1 OopikHOBeHHBIe auddpepeHInaaIbHble YPaBHEHNS

Hedopmaabao roBopsi, [uHaMIYeCcKasl CUCTEMa — 3TO TPOUKA, COCTOosAMasd 3 (ha30BOTrO
[IPOCTPAHCTBA, BPEMEHHN U 3aKOHA IBOJIONUH. TOYKU (HAa30BOTO MPOCTPAHCTBA, TOJIZKHBI
HaXO/UThCA B OJIHOBHAYHOM COOTBETCTBUM C BCEBO3ZMOXKHBIMU COCTOSHUSIMH KAKOI'O-TO
nporecca. Ecm mporiecc pa3zBuBaeTCs IOMAroOBO, Mbl TOBOPUM O JHUCKPETHOM BpPEMEHU
U OTOXKJIECTBJIEM €ro ¢ Z — Wiu 7., ecJid NPOIecC HeOOPATHM WJIU IPOILIOe HAC He
unrepecyer. B mpoTuBHOM cjlydae roBOpST O HEIPEPBLIBHOM BPEMEHH U OTOXK/IECTBJISIOT
ero ¢ R wim R, . Tpaekropus cucreMbl — 3T0 0TOOparkeHue u3 BpeMeHu B (ha3zoBoe Mpo-
CTPAHCTBO, TOINHSIIOIIEECsT 3aKOHY BOJIIOIUU. DTOT 3aKOH JIOJIZKEH, B ODIEM CIydae, 110
COCTOSIHUSIM CUCTEMBI B IIPOIILJIOM U HACTOAIIEM ITO3BOJISTH YCTAHOBUTH €€ OyryIree.

Paccmorpum 6ueknuio f mpomssosibHOro MuoxkectBa X. B kadectse hazosoro mpo-
CTPAHCTBA BBICTYIAET CAMO 3TO MHOYXKECTBO, BPEMEHEM CJIYKUT I'pylia Z, a B KadecTBe
3aKOHA, SBOJIIOINY BBICTYIIAET HAIA OMEKINs: 3a BPEMs HOJIb BCSIKas TOYKA MEPEXO/IUT B
camy cebq, fO(x) = x, 3a Bpems 1 oma nepexomut B f(x), 32 Bpemsa n — B f"(z). 1o TO
JKe camoe, 9To JieficrBue rpynnbl Z va X. Ecim Ob1 f He ObLI0 OMEKTUBHO, C IPOIILIBIM
HeJb3s ObLI0 OBl 00pAIATHC TaK 2Ke, KaK ¢ Oy/LyIuM, II09TOMY €CTECTBEHHO CIIepBa €ro
UCKJTIOYUTH ¥ OTPAHUIUTHCS JefICTBUEM TOJIYTDYIIbI Z .

B xypce 0ObIKHOBEHHBIX JinDdepeHIuaIbHbIX YPaBHEHU HAC OY/IyT UHTEPECOBATD JIH-
HAMUYECKHe CHCTEMBI ¢ 1) KOHEYHOMEPHBIM (hba30BBIM MMPOCTPAHCTBOM, 2) HEIPEPBIBHBIM
BpeMeHeM, 3) TpaeKTOpusiMu, 3a1aBaeMbiMu uddepentupyeMbivMu byHKIMsIMA, 1 4) 3a-
KOHOM 3BOJIIOINH, KOTOPBIHA 10 TEKYIIEMY COCTOSHHUIO OJHO3HAYHO OIIpejesseT Oymryiiee
U TIPOIILIOE.

1.1 JuddepenimmaibHoe ypaBHEeHNE, eT0 penieHns, 3ajja4a Kormn

Hac B nepByto ouepejib Oy/iyT mHTEepecoBaTh OOBIKHOBEHHBIE auddepeHnnaaibHbIe
ypaBHeHusi 1-ro mopsilka B HOpMaJIbHOU (opme (T.e. pa3penieHHble OTHOCUTETEHO
[IPOU3BO/THO ):

T = f(t, z). (1)

Baech x(t) — memsBectHas ynknug, a f: R X R™ O D — R" — usBecrnast yHKIHs
(D — obnacts). Jlamee Gynem Mo yMOTYAHUIO CYUTATh, YTO f HempepbiBHasl. Pereruem
yDaBHEHUsI HA3bIBAETCH OIIPe/IeJIeHHas Ha MHTepBaJie (BOZMOXKHO, GECKOHEUHOM ) (DYHKIIIs
¢: (a,b) = R™ KOTOPYIO MOXKHO TIOJICTABUTL B yPABHEHHE U KOTOpAas IIPEBPAIIAET €ro B
ToxkecTBO: p(t) = f(t,p(t)) na (a,b). Pemurh ypaBHeHHe — HANTH BCe peIleHUs.

Onpenenenune 1. 3anaqda Ko noty4daercs, ecyin K ypaBHEHHIO JTOOABUTDL T.H. HAYAb-
HOE yCJIOBUE — yCJIOBUE, YTO HEeU3BeCTHas (DYHKIUS IPUHUMAET 3a/[aHHOe 3HAYEeHUE TIPU
HavYaJIbHOM 3HAUYEHUU apryMeHTa:

T = f(t,x), 2)
x(tg) = xo.
3aberast HEMHOTO BIIEPEJI, CKaXKeM, 4TO JJIsi YPaBHEHUs B HOPMAJILHON (opMe ¢ T1ai-
KOl IpaBoil 4acThio 3ajada Kol nmeer eIMHCTBEHHOE DelleHne — B TOM CMBICJIE, YITO
11060Le YO0BAEMBOPAIOULUE HAUAADHOMY YCAOBUIO PEUWEHUA YDABHEHUA COBNAOAIOM. HA Ne-
pecevenuu ux obaacmets onpedeseHu.



IIpumep 2. Ilpocreiimee ypasaenne. 9o ypapuenne suja © = f(t). fdcuo, aro perre-
HUAME OyJIyT OIIpejIeIeHHbIe Ha HHTepBaiax nepBoodpasHbie (DYyHKIUU f U TOJLKO OHH.
Pertenne 3amaun Ko mveer Bug x(t) — xg = fti f(s)ds.

ITpumep 3. Cpobojmoe majienne Toueunoro renia. [lomoxkenne 3agaercs GyHKImeii Bpe-

Menn z(t), aBUKeHMe ToIIuHsieTcs 2-My 3akony Heiorona F' = ma, rine a = &, F = —my,
. . 2

4qT0 AaéT ypasuenue & = —¢g. OHo uMeer pelenust ¥ = xg-+ vt — %, HO He nmeet Buj (1).

DTO JIETKO UCIIPABUTH, BBE/IsI TIEPEMEHHYIO U U Tepeiijid K CHcTeMe

T =,

v =—g.

Ona umeer Buj (1) ¥ JIErKO BUJETD, UTO €€ pellleHrsi HAXO/sITCsl B OMeKTUBHOM COOTBET-
CTBUM C PENIEHUAMU UCXOTHOTO ypaBHEHUHA 2-T0 nopsaka. 1lopsiok monususics, a pa3smep-
HOCTB oBbIcHIach! TOYHO Tak »Ke MOKHO OT IIPOU3BOJILHOIO PA3PEIIEHHOI0 OTHOCUTETHHO
cTapIieil MPOU3BOTHON OTHOMEPHOIO YPaBHEHUS 71-TO ITOPSIKA

n) __ n—1 n—2 .
2™ = f(amY 2D d st
Hepef/'ITI/I, BBO/ZIA IIepeMEHHbIE T, ...,Tp—1, K CUCTEME
(.
T =T,
Ty = Ta,

j:n—2 = Tp—1,

f(.Tn,l, Tp—2y...,0L1,7, t)
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ITpumep 4. YpaBuenue & = ax ONUCBIBACT POCT YnC/Ia ODaKTepUil Ipu U30bITKE AN TTPU
a > 0 m U3MeHeHNe KOJIMYEeCTBA BEIECTBa, IIPETEPIIEBAIOIIETO PAINOAKTUBHBIN pacia,
upu a < 0. Cuenaem 3amMeny BpeMeHH T = at, T.e. mepefijieM K PacCMOTPEHUIO HEU3BECT-

noit gynxiun (1) = z(t(7)). E& nponseonnas no 7 ects ' = % = 9. 4 — 3 /g Crago

dat - dr

ObITh, cTapast HEM3BECTHAs! YIOBJIETBOPSAET YPABHEHUIO & = X, €CJIM U TOJBKO €CJIU HO-
Basd YJIOBJETBOPgAET ypaBHeHuio r’ = z. PemmM ero nmpu moMoIy 3araJo9HONl 3aMeHbI
x(t) = y(t)e'. YpaBHeHue Ha T BBIIOJHEHO TOTJA U TOJBKO TOTJA, KOTJA Y YJAOBIETBOPSAET

YPaBHCHUIO

yel +yet = ye! & =0 & y = const.
Y—— =~

O6parnbie 3amennl gaor (1) = Ce” u z(t) = Ce™, rae C' — NpousBOJIbHASI IOCTOSHHAS.
[Tosyuennast popmyia 3a/1aeT Bee PElleHns ypaBHeHUs. TakKe JIEMKO MOy IUTh PEIIeHIe
sagaun Komm ¢ HauaabHBIM yeiosueM x(ty) = xg — 310 2(t) = 1e®~%). Dror mpmMep
HyZKeH, 9TOObI Mbl HIOHSIIHM, KaK PabOTAIOT 3aMeHa BPEMEHH 1 3aMeHa, [IePeMeHHOII.

1.2 PacmmpenHoe ¢dra30Bo€e IIPOCTPAHCTBO U MOJIe HANPaBJIEHU

B ciayuae ypasuenust (1) ¢dpaszoBoe mpocTpaHCTBO — 5TO MPOCTO MPOCTPAHCTBO, B KOTO-
POM pellleHrs TPUHUMAIOT 3HadeHus . Irnopupys HIOAHCHI, CBA3aHHDBIE C TEM, YTO IIpaBas
JacTh ypaBHeHust (1) MoxKeT ObIThH OIpejieieHa He BCIoAy, Oy/ieM roBOPHUTD, 4To (a30Boe
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npocTpancTBo ecTh R"™. Pacmmpentoe dha3oBoe MpocTpaHCTBO — 3TO JAEKaPTOBO IIPOU3BE-
nenne $hazoBoro nNpocTpancTsa u ocu Bpemenu: R x R™ = R*" Orobpazkenue f 3ajaer
B pacIIupeHHoM (a30BOM IIPOCTPAHCTBE IOJI€ HANPaBJEHUMA. A MMEHHO, B Kacare/lb-
HOM ITPOCTPAHCTBE B KaXKJION TOUKe (to, o) Gepercs IpsMast ¢ HAIPABJISIONIM BEKTOPOM
(1, f(to,20)) € Tigwo)(R x R") = R x R". InTerpanbHas KpuBas I0JIs HalIpaBJie-
HUIT — 9TO peryngpHaa! raKas KpuBas, KOTopas B KazKJ0i CBOeil TOUKe KacaeTcs OIS
HaIlpaBJICHAN.

Teopema 5. Hnmezpanvrvie kpusvie nocmpoernozo no ypaskeruto (1) noas nanpasaerud
— amo 6 mownocmu 2paguru pewenuti ypasrerus (1).

Jlokasameavcmso. Pacecmorpum rpaduk periernst ¢(t). Y Hero ectb OveBHIHAsS Tapa-
merpusarust ¢ — (t,¢(t)) Kacarenbubiii BekTOp K HeMy B TOUKe (tg, o) WMeeT B/
(1,¢(t0)) = (1, f(to, zo)), mosToMy rpaduk Kacaercs mojs Hanpasienuii. Tak kak f u
( HelpepbIBHBI, Tpon3BoaHas ¢ = f(t,p(t)) HenpepbiBHA, TaK 4TO rpaduK — IIaIKast
KpuBas.

