomorphic
on A,. They are uniformly bounded and continuous together with deriva-
tives on compact subsets in A,. Therefore, the integral is C'-smooth and
its partial derivatives are equal to the integrals of partial derivatives in z
of the subintegral expression (here one can differentiate the integral by the
above boundedness and continuity statements). This imply holomorphicity
of the Cauchy integral. 0

Theorem 5.10 Let a sequence of holomorphic functions on a domain ) C
C™ converge uniformly on compact subsets. Then its limit is holomorphic
on Q.

Proof The Cauchy formula passes to limit and thus, holds for the limit
function. This together with the above argument implies its holomorphicity.
O

Set
ZZO =NU {0}

Theorem 5.11 FEwvery function f holomorphic at 0 € C" is a sum of power
series converging to f uniformly on a neighborhood of 0:

f(z) = Z e’ €C, 2P = zfl L2 e = £(0), (5.16)
k€L,

N £(Q)

Proof Fix a 4 > 0 such that f is holomorphic on the closed polydisk
As = Z((;,”_,(;). Let us show that the right-hand side of the Cauchy formula
written in the same polydisk is a sum of power series converging on Ag. For
every (; and z; with |z;| < 0 = |(;| one has

1 1 o=
_ 1 _ —1—1
Pl —= =>4 5 (5.18)
g G 1=0
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This series converges absolutely uniformly on every disk |z;| < §’ with ¢’ < 4.
Hence, the product of the latter series for all j = 1,...,n also absolutely
uniformly converges to m on Ay . Substituting formulas (5.18) for all
J to (5.14) together with permutability of integration and series summation
(ensured by absolute uniform convergence of subintegral series and uniform
boundedness of the function on JA) yields (5.16) with ¢ given by (5.17).

Substituting k& = 0 yields ¢y = f(0), by (5.14). O

5.4 Background material 2. Cauchy bounds

Theorem 5.12 Let f(z) be a bounded holomorphic function on a domain
UcC", M:=supy|f|. Let a € U, and let

fE) =Y frlz—a)

kezL,

be its Taylor series at a. Let n > 0 be such that Ay(a) C U. Then for every
k= (ki,...,ky) one has

M
el < e Tkl =D Tkl (5.19)
J

Proof Let us fix an arbitrary v € (0,7) and write the multidimensional

Cauchy Formula for the coefficient fj in the closed polydisk A,(a) C U.
The module of the subintegral expression is no greater than %, which

implies that |fx| < % Since v > 0 is arbitrary less than 7, this yields
(5.19). 0

Corollary 5.13 Let U C C" be a domain, and let V. C U be a compact
subset. Let n > 0 be such that Ay(a) C U for every a € V. Then for f and
M as above one has

ok f M

— | <kl okl —. .

m‘z}x\azk| <ki!... ky T (5.20)

Theorem 5.14 Let f be a bounded holomorphic function on T,. Let us
denote M := suprn |f|. Let us write f as a Fourier series:

F@) =" fre<h?>. (5.21)
kezn
Then
|fil < MeFls, (5.22)
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Proof One has
_ 7 i<k
o= gy [ [ 10 o s, (5.23)

The subintegral expression is holomorphic and 27-periodic in each variable
¢; lying in the strip {|Im ¢;| < s}, i.e., holomorphic in z; = ¢ lying in
the annulus bounded by circles of radii e*®. Therefore, the above multiple
integral can be replaced by multiple integrals with integration in ¢; taken
along any counterclockwise oriented circle {Im¢; = v;}, || < s. Fix an
arbitrary v € (0,s) and set

vj = —vsignk; forevery j=1,...,n.

Then along the product of the above integration circles the module of the
subintegral expression is equal to |f(¢)|e”**. Therefore, the right-hand
side in (5.23) is no greater than Me~ ¥ for arbitrary positive v < s. This
implies (5.22). 0

5.5 Main differential equation and bound of its solution

Here we prove the following proposition, which is one of the key statements
in proofs of upper bounds of a solution of homological equation.

In what follows by A4(T™) we denote the space of functions holomorphic
on T? and continuous on its closure. It is a Banach space with the norm

[fls == max|[f].
T?

Proposition 5.15 For every C,~v > 0 there ezists a x = x(C,v) > 0 sat-
isfying the following statement. Let o« = (aq,...,a,) € R™ be a (C,7)-
Diophantine vector. Then for every function u € As(T™) with zero aver-
age, i.e., zero free term of the Fourier series, there exists a unique analytic
function h(p) on T™ with zero average that is a solution of the differential
equation

dh
— = 5.24
Ta = U (5.24)

Moreover, it is holomorphic on T%, and for every n € (0,s) one has

[1Alls=n < xn™ O+ Julls. (5.25)
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Proof Let u(¢) = Zk?éo ue’<F¢>_ The formal Fourier series solution of
(5.24) is

i Uk
M) = Db =00, = g
k0 !

el < ORI [ug] < C7 [ ful e~ 5P,

by Diophantine property and (5.22). Therefore, for every ¢(mod2nZ'™) €
T;_, one has

Z‘hkei<k7¢>’§0—1”u"s Z ’kpe—\k\selkl(s—n)
k0 kezZn\{0}

=y ST ey,
keZm\ {0}

The latter sum is an integral sum with step 7 for the function |z|Ye~ "I, z €
R™, whose integral converges. Therefore, the sums are uniformly bounded,
as is 7. This implies holomorphicity of the function h on T? and (5.25). O

5.6 The Main Lemma

In what follows we denote
Es := {symplectomorphisms (5.7) analytic on M and continuous on M,}.

The distance between two symplectomorphisms G1,Gy € =g is defined as
the norm ||G1 — Gal|s, which is the sum of the s-norms of the 2n components
of the difference G1(¢,r) — Ga(¢p, 7).

Lemma 5.16 (Main Lemma). For every C,~v > 0 and d > 4 there exists
a
c=c(C,y,d) > 4d+ 4 (5.26)

satisfying the following statements. Let

S0 0
), 0<770§Z’ 0 < do < 1", 812250—770<8101=80—%-

Let o € R™ be a (C,v)-Diophantine vector. Let Ko € K2, and let Q(¢) be

S0’
its Hessian matriz in v at v = 0, see (5.6), Q" be its average over T™. Let

1
So € (0,5

1 Kollso, QY71 < d, (5.27)
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Ho € A, [[Ho — Kolls, < do- (5.28)

Then there erist a K1 € KS, and a symplectomorphism
Gy € 58107 ||G0 — Id”slo < 50,’7607 (5.29)

such that the function Hy := Hyo Gg lies in A, and

||Hy — Kills, < 61 := &mg ©. (5.30)
One has
51 < ni¢, M= %. (5.31)

Proof of Theorem 5.4 modulo the Main Lemma. Let K, d be the
same, as in Theorem 5.4. Let D = 4d, ¢(C,v, D) be the same, as in the
Main Lemma. Set Hy = H. Let us construct si, 01, 11, S2, 02, 72, K1, Go,
Hy, K3, G, etc. successively applying the Main Lemma. The sequence s;
decreases and converges to a number s, > 870 One has

Hj :Hoaj_h éj = G()O"'OGj. (5.32)
Let us show that the above compositions are well-defined,

Hj, K; converge in A,, to the same function K, (5.33)

~

s
G converge in the E*—norm to an analytic symplectomorphism G, € E%.

(5.34)
The limit function K, lies in £f , as do K;. Then H o G, = K, by (5.30)
applied to H;, K;, since §; — 0. This will prove Theorem 5.4.

We have not only to prove the above statements, but also to show that
the Main Lemma indeed can be applied infinitely many times. To this end,
we use the following claim for each application of the Main Lemma.

Claim 6. The map G; satisfying the statement of the Main Lemma is
injective on M

sjo1 and

GJ(MS]'-H) € Msj,"i € MSj' (5.35)

2
Proof Inclusion (5.35) follows from (5.29) applied to G, since its right-
hand side is
o 3 N _ 8§ — Sj+1
oSSy =Ty
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Recall that upper bound (5.29) holds on Z\JS R On the set My, , one
1t
has ) )
||dG; — Id|| < 0jm; € ;) < 2~C<i (5.36)
J M\ 74 LTS '
by (5.29) and Cauchy bound. This together with Newton—Leibniz Integral
Formula for the difference Gj(z) — G;(y) implies injectivity on Mg, ,, as in
the proof of Claim 2 in the proof of Siegel Theorem in Subsection 1.5. Claim
6 is proved. a

Claim 7. The functions K; constructed on each step and their averaged
Hessian matrices Q? satisfy the inequalities