O6paTHO, IyCcTh y HAC €CTh MHTErpaibHas KpUBas — IMOKayKeM, ITO 3TO rpaduk pe-
mennst. PaccMoTpuM Jijist KpUBO#i NI IKyto mapamerpusanuio s — (t(s), z(s)). Eé Bexrop
ckopoctu tponopuuonaser (1, f), nosromy t'(s) e obuysercsa. Ho torna dynkuus t(s)
obparuma u obparnas — riajkas. [logcrasisis 3aBucuMocTb $(t) B IapaMeTpU3aIMIo,
HOJTy9nM TVIAJKYI0 apamerpu3anuio BpemeneM: t — (t, z(s(t))). omyaaercs, aro unre-
rpajibHas KpuBasi okazasiach rpacdukoMm byskimn ¢(t) = x(s(t)). [Ipoussonnas wOBOI
napaMeTpu3alii, ¢ OJHOW cTOpoHbI, ecTh (1, (t)), a ¢ Apyroit CTOPOHBI, OHA MPOIIOPIIU-
onasbha (1, f(t,¢(t))), T.K. KpuBas uaTerpasbhas. [losromy o(t) = f(t,¢(t)), Te. ¢ —
pelienue. O

Kaxk 6b110 yIIOMSIHYTO BBIIlIe, B CIy9ae TJIaIKOro MOJsl HarpaBieHnil (11a 1Kol paBoii
JacTu ypasHeHus ), 3aga4da Ko nmeer equncTBeHHOe pererne. Touka mepecedeHust MH-
TerpajbHbIX KPUBBIX O3HAYAET COBIAIeHNEe HadaIbHBIX YCJIOBUI B 3a1a4e Korm, Tak 910 B
9TOM CJIy4ae MHTErPAJbHbIE KPUBbIE JOJIZKHBI COBIACTH (B TOM CMBICJIE, 9TO COOTBETCTBY-
IOIIIe UM PEIeHnsT COBIAJIAIOT Ha TiepecedeHnu obiacreil onpeenenns). Takum obpazom,
B IVIQJIKOM CJIydae paciimpeHHoe (a30Boe MPOCTPAHCTBO Pa3dUBaeTcss HA WHTETrPaJIbHbBIE
KpuBble. bostee Toro, 510 pazdbuenne sIBIAETCS CJIOEHNEM — B OKPECTHOCTH KaXK 10N TOUKI
MOKHO JnhbdeomMopdu3MOM BLIIPAMUATH pa3dnueHne Ha HHTerPaJbHbIe KPUBBIE J10 pas0ne-
HUs Ha [TAPAJIIeTbHBIE TPSIMBIE; HO 9TO MBI JIOKAKEM MOTOM (CM. TEOPEMY O BBIITPSIMIICHIN
HOJTsT HATIPABJICHHUIA ).

1.3 ABToHOMHBbIE ypaBHEHUS, BEKTOPHbIE 110/ U pa30Bble MOPT-
peThbI

Ypasuenue (1) Ha3bIBaeTCs ABTOHOMHBIM, €CJIH TIPaBasl 9aCTh HE 3aBUCHT OT (:

T =wv(x).

TTapameTpusoBaHHas KpuBas HA3BIBACTCA PEry/IAPHOIl, ecu e npou3BoaHas He obmynsercs. OObrd-
HO B OIpPe€/IeJIeHNA MHTerpaJIbHON KPHUBOH I'OBOPAT IIPOCTO <«IVIaJiKasd KpUBasg», UMes B BUJY IVIAJKOe
omHOMEpHOE TToMHOT000pa3ue. 11o Teopeme 06 SKBUBAJIEHTHBIX OMPEIETEHUAX TIOJIMHOTO00PA3Hs Y HETO
JIOKAJIbHO €CTh peryJisipHasl IapaMeTpu3alud U JJId Hee BEKTOP CKOPOCTH JIE?KAT B KacaTeJbHOI IIPAMON
B COOTBETCTBYIOIEN TOYKE.



st aBTOHOMHOIO ypaBHEHUsI 110J1e HATPABJIEHHUI Ha BCeX MJIOCKOCTSAX {t = const} ycTpo-
€HO OJIMHAKOBO, MMapaJsiie/IbHbI [EPEHOC BJIOJb OCH ¢ IEPEBOJUT €ro B cedgd. ITOT Ta-
pAJIEIBHBII [TEPEHOC TTEPEBOUT WHTErpajibHble KPUBbIE B WHTErpajbHbIEe KPUBbIE, TaK
9TO eCI  — pelienne, 10 p(t — ty) — Toxe peleHne (370 BUIHO U IIPU TIOJCTAHOBKE B
ypaBHEHHE).

Jl1st aBTOHOMHBIX YpaBHEHHUI CymiecTByeT 0oJiee SKOHOMHOE T'e€OMEeTPUIECKOe IIPe/i-
crapyienne. Pacemorpum ¢ha30Boe MPOCTPAHCTBO U B KAYXKJION €10 TOUKE Ty BO3bMEM Kaca-
TeJIbHBII BEKTOP ¥ (T() — MOy IUTCs, 4TO aBTOHOMHOE YPaBHEHHE OIpeJIe/isieT BEKTOPHOE
moJie B (pa30BOM IIPOCTPAHCTBE, TAK ITO ABTOHOMHBIE YPABHEHUsI MOXKHO OTOXKJIECTBUTH
¢ BEKTOPHBIMHE M0JIsiMu. T paeKTopueit nim ¢pa3oBoii KpuBoii Oy/ieM Ha3bIBATH 00pas3
perrenus. Perenust, oTimgaonyecs Apyr OT ApyTa CABUTOM BPEMEHH, JTAIOT OJIHY U TY ¥Ke
TpaekTopuio. [IycTh JiBe TpaeKTOpun MepeceK/mch — 9TO 3HAYUT, IYTO COOTBETCTBYIOIIHE
pEeIIeHusT MPOXOJIAT Yepe3 OJHY TOYKY, HO, ObITH MOXKET, B Pa3Hble MOMEHTHI BPEMEHH.
CreslaeM B OJJHOM W3 PEIIEHHN CJIBUT BPEMEHU (TPAEKTOpUs HEe U3MEHHUTCs), YTOObI pe-
[IIEHUsT TIPOXOJIUJIA Yepe3 OJHY TOYKY B OJMH MOMEHT BPEMEHHU, — TOIJa 3TO PelleHHs
ojHOM 3aaan Ko, Tak 9To B TJIAJIKOM CJIyYae OHU JOJIZKHBI COBIIACTDH Ha ME€PeCeYeHN
obstacreit onpesenerns. VIrnopupyst HeOOXOIUMOCTH OTOBOPOK PO 00JIACTHU OIPEIC/ICHUS,
KOPOTKO TOBOPUM, 9TO TPAeKTOpUHU JNOO He TepeceKaroTcs, ubo coBnaiaoT. Ho Torma
(HenpoioszkaeMbie) ha3oBble KpUBbIE 00pa3yoT pasoueHne (ha30BOro MPOCTPAHCTBA. DTO
pasbueHne BMecCTe ¢ JIAHHBIMU O TOM, B KaKOM HAIIPABJIEHUU ITPOMCXOJIUT JBUKEHUE 110
(az0BoOil KPUBOII ¢ POCTOM BpPEMEHH, HA3LIBAETCSA (PA30BBIM MOPTPETOM ABTOHOMHO-
ro ypasuenus. Hanpasienne nBMKeHUs Ha PUCYHKaX IMOKa3bIBaeTcs crpesodkoit. Hymm
byHKIMKI v HA3BIBAIOTCS 0COObLLMU MOYKaMYU YpaBHEHNs. VIM COOTBETCTBYIOT MOCTOSTHHBIE
pereHust, OHl U300pazkatoTcst Ha (a30BOM MOPTPETE TPOCTO TOUKOM.

1.4 Pernienne aBTOHOMHOTO ypaBHEeHUsI Ha MPAMOIA

Teopema 6. Jlaa asmoromrozo ypasnenus & = v(x) na npamoti c v € CY(R) uepes waoic-
dYr0 MOUKY MAOCKOCTU PACULUPEHH020 (PA306020 NPOCMPAHCNEA NPOTOJUM POGHO 00HA
uHmezparvras kpusasa u 3adava Kowu umeem edurncmeennoe peuwenue. B cayvwae 0coboli
MOYKU MO NOCMOAHHOE Pewenue, a 6 caywae neocobolt moury (tg, To) uHMEPAALHAA
KpuBas, Nporodau,as epes Heé, 3a0aemcs YpasHEHUEM

t_tOZL:%. 3)

Jloxazamenvcmeo. PacemoTpum HEOCOBYIO TOUKY Xo — OHA COJEPIKUTCS B MAKCUMATBHOM
unrepBase (a,b), cBobogHOM OT 0c00BIX TOUEK: b = inf{x > z¢: v(z) = 0} mwmm +oo.
Kak Mbl BbIsicHWIM, IpadUKH peliennii ypaBHEHUA — 3TO UHTETrPAJIbHbIE KPUBBIE TOJIS
nanpasienuit (1,v(z)), wam ayqme ckazars [1 : v(z)]. B obmacru R X (a,b) 10 TO Ke

caMoe, 9TO [ﬁ : 1], mockobKy v(x) He obHyssiercsi. MeHsist poJisiMU TIepeMeHHbIe ¢ 1 T,

3anuiineM ypaBHEHHe Ha HeM3BeCTHYIO (DyHKIWIO ¢(x), KOTOPOMY OTBEYAeT 3TO ¥Ke IOJe
HallpaBJIEeHUI B paccMaTpuBaeMoil 1moJoce:

dt 1

dr v(z)

Ho sTo mpocreiiiiee nuddepenimaibioe ypaBHeHHEe U3 pUMepa 2, JIjIsd HEro pelieHue



381891 KOIIU ¢ HAYaJIbHBIM YCIOBHeM t(zg) = to nMeer BHI

t(a:)—tgz/m(g)c%.

OueBniHO, TOrIa rpadhuK PENIeHns — OH YKe UHTerpaJjbHast KpUuBas s 000UX ypPaBHEHMIT

— 3ajiaeTcs ypaBHeHneM
- / T ds

ity = il

w0 V(8)

Dra dhopmya 3a7aeT HHTErPATHHYI0 KPUBYIO 0JIsT HAIIPABJIEHUIT NCXOTHOIO YpaBHEHM I,
a 9To rpaduK pelreHus , TaKk 9To (popMyJia HESIBHO 3a/1a€T PeIlleHre U He TPeOyeTCsl CIIel-
aJIbHO 9TO MPOBepsITh. OJHAKO B KAUeCTBE YIIPaXKHEHMsI MOXKHO IIPOBEPUTH (HE CChLIASCH
Ha TeopeMy 5), 4To ypasHenue (3) 3a1aer riajgkyo GyHknuo z(t).