1K1 — Kjlls, < (4d + 3)-1, (5.37)
1QF — Q1| < (4d +3)d;-15;2), (5.38)
H(Q?)_l —( ?—1)_1’\ < 28d35j—13;31- (5.39)

Proof One has H; = Hj_1 o Gj_1. Therefore,

|Kj—1 — Kjlls; <[|Hj — Hj—1lls; + [[Hj — Kjlls; + |[Hj—1 — Kj-1lls;

<|[Hj—10Gj-1 — Hj1l|s; + ;5 + 051 (5.40)
One has
|Hj 1 0Gj1— Hjlls; < 6m; " H%%XHHJ'AH» Vi=M, 51 (541)
by Lagrange Increment Theorem and (5.29) applied to G;_1,
max 1Hj ]| < I\Hj—lllsjfl(%)*l < (4d+8j-1)n; 7, (5.42)
by Cauchy bound and the inequality
[ Hj1lls;_, <4d+d5-1. (5.43)

Indeed, the Main Lemma with ¢ = ¢(C,~, 4d) being applicable for K;_i,
Hj_1, this means that

‘|Kj—1‘|8j—1 < 4d, H( 971)71H < 4d, (5.44)

and hence, (5.43) holds by (5.30). Substituting (5.42) to (5.41) and then
substituting everything to (5.40) by elementary inequalities yields

HKj—l — Kszj <0 +05-1+ (4d + 5j—1)77]'_f1_3(5j < (4d + 3)(5j_1.
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Inequality (5.37) is proved. Inequality (5.38) then follows by Cauchy bound.
To prove (5.39), let us note that (||(Q?)_1H)_1 is the minimum m; :=
Min |- HQ?UH One has mj_1 > (4d)~!, by (5.44),

|mj — mj_l\ < (4d + 3)(5]'_18;_21, (545)
by (5.38). Therefore,
@D = I(QF-0) I = Im5 ! = mjy]
N 4d + 3)5;_15; !
_ Ims=myal ( Y15 < 2%d%6; 1851,

mimji—1 ~ (4d)~1((4d)~ — (4d + 3)3; 15, 7%))

jffl, 551 < %, ¢ > 4d+4, see (5.26), by elementary inequalities.

d

since d;_1 < s

Claim 7 implies that on each step of the Main Lemma the bounds (5.27)
for the norms of the functions K; and their averaged Hessian matrices with
inverses remain valid with d replaced by 4d, since the sum of right-hand
sides of inequalities (5.37), (5.39) though all j is less than 4, since §; < nj‘c,
¢ > 4d + 4, see (5.26), by elementary inequalities. Hence, the Main Lemma
is applicable infinitely many times and yields a sequence of well-defined
functions K;, H; and maps Gj.

Claim 6 implies that each composition @j is a well-defined injective holo-
morphic map M — M, , and Hj is holomorphic on Mj,. Therefore, the
sj41- Afterwards
uniform convergence of the maps @j on Mj, to a limit symplectomorphism
G satisfying HoG = K, := limj_,o, K; € K follows as in the proofs of Siegel
Theorem and Kolmogorov—Arnold Theorem on circle diffeomorphisms. O

Sj+1
compositions HoG; are well-defined and holomorphic on M

5.7 Proof of the Main Lemma

The Lie algebra £ of the group Z is the space of vector fields on T™ x R™ of
the type

(0(0), p(d) —10'(9)), p=R+5'(¢), R=const. (5.46)

Here 6(¢) is a vector field on T", S(¢) is a function on T". The above Lie
algebra description follows by differentiating a one-parametric symplecto-
morphism family

(6:(0), (r + pe(0))(61(0)) ™), bo(¢) = b, po(¢) =0,
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in t at t = 0, denoting

_ d@(dﬂ‘ . dpt(¢)’
T t=0, P = dt t=0,

and taking into account that (8,(¢))~' = 1 — t'(¢) + o(t), as t — 0. In
these notations the derivative of the above family is given by (5.46). The
representation of the vector function p given by (5.46) follows from (5.9).
Thus the Lie algebra £ is identified, as a vector space, with the space

0

(0(4), R, S(4)) | 0(¢) is a vector field on T, S(¢) is a function on T".

For a vector field v by exp(v) = g} we denote its unit time flow map. In
what follows we construct appropriate vector field

v=(0,R,S)€¢
and then prove the lemma for Gy = exp(v).
Every function H(¢,r) on T™ x R™ can be written as

1
(2m)"

H(¢,r)=H"+ Ho1(¢,7) + O(r?), H°= AH(gﬁ,O)d@...d%,

Ho,l((;s,T) = ho(gf))—l- < hl((f)),r >, /n h0(¢)d¢1 - d¢n =0.