MpbI mOHsIIM, KAK YCTPOEHBI PEIIeHus, TIoKa OHU Haxoarcs B obactu R X (a,b) 6e3
HyJieit GYyHKIUN v. 3aMeTUM, 9TO PelIeHus MPOCTENINero ypaBHeHUs OIPEeJIeIeHbl U MO-
HOTOHHBI Ha BCeM (@, b), MOSTOMY COOTBETCTBYIOIINE PEIIEHNsI HCXOHOTO yPaBHEHUsI 00sI-
3aHBI IPOXOJIUTH OT @ 70 b, HE BKJIFOUUTEILHO, B IPSIMOM ujin oOpaTHoM BpemeHu. Moxker
JIN pellienne MOKUHYTh 3Ty obacTs? /s onpenenennoctu OyjieM CcIUTaTh, 9TO b KOHEY-
Ho, T.e. v(b) = 0, u Ha (a,b) Bumosmeno v(x) > 0. Torga BOIIPOC COCTOUT B TOM, MOXKET
JI pellleHre 3a KOHEYHOe BpeMsi BOUTH B 0coOyI0 TOuKy b (rpaHuria r = a uccieiyer-
csl aHAJIOrUYHO). Bpewsi, moTpadenHoe Ha TO, 4TOObI npuiit B b — €, maercs dopmy-
joit (3) ¢ x = b — &, Tak 9TO JIs1 MONAJAHKS B b, €CJIN OHO MPOU30MJIET, OTPeOyeTCst

BpeMsi He MeHbIle, deM lim._, g fxb: % = f;o %
v(z) = v(b) + v (b)(x — b) + o(x — b) npu x — b. HezaBucumo or toro, pasua jm v'(b)
HYJIIO, CYIIECTBYeT KoucTanTa ¢ > 0, raxas uro [v(z)| < |z —b|, Te. ﬁ > 5= B JIeBoit

[TOJTyOKPECTHOCTH TOYKH b, TIO3TOMY MHTErPaJl PACXOUTCH 110 TPU3HAKY CpaBHEeHHd. Tak
9TO B 0COOYIO TOUKY B IVIAJIKOM CJIy4dae IOIACTb HEeJIb3sl.

IIporoBopumM, movemy 3a1a4da Kormm ¢ ocobbiM HadagbHbM yeaoBueM (v(xg) = 0) unme-
eT eJIMHCTBEHHOE DEIeHNe: eCJIU PEIleHne POXOUT TOJIbKO Yepe3 0cobble TOYKH, TO €ro
CKOPOCTb TOXKJIECTBEHHO HyJI€Basl U PeIlleHne CUJIUT B OJHOI TOUKe To. A perenuii, moma-

. B cuiy Toro, uro v € C', umeem

JIAIONINX B HEOCOOYIO TOUYKY, He ObIBAaeT B CUJIy PACCYZKJCHUS BBIIIE: PEIeHre He MOYKET
IpuiiTH U3 HeocoOOi TOYKU B OCOOYIOHU HU B IIPAMOM, HU B OOPATHOM BpPEMEHH. O

Bamevanme 7. 1. MbI BOCIIO/IB30BAIUCDH IVIAAKOCTHIO TOJBLKO TOT/A, KOT/A JOKA3bIBa-
JIM, 9TO HeJIb3s 3a KOHeYHoe BpeMs BOHTH B 0cobyio Touky. s ciayuas v € CY Mol
HOHSAIM, 9TO pelleHne 3ajadn Ko ¢ HeocoOObIM HAaYa/IbHBIM YCJIOBUEM I €JIMH-
CTBEHHO €JIMHCTBEHHO B OKPECTHOCTU TOYKHU tg, T.€. B OKPECTHOCTH TOUKH (tg,Tq)
€CTh POBHO OJ[HA MHTErpaJibHasg KpUBas, IPOXOJsIasd depe3 3Ty TOUYKY. [ 100aabHo
OHa MOZKET OBITh U He OJ(HA: PEIIeHne MOKET 3aiTH B 0COOYIO TOUKY, & IIOTOM BBIATH
U3 Heé WK He BHIATH (paccMOTpHUTe, HAIPUMED, & = m ).

2. Jlerko BHJETH, 9TO BMECTO IVIAJIKOCTH U JOCTATOYHO OBLIO MOTPEOOBATH €& JIMIIIIN-
[[EBOCTU: HAM HOTPeOOBAIOCH TOJIBKO HepaBeHcTso |v(x) — v(b)| < Clx — b|.

3. A rénbaeposocTr (1 TeM GoJiee HEIPEPHIBHOCTH) yKe He XBATUT: y YDaBHEHUsI & =
/T eCcTh HEHYJIEBBIE PENIEHHsI ¢ HYJIEBBIM HATAILHBIM yYCIOBUEM.

4. B.U. Apnosbn B yuebHuKe [A| mpeiaraer cMOTPETh Ha, JI0KA3aTeIbCTBO HEBO3MOXK-
HOCTHU BOWTH B OCO6yIO TOYKY TaK: Mbl CDaBHMBa€M Hallle YpaBHEHHE C JIMHENHBIM



ypasrerneM (z —b) = 1(z — b) n 3amedaem, 4TO HAMIM pemreHus TPUOIMAKAIOTCS

I
K 0CODEHHOCTH Me/JlIeHHee, 94eM pPEIlcHUA Jmueiitnoro. Ho peieHuA JUHEHHOTO —
9KCIIOHEHTBI, KOTOPbIE 0CODEHHOCTH HE JOCTHUT'AaXOT.

IIpeanoxenue 8. Ecau v € C° uv(b) =0, pewenue 3adawu Kowu i = v(x); x(ty) = b
eduncmeenHo mozda u Moavko mozda, k0204 PacroOAMCss UHME2PAADL

/b ds
bte U(S)
,ﬂonasameﬂbcmeo. AHaJIOFI/I‘{HO BTOpOfI JacCTnu AJOKa3aTeJIbCTBa TeOpeMbI. D

Vupaxkuenue 9. Pewume sadawy Kowu i = x2; x(tg) = zo u ybedumecnv, wmo pewerus,
MO2YM. He NPOOAAHCAMBCA BNPABO (BAE60) NO OCU BPEMEHU 3G KAKYIO-TNO MOYKY.

Ipengoxenue 10. (o npodoasiceruu na 6cro noayocw epemenu) lyemo v € C° uwv(x) >
0 npu x > xy. Toeda pewenue sadavwu Kowu & = v(z); x(tg) = xo npodoasrcaemea na
unmepsan (tg, +00) mozda u Moavko moeda, k0204 pacrodumcs UHmMezpan

/+oo ds
v V(5)
Jloxazameavcmeo. Ecim unrerpas pacxoaurcst, opmysia (3) jgaer KpuBYo, KOTOpast Ipo-
JIOJIZKAETCsI CKOJTh YIOJIHO JIAJIEKO HATIPABO: JIJIsl IPOM3BOJILHO GOJIBIIIOTO ¢ HAiIeTCs COOT-
BeTcTByfomuit (t), T.K. mHTErpaJg B IpaBoil dacTu GopMyJibl (3) sBJIseTCsT MOHOTOHHOMN

HenpepbIBHON dyHKIwe x. O6paTHO, pererne 00s13aHO 1aBaThCst (HhOpMyIIoi (3), Tak 4To
€CJIM OHO OIPEJIESIEHO TP JTFOOBIX OOJIBINMNX f, MHTErpaJs JOJKEeH PACXOIUThCS. m

2 YpaBHeHUd C pa3/esiaioNuMICcA IIepeMeHHbIMUI 1 ITPsi-
Mbl€ ITPOU3BeIeHMUS

YpaBHeHue (Ha IPSMOIT) ¢ Pa3Ie/ISONUMICS [IEPEMEHHBIMU — 9TO YpPaBHEHUE BHJIA

v’ = ft)g(x). (4)

Bynem npeanosarars, 9ro f u g — riaaakue. PaccMOTPUM Ha IJIOCKOCTU PACIIUPEHHOIO
dazoBoro mpocrpancTBa 06sacTh, Te f(t) # 0, a B Heil — aBTOHOMHYIO CHCTEMY

dx

& g(z),
1), ®)

Takag cucreMa Ha3bIBAETCS MPAMBIM IIPOU3BEICHUEM — B TIEPBOE YPABHEHUE BXOJIUT TOJThb-
KO IlepBasi HEM3BECTHASI, & BO BTOPOE — TOJIBKO BrOpasi. OUeBUIHO, 9TH yPAaBHEHNS MOXKHO
PEIUTDL HE3aBUCUMO OIHUCAHHBIM Bhiilie criocoboM. Ecu g(xg) # 0, morydanm

T—TQ:/tf(S)dS; T—Toz/x%.



Uckmovas T, HOJIyYnM ypaBHEHHEe TPaeKTOPHUHU, IPOXOJsiieil yepes (to, To):

[ /t:f(S) ds. (6)

Terepb UHTEPIIPETUPYEM HPABYIO YaCTh CHCTEMbI Kak BeKTOpHOe mose (1/f(t), g(x)).
TpaekTopun cucTeMbl B KaxKJI0i CBOEH TOUYKe KAaCaloTCst BEKTOPHOI'O TOJIA. 3aMETUM, TO
9TO BEKTOPHOE ToJie 3aj1aeT nosie Hanpasienuit (1, f(t)g(x)) — Ho 910 3HAYMT, YTO dazo-
Bble KPUBbIE JIByMEPHON CHCTEeMbI sBJISIOTCS B TOYHOCTH? MHTErPAIbHBIME KPUBLIMU OJI-
HOMEDPHOI'O HEABTOHOMHOT'O YPaBHEHUs ¢ PA3IeIIONIMICS TlepeMeHHbIMu! SHAYHUT, YpaB-
Henre (6) HesiBHO 3as1aeT pernennst ypapuenus (4) B obsmactu {(t,z): f(t)g(zx) # 0}. Jler-
KO BUJIETH®, uTO U B TouKax, rje f(t) = 0, pemenns (6) KacaroTcs 10Jis HallpaBJIeHMil.
Ocraercst 106aBUTH PelIeHus T = Tg, Ije Tg — Hyau pynknuu g. He mapymaercs
eJIMHCTBeHHOCTh Ha MHOXKecTBe { fg = 0}7 Her, HO He GyjeM 3TO JIOKa3bIBATH OTIEIBHO,
910 OyIeT cjaegoBaTh U3 OO0INeil TeoOpeMbl CYIIECTBOBAHUS U €JIMHCTBEHHOCTH.

Pentenune yepe3 3ameHy BpeMeHH

AsnbrepraTuBHbIi criocob mosydenns Gopmynsl (6) — caenars 3ameny Bpemenu. Ilycrnb
t = h(r), Torna 2’ = % = i h'(r) = g(z)f(h(r))l' (7). Bosbmem h rTakum, 4T06bI
umets f(h(T))h'(T) = 1. Jng sroro pemmmm ypasuenune h' = 1/f(h): 7 — 19 = fhho f(s)ds.
Pemrenus oryimyarorcss KOHCTaHTaMU Ty, hg, roautcd jodoe. [locie 3ameHbl BpeMeHHN ocTa-
erca ypasuenue ¢’ = g(z). Ero pemenns — sro x(t) = o ana xg : g(xg) = 0 wim
T—Ty = f;ﬁ %. J1j1s1 HEOCTOAHHBIX PEIeHnil BEPHYTHCs K UCXOJHOMY BPEMEHH — TO Ke

caMoe, 9TO UCKJIIOYUTDb 7.

Pentenune yepe3 naTerpupoBanue 1-cpopm

DopMabHO TOMHOKEM ypapHenne 2 = f(t)g(x) na dt — nomyunrca dv = f(t)g(z)dt.
[Tepenecst Bce B JIEBYIO 4acTh, HOJIyIUM ypaBHeHue Buja w = 0, riae w — 1-dopma. Takne
ypPaBHEHUsI — 3TO YPABHEHUsI Ha KACATEIbHbIE BEKTOPA: B KAXKJIOi TouKe (¢, ) HAC HHTEpe-
CYIOT TOJIbKO BEKTOpa, OOHYJIAONNe JUHEHHbIH (hyHKIIMOHA, KOTOPRIH 1-dopma 3a1aer
B 9100t Touke. g mameit bopmer dr — f(t)g(x)dt — T0 BeKTOpA, MPOMOPIMOHATIBHbIE
(1, f(t)g(x)). Takum obpa3oM, HOBOe ypaBHEHHE 3aJIa€T TO JKe [oJIe HAIIPABJIEHNUil, 9To 1
ucxojiHoe. PaccMOTpUM MHTErpaibHyI0 KPUBYIO, Ha Hell BO3bMeM JI0OYI0 JyTI'y U IIPOUH-
TerpupyeM 1o 37oit gyre Hamry l-dopmy dr — f(t)g(z)dt — 310 Gyaer KpUBOJIMHEHHBII
uaTerpast 2-ro poja. Ilepexoss K puUMaHOBCKOMY MHTErpaJLy, HOJTY IHM

t1

[ () — F(B)g(a(t))] dt = / 0dt = 0.

0 to
A ecyu 6B1 MBI B3s1IM KPUBYIO, HE SIBJIATONLYIOCS] HHTETPAIBLHON, MHTETPAJI 110 JTyTe-OKPECTHOCTH
TOYKH, TJIe OHA He KacaeTcsd I10Js HalpaB/ieHnil, ObLT Obl HEeHyJIeBbIM. B Hareit obiactu
MOZKHO TIOJIeJIUTh (hopMy Ha ¢(x), K HOBOIT (hopmMe IPUMEHIMO TO ¥Ke paccy K aenne. Takimm
00pa3oM, MHTErPAJILHBIMY ABJISIOTCS T€ U TOJBKO T€ KPUBBIE, JIJIsT KOTOPBIX HHTETPAJIbI 10
J1000i#t 1yre or hopm @dw u f(t)dt coBnagaior. IpyruMu cioBaMu, 9TO TaKie KPUBBIE,

JIUTs KOTOPBIX BBIIIOJIHEHO paBeHcTBO (6).

2V6eanrech, 9TO ecI KpHBas KacaeTcs 3TOTO TOJA HAIIPABJIEHMI, TO ee MOYKHO TapaMeTPH30BaTh
TaK, YTOOBI IIOJIyYUIJIOCH pelieHune cucreMsl (5).
3Tem, xTo yMeeT auddepeHIIpoBaTh HESBHO 3aIaHHYI0 (DyHKIIIIO.
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3 Teopema cyniecTBoBaHUS U €JIMHCTBEHHOCTH

B sTom pazmesnie Mbl JloKaXkeM, 9TO B ciiydae IVIQJIKO# mpaBoit wactu 3ajada Ko st
ypaBHeHusi & = f(t, ) uMeeT perrieHre, IPUTOM €IMHCTBEHHOE U HEITPEPHIBHO 3aBUCHIINEE
OT HaYaJILHOIO YCJIOBUS To U OT NMpaBoil dacTu ypasHenus (T.e. pemenne C%-Majo MeHs-
ercs npu 3amene f na CO-6mskyio dynknumio g). O6bIUHO 3T0 06CYKICHUE Pas/Ie/sdeTcs
HA TeopeMy CYIIECTBOBAHUS U €JIMHCTBEHHOCTH, TEOPEMY O IPOJIOJIZKEHUU U TEOPEMY O
HereprBHOI';I 3aBUCHUMOCTH. MbI BbBIJICJIMM JOKa3aTe/JIbCTBO € IMHCTBCHHOCTHU B OTIECJIbLHOE
yTBep:K/IeHne sl yA00CTBa, HO TOAIePKHEM, YTO UMEHHO TeopeMa CYIIeCTBOBAHUS U
€JINHCTBEHHOCTHU $BJISIETCH KPaeyroJibHbBIM KaMHeM Teopum AuddepeHIinaib-
HBbIX ypaBHeHuii. B ciaydae rirajkoit mpaBoif 9acTu nMeeT MeCcTO TVIaJIKasi 3aBUCHMOCTD
OT HAYAJIbHBIX YCJIOBUI M OT MapaMeTPOB, HO 3TO OTJIOXKUM JI0 BTOPOIl TOJOBUHBI KYPCA.

Jlemma I'ponyosiia

3/ech U jasiee €BKINIOBY HOPMY OyJeM 0003HA4YATH | - | — M3 KOHTEKCTa BCErJa siCHO,
KOTJIa MbI OepeM HOPMY BEKTOpA.

JIemma 11. ITycmo esaadkasn dynryus z(t): (a,b) — R™ 6 momenm epemenu ty € (a,b)
ydosaemesopaem nepasencmsy |z(to)| < ro u npu écex t ydosaemsopaem duddepenyuant-
nomy nepaserncmey |2(t)| < blz(t)], 2de b € R. Tozda npu ecex t svinosneno

|2(t)| < roeblt=tol,

Jlokasameavcmso. 1. Pacemorpum ty: |z(t1)| > 0. Ecau rakoro ¢ Her, To 2(t) = 0 u
BCE JI0Ka3aHo. Byjem cunrars, uro t; > to. [Ipunss coramenue, aro sup ) = —oo,
HOJIOZKIM

t, = max(tg,sup{t: t < ty,z(t) = 0}).
2. Ha (t,,t;) nmeem |z| > 0, Tak uTo Ha 3ToM nnTepBate |z(t)| — Cl-rnankas.

3. Nmeem
. 2\ - . . K.-B. .
202|121 = |(1217) ] = 1(z,2) | = 12(2,2)] < 2J2]]2].

[TosTomy
|z| < |Z2] < bl|z| upu t € (t, t1).

4. Pacemorpum ¥(t) = |z(t)]e %), Tax kax ¢(t) = e ?=10) (|2 —b|2|) < 0, bynxims
He Bospacraer. 3amerum, 4to ¥(t,) paBHo |z(to)|, ecmu t, = to, u pasuo 0, ecin
t, > to. Ho Torma

12(t1)| = 77D(tl)eb(tl—to) < ¢(t*)eb(t1—to) < T’Oeb(tl_t(’).
Paccyxnenune s ¢, < tg aHAJOTUIHO. [

Yupaxkuenune 12. Jloxascume caedyrowee ycurenue aemmo, I'ponyonna. ITycmo z(t)
ydosaemeopaem nepasencmesy |Z(t)| < blz(t)|+d, b > 0,d > 0, u nepasencmso |z(to)| < ro
mooice vinoanerno. Toeda dasa mobozo t:

_ d B
]z(t)\ < roeblt to| + 5 (eb|t to] 1) _

Vkazanue: npocecmu paccyosicdenue max sice, 1o pacemompems h(t) = (|z(t)|+d/b)e bl
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TeopeMa €IMHCTBEHHOCTNA

Teopema 13 (Teopema emuncrsennoctu). Ilycmo f nenpepwena u aunwuyesa no x.t

Tozda pewenue 3adavu Kowu
T = f(t,x),
l'(to) = Xy

COUHCMBEHHO 8 TOM CMBICAE, YMO A100ble 060 PEULEHUS COBNAAAIOM HA NEPECEYeHUU 00-
aacmetl onpedeserus.

Jloxasamenvcmeo. Pacemorpum fBa pemtenns Hareit 3agaqn Komu z(t), y(t) u npume-
UM JieMMy ['poryosia kK dynkium z = z — y. JeficrBuresbHO, B HAYAJBHBI MOMEHT
BBINIOJTHEHO |2(ty)| = 0 u Ha mepecedenun obsacreiil oupesneseHns nmeeM |2 = |& —y| =
|f(t,x)—f(t,y)| < Llx—y| = L|z|, rak aro 1emma npumennma u naet |z(t)—y(t)] < 0. O

Bameuanme 14. Teopema sepna miaa f € Cl. Xora dbyukuua f € C! ne obsszaresn-
HO TVIOGAJBHO JIMIIIUIEBa (B EJOM U [0 & B YaCTHOCTH), OHA JIMIIIIUIEBA HA JTHOO0M
KOMIIaKTe BHYTPHU OOJACTU OmpejiesieHns. Ecau B TIaIkoM Caydae JBa pPerleHus 3a/1a9u
Kot rje-To nepecraioT coBIaIaTh, TO Mbl 9TO YBUIMM, OTPAHUIHUBIINCH PACCMOTPEHIEM
Kakoro-To Komiakra. Ho 1o jokaszaHHoil Teopeme Takoro He ObIBAET.

Teopema cylecTBOBaHUSI

Teopema 15 (Teopema cymecrsoBanus). [Tycmo f nenpepwena u Jlunwuyesa no x 6
obnacmu D. Tozda dasn aobwx (tg, ro) € D 3adanwa Kowu

T = f(ty l’),
.fE(tO) = Xy
UMEEM PeEWEHUE (npumom G&UHCW?B@HHOQ Krax yoauce @OKGSQHO).

Bameuanne 16. Cpa3sy Ke 3aMeTHM, UITO UMEET MeCTO DoJjiee CHIbHast TeOpeMa CyIeCTBO-
Banus lleano: myis cymiecTBOBaHUS peNIeHUs JOCTATOYHO JIUITh HENMPEPBIBHOCTH (DYHK-
nun f. Kak yxke ObLIo CKa3aHO BBIIIE, B 9TOM CJIy4dae pelleHre MOXKeT ObITh He €JIIH-
CTBEHHBIM.

Joxaszamesvcmeo. Vnest coctout B TOM, YTOOBI paccMOTpeTh npuOamkenus [Inkapa

t
wot) = a0, =t [ flsa(s)ds =12,
to

u yoemurnes, uto 3tu dynxmuu CP-cxongarea HeKoTopoit (DYHKINHT T,, KOTOpasl sABJIIeTCS
perrerneM 3aaan Korrm.®

Jeso B ToM, UTO mpesienbHad QYHKIHAL T, JIOIAKHA OYIeT yI0BACTBOPATH HHTEIPATh-
HOMY YPaBHEHHIO

Ty = Tg +/ f(s,2.(s)) ds,

4T.e. cymectnyer L > 0, T.a. Vi, z,y: |f(t,2) — f(t,y)| < Lz — y|.
SHa BegKmil cirydail 3aMeTHM, 9TO MHTerpaj OoT BeKTop-byHKmE f(...) 6epercs nokomnonenmmo,
0000IIIeHNsT U3BECTHON HaM TEOPUU WHTErpaJia He TPedyeTcs.



a OHO paBHOCUIIBHO 3ajade Komu (mposepbre). 3aMeruM, 4To HEPEPBIBHOE PEIeHNe HH-
TerpajbHOIO Y PABHEHUST aBTOMATUIECKH OKA3bIBAETCS [IAJIKIM, IOTOMY 4ITO § — f (s, T.(S))
HeIpepbIBHA, a IMOTOMY MHTErpaJl HEPEePhIBHO JAuddepeHupyem.