Remark 5.17 One has H € K¢, if and only if Hy1(¢,7) =< a,r >. For
every H we set

To(H)(¢,7) = H(¢,r) — Hoa(d,r)+ < a,r > . (5.47)
The function 7, (H) lies in £, by construction.

In what follows we denote (Hp)o,1 by Ho for simplicity.

First let us motivate the construction of the above field v. In order to
conjugate the perturbed Hamiltonian function Hy to a function of class K¢,
we have to construct a conjugating symplectomorphism that kills the terms
Ho1(¢p,7)— < a,r >. On heuristic level, we treate the small differences
Hy — Ko, Ho1(¢,r)— < a,r > and the vector field v as "quantities of first
order”. We first construct a field v so that the conjugacy by exp(v) kills the
difference Ho 1(¢,r)— < a,r > on the first order level. The field v will be
the unique solution of homological equation introduced below. We deduce
an a priori upper bound on its solution directly from results of Subsection
5.5 and then prove that G = exp(v) satisfies (5.29). Afterwards we show
that the error term has a quadratic bound and prove (5.30).
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5.7.1 Construction of v. Homological equation. Proof of (5.29)

In the subsection by h.o.t. we mean ”terms of order greater than one” in
the above, heuristic sense. Let

Ho1(p,17)— < a,7 >= ho(¢)+ < b(¢),r >, b(¢) = hi(¢) — a.

Up to terms of order greater than one, we have

exp(v)(¢,7) = (¢ +0(),7(1d — 0'(9)) + p(¢)),

dH dK.
Hyoexp(v) = Hy+ —2 + h.ot = Hy+ —2 + h.o.t.
dv dv
dK, dK,
= 7o (Ho + Tvo) + ho(d)+ < b(¢),r > +(—dv°)o,1 + hot.

Proposition 5.18 1) Let « be a (C,~)-Diophantine vector,

1
Ko(¢,7) = co+ < a,r > +5 < Q(p)r,r > +0(r?) € K.

Let the averaged Hessian matriz Q° = ﬁ S Q(@)dn, ..., déy be non-
degenerate. Then for every pair of analytic functions hg, b on T™, hgy being
with zero average, the homological equation

ho(¢)+ < b(9),r > +(%)0,1 =0 (5.48)

has a solution v = (0(¢), p(¢)) analytic on a neighborhood of the torus T"
in C"/2nZ"™, unique up to adding a constant vector to 0: it is unique after
its normalization with 0 having zero average.

2) Let in addition Ko € As, and ho(¢), b(¢) be analytic on Ty and

continuous on its closure. Let d > 0 be such that
1Kollsy <d, 1@ < d. (5.49)
Then for every n € (0,s0) the above solution v admits the upper bound
10]ls0-n < o(Cy, d)(I[Rollso + 1Bl O (5.50)

Here o(C,v,d) > 0 is a constant depending only on (C,~,d).
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P_roof ' Reqall that ip the coordinates on T™ x R™ the field v takes the form
0(¢), R+ S"(¢p) —r0'(¢)). The (0,1)-part of the derivative % is equal to

dKo B o arr g
(%), (o0 = (carewr i sio —ie>),,
_dS df L,
= (9)+ <7, ==~ (9) + Q) (R + 5(9)) >, (5.51)
since R = const and the derivative % has zero average, as does any

partial derivative of a function on T™. The second vector function in the
scalar product in (5.51) is the sum of its average, equal to Q"R + (QS")°,
and the following expression with zero average:

94 Quorie+ §10) - @R - @S

Therefore, (5.48) is equivalent to the system of equations

95 () = —ho(¢)

Q"R =" — (Q9)° (5.52)
D(6) =b1(¢) + Q&) (R+ 5'(¢)) — Q°R — (QY")°,
0 1

— _ 10
2m)" /Tn b(p)dy ... don, bi(¢) =b(¢) — .