Yr1006B!I JI0Ka3aTh CXOJAUMOCTH IUKAPOBCKUX INPHUOJIUKEHU, MofiMeM, 9TO OHU 0Opa-
3yIOT OpOUTY HEKOTOPOTO C:KUMAIOIIEero omneparopa A, m nmpuMmeHnM TeopeMy Bamaxa o
cxKmMatoneM oTobpazkennn®. EcrecTBenHo, omepaTop A JO/KeH HepeBOANTh (DYHKIIIO

©(t) B DyHKIMIO t
Aplt) =+ [ flsgs)ds

Hasto To1bKO MpaBuIbHO BHIOpATH ITPOCTPAHCTBO, Ha KOTOPOM OIllepaTop Oy/eT JeficTBO-
Barhb. [losoxkum m = max | f| — eciu f He orpaHuyYeHa WK MAKCHMYyM He JOCTUTAETCH,
D

sameHnM D Ha comepxKamuiics B D 3aMKHYTHII map pajumyca r ¢ meHTpoM B (tg, o).
[Tonobpas koucrauty d > (), BO3bMeM ITPOCTPAHCTBO

X = {p(t) € COto — d, to + d],R™) |Vt € I: |p(t) — x| < m|t — to|}.
N———
1

31echb d HaJI0 BRIOpaTh TakuMm, 4TOObI rpadukn dyukiuit ¢ € X comepxkaauch B D —

< 2. — 0
JIOCTATOYHO B3ATH d < TIT Tax xkax X — mommuOKecTBO B CV, MeTpuKa 3a/1aeTCs

sup-aopmoii. Jlerko Bujers (IpoBepbTe, Mepeiiisa Ipu KazkIoM t € [ K mpejiesy B Hepa-
BEHCTBE U3 OIpejiesieHnst X ), 9TO 9TO 3aMKHYTOe MOJMHOXKECTBO, TaK YTO OHO MOJIHO KaK
MeTpuieckoe mpoctpanctso. Ocranoch yoeanrbes, ato A mepeBoaut X B ceOs 1 CKUMAET:
1. A(X) C X: u3 onpenenenust A B cuy Boibopa d BujiHO, uto Ap onpejenena Ha [

n HenpepbiBHA. g Bcex t € 1
| Ap(t) — o] =

< < mlt — to.

/t:f<s,so<s> ds

A F s ()] ds

[Tostomy Ap € X. Tyt ucnosb3oBaHo, 9TO HOpMa WHTErpaJia He OOJIbINe WHTerpaJia OT

HOPMBI' .

2. 3N € (0,1): [|[Ap1 — Ava]loo < Allo1 — ©2]|o0:

Vt € I: |Apy(t)—Apa(t)] = /t(f(8,902(5))—f(Sywl(S)))dS =

0

/t (s, 02(5)) — £(s,01(5))] ds| <

t
< / Liga(s) — g1(s)| ds| < Ldllps — 1]l
t

0

Cuauraem, 910 MBI B3su d < LLH, Tak 910 A = Ld < 1.

[Ipumenss Teopemy bBanaxa, mosydaeM eIMHCTBEHHYIO HETOJIBUYKHYIO TOUKY Ty Ty =
Ax,. Ho 310 paBeHCTBO — 9TO POBHO MHTEIPAJbHOE YPaBHEHUE, HEIPEPBLIBHBIE PEIeHUsI
KOTOPOTO sBJIAIOTCA perteHusimu 3a1a4qu Kommu. CyliecTBoBaHue pertenns 1oka3ano. [

6Teopema Bamaxa TOBODHT, UTO CXKHMAIONIEe OTOOPAYKEHEE HEITyCTOrO IIOJHOTO METPUTECKOro IIpo-
CTPAHCTBA B cebsi MMEET POBHO OHY HEIOJIBUXKHYIO TOUKY

"Hampumep, pacCMOTPHTE HHTEIPAJIbHEIE CyMMBI, HAIIAIIATE HEPABEHCTBO TPEYTOJIbHUKA U TIepeiiuTe
K IIpeJIesry.
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Yupaxkuenue 17. Jlonoanume dokaszamesvbcmseo meopemvr mak, 4mobvl NOAYUUACSH Bbl-
600 0 eQUHCMBEHHOCTU 8 00BIYHOM CMBICAE COBNAJEHUA PeuLeHutl Ha NePecedeHul, 0oaa-
cmeti onpedeserun. Vorce dokadannan eOUHCMBEHHOCTL PEWEHUA-HENODSUNCHOT-TMOYKU
— boaee caaboe ymeeporcoerue.

Bameuanue 18. To ke joKa3aTENHLCTBO IPOXOAUT B ciyudae [ = [tg, to+d| nmm [ = [tg —
d, o], IpUTOM TaKoe peleHne B CHILY JIOKA3bIBAEMOfl e IMHCTBEHHOCTH JIOJIZKHO COBIACTD C
OrpaHMYIEeHNEM PelIeHus, HOCTPOeHHOro s [ = [tg—d, to+d]. Takum o6pasom, ecoiu y Hac
eCThb HEIPEPhIBHOE PEIeHre NHTErPATbHOrO ypaBaenus Ha [ = [tg—d, ty] u B okpecTHOCTH
HpaBOFO KOHIIa €Tr'o Fpa(bI/IKa BBIIIOJTHEHBI yCHOBI/IH TeopeMbI, ero MO2KHO HpO;LOJDKI/ITb
BIIPaBo 3a tg -+ d peleHneM-HeloBIUzKHON-TOYKOI U3 J0Ka3aTe/IbCTBA.

JlokasbHas TeopeMa O HellpepbIBHOII 3aBUCUMOCTHU OT HAYAJIbHOTO
yCJIOBU

Posno TOT K€ METO/, IIO3BOJIAET JOKa3aTb boJtee CUJIbHYIO TE€OpEMY.

Teopema 19. B ycaosuazr meopemsv cyuecmeosanus u eOUHCMEEHHOCU CYULLCMEYIOM,
samrHymou wap 6 gaszosom npocmparcmse B S xy u ompesok epemenu I = [to—d, to+d],
makue wmo dasn aobozo & € B 3adava Kowu & = f(t,z), x(ty) = & umeem eduncmeernoe
onpedeaennoe na I pewenue @;(t), nenpepviero sasucawee om & xax aaemenm CO(1,R™).

Jokxazamensvemeo. Jlokazare/ibCTBO BO MHOTOM ITOBTOPSIET JTOKA3ATETbCTBO ITPEIBI LY IIeH
Teopembl. Bepem B tak, atobsbl {tg} X B C D, GepeM npsiMOyroJibHYI0 OKPEeCTHOCTH 11 =
U:(ty) x Us(B) muoxkectBa {tg} X B, ToxkKe comepxKaliyiocss B D, nojaraeM m paBHBIM
MakCUMyMy | f| Ha 3aMBIKAHUU 9TON OKPECTHOCTH, U PACCMATPUBAEM ITPOCTPAHCTBO

X ={p(t,2) e C°(I x B,R") |Vt € I,% € B: |p(t,2) — 2| < m|t —ty|},

r7e d B3AT CTOJIb MaJIbIM, 9TOOBI MHOXKECTBA 3HadYeHuil DyHKIMT ¢ € X He BBIXOJUIN 34
npenennt 1. Ha X 3aBomgum omeparop

t
o Ap: Ap(t,3) = i + / F(s, (s, 2)) ds.
to

ITposepsiem, uro X mosHo, a A orobparkaeT ero B cebs U CXKUMAET, TaK JKe, KaK B IPEJIbl-
nyteit Teopeme. Hemojsizkuast Touka ((t, £) 9T0ro onepaTopa sBIAETCs COBOKYITHOCTHIO
perieHnii Becex MHTepecyomux Hac 3ajad Ko nckomoe pererne @z (+) — 9T0 mpocTo
dbyuxiws (-, ).

Haxkomner, I x B — KOMIIAKT, a HaIlla HEIIO[BUKHA TOUKA — HEIPEPbIBHAS (DYHKITHS.
Buaunt, paBHoMepHO HenpepbiBHad. Ho rtorma jyis 6im3kux &y, &9 HezaBucuMo oT ¢ € [
suadenns p(t, 1) u p(t, Ty) 67m3KH, T.e. oTOOpaxKeHue T — ;(+) HEIPEPBIBHO B CMBICTIE
C'-MeTpuKn Ha peleHusx. O

4 Teopembl O IPOJOJIXKEHIN 1 TEOPEMbI O HEIIPEPHIBHOI
3aBUCHUMOCTH

TeopeMa O IIPpoAoJIZKEeHUN J0 I'PaHMUIbl KOMIIaKTa

Teopema 20. Ilycmv 6 ycao8uAT meopemv cywecmeosanus u edurncmeennocmu K C
D — xomnaxm u (ty,x0) € K. Toeda pewenue 3adavu Kowu ¢ HAUQADHOM YCA08UEM
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x(tg) = xo npodossicaemes eneped u Ha3ad 60 peMeEHU 00 BHITOOG HA 2PAHULY KOMNAKMG
(m.e. cywecmeyem pewenue p 3mot 3adawu Kowu u momenmor epemenu t_ < tog <t
maxue wmo (t+,p(ty)) € 0K ).

loxazameavcmao. e Eciu (tg,z9) € 0K, yTBepK/enue cpa3y Cjelyer U3 TeOPeMbI
CYIIECTBOBaHUs U €IUHCTBEHHOCTH.

o Ilycts (tg,29) € Int K. Paccmorpum Bee pemtenust ¢ : (ay, by) — R™ nameit 3aga1u
Kormu, rpaduku koropeix cogepxarcs B Int(K). IlocrponM mo HuM perenne ¢ Ha
(a,b) = Uy(ay, by): momoxum ¢ = 1) ua (ay,by,) — oupeeseHne KOPPEKTHO B CHILY
€JIMHCTBEHHOCTH. B cuiy kKommaktHoCcTH K 0 1 b KOHEYHBI.

e Paccmorpum mocseioBarensrocts (a,b) 5 t, — b n mocaenoBareabHoCTb O(t,).
[To Teopeme 0 KOHEYHBIX MPUPAINEHUAX BHINOJIHEHO |p(tr) — o(t,)] < mlty — t,],
riae m = maxg | f|. [Tosromy dbyngamentansbHocTs (t,) Bireder GyHIaMEHTAILHOCT
(¢(tn)). IlockombKy TyT moC/IEIOBATETBHOCTS (t,,) IPOU3BOJIbHA, ITPEJIEIT TOCIIEI0BA-
resbHOCTH (p(t,)) OT Hee He 3aBUCHT (MHAYE, OOBEUHSIS JIBE TTOCIEI0BATETLHOCTH
(p(tn)) ¢ pasHBIMU MIpeIeJIAMHE, TTOJIY IUM PACXOJSIIYIOCs ). SHAYNT, CYIIeCTBYeT IIpe-
JeJt tglgno(t, ©(t)) = (b, xp). Hdoonpenenum ¢ B b 10 HENPEPLIBHOCTH.

e Ilycrs (b,x,) € Int(K). Torma B masoii nosyokpecraoctu [b — d,b] dbynkuusa ¢
SIBJISIETCS PEIIeHIeM HHTErPAJIBHOIO yPaBHEHHUsI, CBsI3aHHOrO ¢ 3ajadeii Ko ¢ H.y.
z(b) = 13,.° Tlo Teopeme cyHIeCTBOBAHUS M €IMHCTBEHHOCTH, B MOJIHO{I OKPECTHOCTH
b OIpeIesIeHO pellieHre STON 3a/1a4i — C €ro IIOMOIIBI0 MOYKHO IPOJIOJIKHUTE ¢ 32
ToUKy b (cM. 3ameqanne 18), HO 9TO IPOTHUBOPEUNUT ITOCTPOCHHIO .

e 3uaunt, (b,x,) € 0K. Ilo cytn MbI IPOJOJIKNIN PENIeHEe BIIEPE]] T0 BPEMEHHU JI0
rparunpl K. Ecim Hy?KHO perenue, onpejiesieHHOE Ha HHTEPBAJIE, IPOJOJIZKIAM €ro
3a b perenuem 3aaun Ko ¢ w.y. z(b) = xy.

]

Teopema 21. ITycmv 6 obaacmu D = («, f) X R"™ gynxuyua f(t,z) nenpepwena, sunwu-
uesa no T na A0bom Komnaxme u ydosaemeopsem nepasencmsy | f(t, x)| < a(t)|z|+b(t),
ede a(t),b(t) — nenpepusnve dynryuu. Tozda aoboe pewenue ypasnenus & = f(t,x) c
HauaavHvm yeaosuem (to, xo) € D npodoasicaemes na secv unmepsan («, [3).

Jloxazamenvcmso. e PaccmorpuM HavasbHOE yCI0BHE (tg, L) U MPOU3BOJILHBIN CO-
JlepzKalmii ty oTpesok [t1, ta] C (o, f). Joctarouno moka3arh, 9TO pelleHne 3a/1a9u
Komm mpojiomkaercst Ha OTPe30K.

o ITonoxum A = maxy, 4,1 |a(t)|, B = maxy, 4 |b(t)]. ITo Teopeme cymecrsoBanus u
€JIMHCTBEHHOCTH, CYIIECTBYET pelleHune 3ajadn Ko, onpejenenHoe B OKPeCcTHO-
cru to. PaccMoTpuM nepecedenue 06/1aCTH OIPeIEIeHns JTI0O0ro PeIeHns ¢ 3a1aun
Ko ¢ orpeskom. o siemme I'poryosuia (13 yrpazkHeHuUst), TaM BBITOJTHEHO

A
()] < laole™ ™) 4 (A= —1) < O - 1,

riae C' — OoJibliiast KOHCTAHTA.

8Tak Kak ¢ ABJseTCs pereHneM ypasHenus, i1 t € [b — d,b) npu Majgom € > 0 Boimosmeno o(t) —

pb—e) = fbt_E f(s,0(s)) ds. Moxuo unepeiitu x npejeny € — 0+ 0 — moay4urcs Hy>KHOe HHTEIPAJIBLHOE
ypaBHeHHe.
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e Tlo Teopeme 0 MPOJIOJZKEHNH, PEIleHNe IPOJI0JIZKAETCS JI0 TPAHUIBI KOMIIAKTa K =
[t1,t2] x {x: |x| < C}. B cuty mepaBencTBa perieHne He MOXKET BBIATH Ha «IOPH-
30HTAJIbHYIO» 4acTh rpaHullbl, rje || = C| mosroMmy OHO JoCTUTAeT IIOCKOCTENd

{t =t1} u {t = to}, r.e. upojOIIKAETCS HA BECh OTPE30K.
[

HermnpepbiBHasi 3aBUCUMOCTh OT Ha4aJIbHOTO YCJIOBUSA U ITPABOil dYa-
CTU ypaBHEHUS

Teopema 22. [Iycms 3adava Kowu & = f(t,x), x(tg) = xo umeem pewenue @, onpede-
aennoe na ompeske I S to. Ilyemv 6 mpybuamots okpecmmocmu e2o epagura V= {(t, x) |
tel, |lx—p(t)| <r} dynkyua f nenpepvisha u aunwuyesa no x. Ilyems dynrkyus g(t, x)
mootce Henpepuiea U aunwuyesa no r 6 V. Toeda dasa awobozo € > 0 natidemesn 6 > 0,
maxoe wmo, ecau evinoanenv yerosus 1) || f —gllcoqyrny <0, 2) |20 —yo| < 6, mo sadaua
Kowu & = g(t,x), z(ty) = yo umeem pewenue 1, onpedesernoe na I, u e-6auskoe x o:

e = Y|lcogrmy < €.

Jloxazameavcmeo. Jloka3arebeTBO TIOX0Ke Ha JOKA3ATEIbCTBO MPEIbIIYIIEH TeOPEMBI.
Cunraem, uro ty € Int(]), nunade Tpebyercs HeOObIIA MOIUPUKAIIST PACCY ZKICHIST —
npoxymaiite camu. IIpn masom 0 navanbaasg Touka (o, yo) aexur B Int(V). ITo Teopeme
0 IPOJIOJIZKEHUU PelleHre BTopoit 3ajauu Komm npoposnkaercsa jgo OV — Oyuem cau-
TaTh, YTO ODJIACTH OIPEJICJICHNs PEIIEHHs] — OTPE30K MEXK/[y TOYKAME IIE€PBOTIO BBIXOJA
na rpanuity. Ha sTom orpeske nmpumensiem jiemmy ['poryosia k dyuknun ¢ — . Tak Kak

(o =) (to)| = [xo —yo| < m
(o) = @) | = 1f(t () — g(t,(1))] <
< [f(8 (@) = f(E D (O)] + FE9(8) — g(E,$(0)] < Llp(t) — ()] +9,

JeMMa, JaeT
1
||(,D — ¢||CO S 6 (€LI| + Z<€L|” — 1)) = 05

[Ipu masom ¢ Bemosimeno C'§ < r, Tak 9T0 TpaduK ) HE BBIXOJUT HA TOPU30HTATHHYIO
JacTh T'PaHUILI V', a 3HAYUT 1) IPOJIOJIKAeTCd Ha Bech oTpe3ok [. Takke mpu Majiom
0 BeimostHeHo C'§ < &, 9T0 maeT TpebyeMylo OJIM30CTh MEXKJy PEmeHUusIMU JIBYX 3aad
Kormm. O

Paccmorpum 3agaqay Koru, rjie ypaBHeHrue n HadaIbHOE YCIOBUAE HEIIPEPBIBHO 3aBUCIT
or (BO3MOXKHO, MHOIOMEPHOI'0) Tlapamerpa i € R™:

T = f(t,l’, M)»
{x(tm = a(s) "

f HempepbIBHA 110 COBOKYITHOCTHU TIEPEMEHHBIX U JIMIIIIUIEBA 10 T, a(-) HelpepbiBHA. Pe-
[IeHne Tozke OyJIeT 3aBUCETh OT mapaMerpa — 0603HAaINM ero ¢(i, 11).

Teopema 23. [Iycmv npu p = pg 3adavwa Kowu & = f(t,x, o), x(tg) = a(po) umeem
pewenue @(+, lig), onpedesennoe na ompeske I; M D pg — xomnaxm; 0as HEKOTMOPO2O Pa-
duyca r 6 npouszsedenuu mpybuamoti okpecmuocmu Vo= {(t,x) |t € I, |z —p(t, po)| < 1}
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e20 epaguxa u M dynxyus f Henpepuena no cosoKyYNHOCMAU NEPEMEHHBIT U NMUNUUYLEA
no x, a gynkyus a nenpepuera 6 M. Toeda das p uz manrot oxpecmuocmu U, (o) Ha-
waAoH020 3Havenus napamempa 3adaua Kowu (7) umeem pewenue (-, i), onpedeaenroe
wa I, u omobpasicenue I X Uy (o) 3 (t, ) — @(t, 1) € R™ nenpepwisho.

Jloxazameavcmeo. Eciu || — pol| mMamo, To B cuty paBHOMepHOiT HenpepblBHOCTH [ Ha
kommakTe V' x M mmeem || f(-, -, ) = f(+, -, pto)||coqvy < d. B cuny menpepoisrocTs af-) Tax-
ke OyJer BbimosHeHo |a(p) — a(po)| < 0. Ecim § BoIOpano npaBuiibHO, O MPEBLIY e
TeopeMe MOJIyduM, 9To perenue (-, 1) onpemnesneno Ha I u ero rpaduk cojepxkurcsa B V
(na erme u BMecTe €O CBOeil MasIoii TPyGUATON OKPECTHOCTBIO, TAK YTO K [ TOXKE MOYKHO
Oy/IeT IPUMEHUTD TIPEJBLIIYIIYI0 TeopeMy) u e-6m30K K rpadury (-, jg). Takum obpa-
30M, dbyHKIus @(t, 1) onpejenena, rje Hy:KHO. [IpoBeprM HeNpepbIBHOCTb. Bo3bMeM [,
63KOoe K [, U T, 6am3Koe K ¢ € I, mojokuM m = maxyxy | f| u 3ammrmem

(7, 1) — @(t, )| < (T, i) — @(t, )| + [p(t, @) — ot p)| < mlr -t +e.

OpHO ciaraeMoe OIEHUJIN 110 TeOpeMe O KOHEYHBIX MPUPAIIECHUAX, BTOPOE MaJjo B CHILY
MIPEBIIYIIE TEOPEMBI. O

Sameyanue 24. 3aMeTHM, UTO PACCykKJEHHE [IPO HEIPEPBIBHOCTh U3 JIOKA3ATEIbCTBA
TeopeMbl 23 MMPOXO/IUT, €CJIW B POJIM apaMeTpa BBICTYTIAET Mapa W3 IMpaBOil 9acTu ypaB-
HeHns n HavasbHOro yesopus: u = (f, &) € CO(V,R") x R™. Imeercs B BULy, 9TO epBas
KOMIIOHEHTa 9TOr0 fi uaéT GyHKIWeil B IpaByIO YacThb ypaBHEHWs, a BTOpas — B Ha-
gasbHOe yciaoBue: a(p) = . Illapsl B mpocTpaHcTBe mapamerpa Telepb HEKOMITAKTHBI,
HO 3TO U He HYYKHO, IIOTOMY YTO OJIM30CTH MPAaBbIX YacTell B IEPBOM IIAre paccyzKIeHUs
IIOJIy49aeTCd TaBTOJIOTNYIECKU KaK 6JII/130CTB IIEPBBIX KOMIIOHEHT ITapaMeTpa. STO HE3HaYN1-
TEJILHO YCUJIMBACT BLIBOJ] TEOPEMBI 22 JI0: 3HAYUCHHE PEIICHIs — HelpepbIBHAS (DYHKIHS
OT BPEMEHH, HAYAIbHOIO YCJIOBUS W IIPABON YACTH yPABHEHHUS.

Caencrue 25. (2000a40HAA HENPEPBIBHAA 3ABUCUMOCTID OM HAUAALHO20 Ycaosus) [Tycmo
sadava Kowu & = f(t,x), x(ty) = xo umeem pewenue ¢(-,xg), onpedesernoe Ha om-
peske 1, u das nexomopozo paduyca T 6 mpybuamots oxpecmuocmu Vo= {(t,z) | t €
I |z — o(t,zo)| < r} eeo epagura dynruyua f nenpepvisna no cosokyNHOCMU nepemer-
HOT U aunwuyesa no . Tozda daa T u3d manrol oxpecmmnocmu U D xy 3adavwa Kowu c
HAUANDHOM YCA0BUEM T umeem pewenue o(-, &), onpedeaennoe na I, u omobpasicerue
(t,2) — @(t, &) nenpepwvisho.

Jlokasameavcmso. Tlpumensiem teopemy 23 ¢ p =, f(t,x,pn) = f(t,x), ap) = . ]

3ameuanme 26. Takum oOpa3oM, M3 TEOpEeMbl O HEIMPEPLIBHOW 3aBUCUMOCTH OT TIapa-
MeTpa CJIejlyeT TeopeMa O HEIIPEPbIBHO 3aBUCUMOCTH OT HAYAJIbHBIX ycsroBuit. ObpaTHbIi
BBIBOJI TOXKe MOXKHO TipoBectu. [lepeiinem or 3amaun Komu (7) k 3amade Komu

T = f(t,z,u),

W= 0,

(to) = a(p), )
u(ty) = p.

TyT B KaUecTBe HEM3BECTHOIO BBICTYIAET mapa (&, u), a B IPABOi YacTy mapamerpa yiKe
Her. OveBuyiHO, 9To u(t) = i, TAK YTO MKCOBasi KOMIIOHEHTA PeIleHns OyIeT pereHneM
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nepBoit 3ajiaun Komm. EcTh HEOOJIBINON MTOABOX B TOM, YTO MbI XOTHUM JIUIIIUIIEBOCTH
npaBoit gactu B (8), HO B yCJIOBUAX TEOPeMbl 23 eé He jaHo. YIparKHeHue: yOe uTbed,
9TO JIJIS TIPABOii YacTh TAKOro BUJIA, Kak B (8) /I0Ka3aTe/IbCTBO TEOPEMBI CYIIECTBOBAHUS U
€IMHCTBEHHOCTH IIPOXOJINT, €CJIi [ JIMIIINAIEBA TOJbKO 110 T, — H3-3a TOr0, YTO HUKAKOTO
JBUKEHUS I10 U HE IPOUCXOIUT.