This system is clearly triangular and has a unique solution ((9, R, S) with
being of zero average: we find S from the first equation as in Subsection 5.5,
then we set
R=—((Q")7'("+(Q%)"),

and find 6 from the third equation as in Subsection 5.5. The upper bound
of (8, R, S) given by (5.50) follows from the upper bound (5.25) of solution
of equation % = u, inequalities (5.49), the upper bound on Q(¢) given by
Cauchy bounds and the elementary inequalities

01 < 1[bllso, [Mbellso = 116 = 8%llsg < [1bllsq + [6°] < 2[[Bl]so-

Corollary 5.19 In the conditions of the Main Lemma one has

10]1s0—n < 30(C, 7, d)don 0. (5.53)
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Proof Inequality (5.53) follows from (5.50) and the inequalities
[1hollse < [[Ho — Ko — (Ho = Ko)")lls,
< ||Ho = Kolls, + [(Ho — Ko)°| < 2|[Ho — Kols, < 200,
[1blso < [1Ho — Eollsosp " < don™ "
The latter inequality follows from (5.28) and Cauchy bounds. O
Proof of (5.29). Applying (5.53) to n = 2 yields
—20(y+1) —c1 —
0]l gm0 < 30(C, 7y, d)dong < dong , a=c1(C,7,d) > 4. (5.54)

We choose 8y < 7. Then

[oll,p—m < domg ™ < 7y < L. (5.55)

Thus if the initial conditions for the differential equation given by v lie in

M, m, then in times ¢ € [0, 1] the corresponding solution will move with

S
velocity less than %0, and hence, will not escape from M, 0. Therefore,

the symplectomorphisms
Gt=gt, te0,1], Go=G'=exp(v)
satisfy the inequality
16! = Il < Ilvlly_s < 075" (5.56)

This proves (5.29). O

5.7.2 Quadratic error bounds. End of proof of the Main Lemma

Here we prove (5.30) for the function
Ky :=7n,H1 € K% Hy =HyoGy= Hyoexp(v).

To do this, we use the second Taylor remainder integral formula for functions
in one variable:

£(r)— F(0) = 7£(0) + /0 "7 — 1) (). (5.57)
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One has

Hy — Ky = (HyoG' — K1)o1 = (Ho o G* — Hp)o1 + (Ho — K1)o1

= (Hopo G* — Ho)o1 + ho(p)+ < b(¢),r >, (5.58)
1 _dHy ! d*(Hp o G*(¢,7))
H(]OG —H()—Ch]+/0(l—t) dt2 dt,
dQ(HO o Gt(d),’l“)) d

dt? = @ ((dHO(Gt(d)a T)))U(Gt((;x T‘)))

=< (92Ho(G"(¢,)))0(G (,7)),v(G (¢, 7)) >
+(dHo(G*(¢,7)))dv(G (¢, 7))v(G" (¢, 7).
Note that Gt(¢,r) € MSO_%O for every (¢,r) € Msﬁ%o, by (5.55) and since

s1+% = so— L. Thus, the composition HyoG*(¢,r) is well-defined and lies
in .ASIJr%O for every ¢ € [0,1]. This together with (5.54), (5.56) and Cauchy
bounds implies that

dHy _

[1Ho 0 Go = Ho = — =[5m0 < 52052, 2 = ca(C,y, d). (5.59)
Hence, the same inequality with maybe a bigger constant ¢, = ¢4(C,~,d)
holds also for the norm ||(Hyo Gy — Hy — ddeo )0,1]]s1, by Cauchy bounds and
elementary inequalities, as in the proof of Corollary 5.19. Substituting the
latter inequality to (5.58) together with triangle inequality yields

dHj

Hi—Ky = ( dv

) +ho(@)+ < b(9), 7 > +R1(6,7), [[Ra(r, 8)l[s, < 03
0,1

(5.60)
On the other hand, the sum of the first three terms in the latter right-hand
side is equal to

dKy _ ((d(Ho — Ko)
<dv>0’1 + ho(¢)+ < b(d),r > +Ra(o, 1), Ra(o,r) = (dv )OJ .

(5.61)
The sum of the first three terms in (5.61) vanishes, since v is a solution of
the homological equation, by construction. One has

[R2(r, d)llsy < 03152, 3 = c3(Cy,d) > ch, (5.62)
by (5.28), (5.54) and Cauchy bounds. Finally,

Hi — K1 = R1+ Ra,
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where R, Rq satisfy (5.60) and (5.62) respectively. This implies (5.30)
with appropriate constant ¢ = ¢(C,~y,d) > 0. Inequality (5.31) was already
deduced from the inequality dp < 3¢ in Subsection 1.3. The Main Lemma
is proved.
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