Bamevanue 27. Ecim ypaBrHenne mmeer pemienue (-), oupejeseHnoe Ha [tg,t1], To B
MaJIOil OKPECTHOCTH TOYKU To = ¢(ty) OIpeeseHo oTobpazkeHne g%: x +— p(t, ), rae
¢(t,z) — u3 reopem Bbue. OTobpakenne g;! coxepKuT HHGOPMAIMIO IIPO TO, ITO IPO-
HCXOJIUT € TOYKAMHU dacTH (hpa30BOIO IPOCTPAHCTBA 3a BpeMs OoT tg 10 t;. Ono Tak u
Ha3bIBaeTCI — Npeobpasosanue 3a epems om ty do ty. JI1g aBTOHOMHOIO ypaBHEHUS B CH-
JIy MHBAPUAHTHOCTHU IOJIA HAIPABICHUI OTHOCUTEJILHO TOPU30HTAILHBIX CABUIOB JIEIKO
BUJIETh, YTO TaKue OTOOpaKeHHsI ¢ OJIMHAKOBOW pas3HOCTbIO t1 — ty coBiaaoT. [loaTomy
paccMaTpuBaroT cemeiicto orobpazkenuii {g7}, rae gt = g}f;, KOTOPOE Ha3LIBACTCS 0-
KaAbHbLM PA306bLM NOMOKOM BEKTOPHOTO 10, CBA3aHHOTO ¢ ABTOHOMHBIM yPaBHEHUEM.
BamernM, 9TO, HAIIpUMED, €CJIU Mbl PACCMOTPUM OTPE30K HYJIEBOTO PELICHUs YPABHEHU
&= 2% naa t € [ty,t1], 910 oTOGpaxkenue GyaeT onpejeseHo B okpecTHocTH o = 0. s
HAYAJIbHBIX YCJIOBHi & > 0 U3 3TOH OKPECTHOCTH peIleHns CHadaJIa JOHIyT 10 CeIeHusd
{t = tl}, a yke IoTOM yiiayT Ha +00. Ecam ke MblI BbIJeM U3 MaJiOil OKPECTHOCTH
2o = 0, TO BCTpETUM pEIIeHusI, KOTOPbIE YXOAAT Ha OECKOHEYHOCTH [0 MOMEHTa = f.
Taxum o6pasom, orobpazkenus (ha3oBoro noToka (1 B 60Jee 06IIEM CIydae 0TOOparKeHust
gi}) olpe/iesieHbl JIIIb JIOKAJIBHO.

5 OpgHOopoaHble YpaBHEHHUS HA MPSMOii

OpHOpOIHBIM Ha3bIBaeTcs ypaBHeHue Buja © = F(z/t). CooTBeTcTByIOIIEe 1M0JIe HAlpaB-
JIEHUH [TOCTOSTHHO Ha MPAMBIX, IPOXOJSINUX Y€pPe3 HOJIb, T.€. HHBAPUAHTHO OTHOCUTETHHO
JMHERHbIX oToOpazkenuit Buia (t,x) — (At, Az). MOKHO HEMHOTO paCIIPUTH paccMaT-
pUBaEMbBIN KJIacC ypaBHEHHIi, TpeOys MHBAPUAHTHOCTH IIOJIS HAIPABICHUH TOJLKO I
romoreruit ¢ A > 0.

ITpenagoxkenune 28. Odnopodroe ypasrenue c800UMCA K YPABHEHUIO € PA30CAAIOUUMUC
NepeMerHLMU 3aMenot p = 7.

Joxaszameavcmeo. llopcraBum B ypaBuenue x = pt:

pap=FQp); p=@=P

Taxkum 06pa3oM, MMEOTCs TIOCTOsIHEbIe perernst p(t) = pg, tae F(pg) = po, n pemenus

BUIA )
dp
—:111 t C
/po F(p)—p /el

tst po: F(po) —po # 0. ObparHas 3aMeHa MpeBpalaeT MOCTOSTHHBIE PEIeHUs B IIPOXO]Isi-
1ye Yepe3 HoJIb JIY9H, Pa3duBaloIue IJI0CKOCTh Ha CEKTOPa, B KOTOPBIX YKUBYT ceMeiicTBa
FOMOTETUYHBIX JAPYT JIPYTy UHTerPaJbHbIX KPUBBIX. 0
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YpaBHeHUsI C TPYIHION CHMMeTpPHii

OtHopo/IHOE ypaBHEHNE — IIPUMED YpaBHEHUsS ¢ rpymnoi cummerpuii. CuMmmeTpust ypas-
HEHUsI — 9TO 0TOOparKeHue, ePeBoJIAIIee TI0JIe HAIPaB/IeHn ypaBHeHus B cebsi. OqHoma-
paMeTpudeckas TpPyIa CUMMETPU — 3TO OJIHONAapaMeTpudecKas rpyima auddeoMop-
dusMoB, cocTosmas N3 CUMMETPHUil ypaBHEHUS.

Onpepenenne 29. Ognonapamerpudeckasi rpyimna 1uddeoMopdu3MoB — 9TO IJIAIKOe
neiicreue (s,x) — ¢°(x) rpymnst R guddeomopdusmanu vHa X:

e jciicteue: ¢*T(z) = g* o gl(x); ¢'(z) =2  VreX, s,teR;
e ryajsikoe: (s,x) — ¢°(x) — mrajkoe oToOparKeHue;
e uddeomopbusmamu: x +— g*(z) — muddeomopduzm X B cebs.

Ere 10 0HOPOJIHBIX ypaBHEHUIT MbI CTAJKUBAJNUCH C YPABHEHUAMU C TPYIION CHUM-
MeTPpUil: IoJie HallpaBJIeHUN NPOCTENINX YPAaBHEHUI NHBAPUAHTHO OTHOCUTEIbHO BEPTHU-
KaJIbHBIX CJIBUTOB, & I0JIe HAIIPAB/JIEHUI aBTOHOMHBIX — OTHOCUTE/ILHO FOPU30HTAIHHDIX.
OxkasbIBaeTcs, ec/ii y ypaBHEHUS eCTh KaKas-TO IPyIIa CUMMETPHI, TO JIOKAJTLHO MOZKHO
CJIeJIATh 3aMEeHy KOODJIUHAT, IPEBPAIIAIONLYI0 CUMMETPUH B TOPU30HTAJIbHBIE ([IPH KeJia-
HIUU MOYKHO U B BEPTHKAJIbHBIE) CIIBUTM — TOT/IA B HOBBIX KOOD/IMHATAX YPABHEHIE CTAHET
ABTOHOMHDBIM.

Touka HazbIBaeTCAd cmayuoHaproti st rpynibl TuddeoMopdu3MoB, ecjim Bee 0T00-
paxkeHus rpymibl auddeoMopdu3MOB OCTABISIOT €€ Ha MecTe.

Teopema 30. ITycmo y ypasnenus 1a npamot ecmsb 00HONAPAMEMPUYECKAA 2PYNNA CUM-
memputi eaadkocmu C?. Toz0a ypasHerue unme2pupyemcs 6 masoti OKPECTHOCIU HECTA-
YUOHAPHOT, MOYKYU ONA IMOTE 2PYNNbL.

oxazameavemeo. Ilycts A — Hamra HectammoHapHasi TOUKa. PaccMoTpum eé TpaekTo-
puto nio geiicreuem rpymmbs: T = {g*(A)}. Do perynsaphas raajikas kpusas.” IIposeiem
gepe3 Touky A Jpyryro riajikywo peryiaprayio Kpusyio [ = {v(q)} mpancsepcarvro T,
T.e. TaK, 9TOOBI B TOUKe A He OBbLIO KacaHus; OyaeM CINTaTh, 9TO IHapaMeTp ¢ OOHYISIeTCsI
B Touke A: 7(0) = A. Paccmorpum orobpazkenne

(5,0) > ¢°(7(q)).

MpuI mpoBepUM, 9TO 3TO JOKAJBHBIH TnddeoMopdusM OKPeCTHOCTH HYJIS B KOOPJINHATAX
(s,q) Ha okpecTHOCTH TOUKH A. JIBUKEHUIO POU3BOJILHON TOYKY T O], IefiCTBUEM I'PYII-
bl cuMMerpuii § — ¢°(T) B HOBBIX KOODJMHATAX COOTBETCTBYET MPOCTO TOPU30HTAJIb-
HOe JIBUZKEHHE C eJMHUYIHOM CKOPOCTBIO S — (S,(), T.e. B HOBBIX KOOD/MHATAX I'PYIIIA
IIPEBPAIAETCd B T'PYIILY TOPU30HTAJILHLIX CIBUTOB. llojie HalnpaB/ienuil, "HBapuaHTHOE

d(g°(z))

. OHO 3aj1aeT ABTOHOMHOE ypaBHEHUE,
s=0
JIJISL KOTOPOI'O TPAEKTOPUU I'PYIIIBL CIIyKAT TpaeKTopusMu (jokaxkure). VI3 TeopeMbl CymecTBOBAHUA U

€IMHCTBEHHOCTH TOTJIA CJIEJYET, YTO €CTh 0COObIe HEIO/IBIZKHbIE PEICHIs U PEIEeHNs], TPAEKTOPHH KOTO-
PBIX SBJISIOTCS PEryJISPHBIMU KPUBBIME (DEIIEHIEe JaeT MapaMeTPU3AIMIo, y KOTOPOil BEKTOP CKOPOCTH
He ODHYJISIeTCst).

9Paccmorpum Cl-riaaxoe BEKTOpHOE IHOJe T
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OTHOCHUTEJILHO T'OPU30HTaJIbHBIX C,JZLBI/II‘OB,10 — 9TO IIOoJIE H&HpaBﬂeHI/IfI AaBTOHOMHOTI'O ypaB-

venud. [ToaTomy 1ocsie 3aMeHbI KOOPAMHAT OJIYIUTCS aBTOHOMHOE YpaBHEHHUE, KOTOPOe
uaTerpupyercs (n3Becrra dopmysia perenusi). Moxer ObITh HEOYEBUIHO, UTO MOCTE 3a-
MEHBI ITOJIyYUTCsI ypaBHEHNE, pa3pelleHHOe OTHOCUTE/IBHO MPOU3BOIHON, — 39TO MOXKHO
IIPOBEPUTH HEIIOCPEICTBEHHO.

[Iposepum, aro ¢ — jokabHb guddeomopdusm. OUeBUIHO, YTO ITO IVIAIKOE 0TOO-
paxkenne. [locMoTpruM Ha ero mponsBoAHyO B Hyse. Vimeem

0o

e 0P d(g°(x))
94 | 0,0

= ("), oY (0) =~(0); —| = :
s (0,0) S s=0

Tak kax I' o mocTpoennio TpancBepcaibHa 1', 9TO HeHy/IeBble HEKOJIIMHEeAPHBIE BEKTOPA,
3HAYNT, TKOOMaH oTobOpakeHuss ® B Hyse HeHy/IeBOW. 3HAYHUT, 9TO JIOKAJIbHBIN auddeo-

mopdusm. Ocraercs y6eurbes,'! uto, Korna B ypashenun 4 = f(t, ) Mbl fes1aeM 3aMery
t =1t(s,q), * = x(s,q), MBI IOJIy9aeM ypaBHEHHUE
g -,
Y]
ds 2y = Ul N aroaatsa)

U HUKAKOI TPOOJIEMBI C pa3peneHHOCThI0 OTHOCUTEIHLHO ITPOU3BO/IHOI He BOZHUKAET. [

6 IldaddoBnl ypaBHEeHNs 1 ypaBHEeHNS B IIOJTHBIX An(-
depennuagax

Ypasuenne P(z,y)dr + Q(x,y)dy = 0 3amaer BekropHOE moJe B objactu, rae P u @)
He OOHYJISIOTCS OJHOBPEMEHHO. B KayKJI0i TOYKe BbIJe/IsieTcsl HallpaBIeHne, COCTOSAIIee
13 BEKTOPOB, HA KOTOPBIX OOHYJIAETCs JUHEHHBIN (DYyHKIIMOHAJ, B KOTOPBIN B 3TOI TOUYKe
npespaiaercs 1-popma w = P(z,y)dx + Q(x,y)dy. Touku, tae (P, Q) = 0, Ha3bIBAIOT-
cst ocobbIME: TaM (opMa MpeBpaliaercs B HyJIeBo# (DYHKIMOHA W HE 384T HUKAKOI'O
Hanpas/iennsi. Takoe ypaBHeHne HaszbiBaercs 1dad@oBbiM. 3aMeThM, 9TO aHAJIOIMYIHOE
ypaBHEHUE B IPOCTPAHCTBE OOJIbIIEH pasMEpHOCTH 3a/aeT He I110JI€ HAllPaBJICHH, a 110-
JIe TUIEPILUIOCKOCTE (TakKe TOBOPSIT PACIpE/IeJICHUe), a JIJIs Hero yzKe He 00si3aTeIbHO
CYIIECTBYIOT MHTEIPAJIbHBIC IIOBEPXHOCTH TOH »Ke pasMepHOCTH. Takum 00pa3oMm, 3TOT
pases KacaeTcsi TOJIBKO JIBYMEPHOIO CJIydasi.

Bameuyanue 31. nrerpanbubie kpuble ndaddosa ypasuenus Pz, y)dx +Q(z,y)dy =

. P
0 coBmajarOT ¢ MHTErpaJbHBIMU KPUBBIMU YpaBHEHUIT g_gyc = —ﬁ WIn Z—Z = —%
TaM, TJie 9TU ypaBHEHUs orpejiesienbl. /leficTBuTebHo, JiIoOble JBa U3 TPeX YpaBHEHUIl B

obJractu, re 0ba orpeJie/IeHbl, 3a/J1al0T OJIHO U TO K€ TI0JIe HAIIPABICHUIA.

Onpepenenune 32. uddepenmmanpaas 1-dopma HasbIBaeTca TOYHON B obsractu D,
ecsin OHa ABJidAeTcd JuddepeHImaIoM HeKOTOPoi (DYHKIUU B 9TOi obactu: w = dF'.

0V6emurecs (B omHy CTPOKy, MCHOMB3ys ompjeaeHne jaeiicrsus muddeomMopdusMa Ha BEKTO-
pa/upsMble), 9TO NpHU 3aMeHe KOOPAUHAT CUMMETDHUS IEePEXOIUT B CUMMETDPHUIO, T.€. UYTO CUMMETPUS,
COTpsi?KEeHHAsT OTOOpaKEHNEM 3aMEHBI, IIEPEBOIAT MEPEIUCAHHOE B HOBBIX KOODJIMHATAX II0JIE HAIIPABJIE-
Huii B ceds.

' MozkHO, HAIIPIMeEp, UCXOIHOE YPaBHEHUe HeperucaTh Kak ndaddoBo, IOTOM OT ypaBHEHUi 3aMEeHbI
repeiitu K paBeHCTBaM JnudepeHInalioB U UCKJIIYNTh dT, dt u3 Tpex ypasHeHuil. Ho mouemy?
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ITpennoxkenune 33. Hrumezpanrvhoie kpusvie ypashenus w = 0 ¢ mounoti popmoti w = dF
6 obaacmu 6e3 0cobvLIT MOYEK — IMO 68 MOUYHOCTNU NUHUY YPOSHA nomenyuanra F .

Joxazamensvemeo. I3 TeopeMbl 0 HesIBHOM (DYHKIUN CJIEIyeT, YTO B OKPECTHOCTU HEOCO-
6oit Touku (T, yo) (IJie TpaMeHT HEeHYJIeBOH) MOTEHIHAIA €r0 MHOKECTBA YPOBHSI sIBJIsI-
I0TCsl JTMHUSMU (OJTHOMEPHBIMHE [TOJIMHOTO00OPA3HSIMIE ), TIPUTOM STH JIMHAA OPTOTOHATHHBI
rpajmenty norennuana. Tak kax ndaddoso ypasnenue umeer sun Fdx + F,dy, muann
YPOBHSI SIBJISIIOTCSI HHTEIPAJIBLHBIMU KPUBBIMU. Uepe3 JIIo0yI0 JOCTATOTHO OJIM3KYIO0 TOUKY
(21,y1) TOXKe MPOXOJIUT JINHUST YPOBHS, KOTOpAasl sIBJIsIETCS MHTerpajbHON KpuBoil. Eciu
OBl cylecTBOBaJIA Jpyras HHTErpajbHas KPUBas, MPOXOIAIIas 4epe3 3Ty TOUYKY, TO JJIid
OJIHOTO M3 yDaBHEHWII U3 3aMeYaHUs BBIIIE HE BBINOJJIHSIOCH Obl 3aKII0UEHUS TEOPEMbI
CyIIeCTBOBaHUS 1 eJuHCTBeHHOCTH. IIpeanonaras, uro P, Q) — Cl-rianxue gynximn, 3a-
KJIFOUaeM, YTO 3TO HEBO3MOXKHO. ]

Ounpenesnienne 34. luddepenrnmanbuas 1-dopma w = P(z,y)dxr + Q(z,y)dy Ha3bBa-
eTcs 3aMKHYTOH, ecin eé muddepenruan’ myiesoi, T.e. P = Q.

Tounas dopma ¢ C?-rnagkum guddepeHnnansoM 3aMKHYTa B CHJIy PaBeHCTBa CMe-
IIAHHBIX BTOPBIX YACTHBIX ITPOU3BOIHBIX JAud depeninaa.

CortacHo ciejyromieii jeMme, B OJIHOCBSI3HON 00J1acTH 3aMKHyTast (hopMa SBJISIETCs
tounoii. Jlemma Jaer crocob MpoBEpKHM HA TOYHOCTH (Yepe3 3aMKHYTOCTb) U CHOCOD Ha-
XOKJIeHUd MTOTEeHIAIA.

Teopema 35 (/lemma Ilyankape). [Tycmo dopma w 3amrnyma 6 00n0C6A3HOT 004G~
cmu D. Toeda ona mouna 6 D.

Jokxazamesvemeo. DTa jeMMa BepHa B IPOU3BOJIBHON pa3MepPHOCTH, HO Mbl JJOKAXKEM €€
JIJI pa3MEpHOCTH 2 W B cjydae, Korja o00/1acTh — HPAMOYTOJbHHUK. Kak o0CyK1a/10ch
B Kypce MaTeMaTHIeCKOro aHajm3a, HAJUINe MOTEHINAIa PABHOCUIHLHO HE3ABUCUMOCTH
uHTErpasa or GopMbl OT IIyTH UHTErpUpoBaHusd. [109TOMy ecTeCTBEHHO NCKATH MTOTEHITHAJT
KaK MHTerpaJjl 1o KakKOMY-TO IIPOCTO YCTPOEHHOMY IyTu. DyjaeM paccMaTpuBaTh IyTh,
KOTODBIIl HAYMHAECTCA B TOUKe (Zg,Yo) W WIET B TOUYKY (Z,%y) CHadYaIa OPU3OHTAIBHO,
[IOTOM BEpTUKAJILHO. KpUBOJIMHEHHDIN UHTErpasl 2-ro pojia OT W 3allUIIeTCs TOIIa Kak

F@MZ/P@W%+/Q@WM

[Iposepum, uro nomyumics notennuan. Ouesnano, Fy(z,y) = Q(z,y). Hanee,

ﬂ@w=H%W+/QmwwwﬂWw®ﬁ/%@mm=
= P(z,90) + P(x,y) — P(z,%) = P(x,y).
]

Yupaxkuenue 36. /Jloxaorcume semmy Ilyankape odas 36e30wamoti naockot 00AGCTMU.
Pacemompume unmezpas 6doav ompeska, coedunsaowezo yewmp obaacmu ¢ mowkotd (x,y).
Taxorce paccmompume duddepernyuan dynwyuu t — tP(tx, ty) (smo yrazanue).

124710 raxoe muddepeniman 1-bopmbr (310 2-bopma), BaM paccKazkKyT B Kypce aHaan3a Ha MHOT000-
pasusx.
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7 Jluneiinble ypaBHeHUd Ha HPAMOIi

OnepaTop Ha3bIBaeTCS JUHEHHBIM, €CJIU OH JIEHCTBYET MEXKJy BEKTOPHBIMEU ITPOCTPaH-
CTBaMH HaJ OJHIM U T€M Ke IIOJIEM M COIJIaCOBaH ¢ omepamusmu B Hux: Vo, f € K, u,v €
V: Llau 4+ Bv) = alLu + BLv. Ypasuenne suga Lu = 0 HasbBaeTcs AuHelHbLM 00-
HOPOOHBIM YpasHeHuem, a ypaBHenne Bujga Lu = b, rne b # 0 usBecTeH, — AUHETHBIM
HEOOHOPOOHBIM.

IIpengyoxxenune 37. Pewenus aunetinozo ypasrerua Lu = 0 obpasyrom eexmoproe npo-
cmpancmeo Ker L, a pewenus coomseememsyowezo HeodHopodrnozo ypashenus Lu = b —
adpdurroe nPocmpancmeo ., ., +Ker L, 20e w., ., — 11060e 00no (20sopam: <wacmmoes )
pewerue HeodHopodHoz20 YpPasHeHUA.

Jloxasamenvcmeo. IIposepKa TOro, 4To sJIpo — JIMHEHHOe MOJIIPOCTPAHCTBO B OOJIACTH
ompeiesiernsi, TpuBrasiba: u, v € Ker L = L(au + fv) = 0+ 0 = 0. Jasee, s jo6oro
V: L(Ugpu +v) =b< Lv =0« v e Ker L. O

Pacemorpum Terepn obiiee ypaBHEHUE Ha IPIMOii
& =a(t)z+b(t), a,becCD).

HenpepbIBHOCTD @, b BiiedeT HEIPEPBIBHOCTDL IIPABON YacTH U €€ JIMIIIHIEBOCTD 110 T Ha
706OM KOMIIAKTE, TaK 9TO IPUMEHIMa TeOPeMa CYIIeCTBOBAHNS U €JIMHCTBEeHHOCTH. TO-
Obl HafiTH BCe PEIIeHNs, JOCTATOUHO HANTH 00IIee pelleHne COOTBETCTBYIOMIErO OAHOPOI-
HOTO ypaBHEHNs & = a(t)x U 9acTHOE PENICHHEe HEOIHOPOIHOTO.

OO011iee perieHre OJJHOPOJIHOIO JIMHEIHOTO ypaBHEHUSA Ha ITPSIMO

Ypasaenue & = a(t)r — 9T0 ypaBHEHUE C Pa3JIeISIIONIMUCS epeMeHHbIME. EcTh 0coboe
pemenue x = 0. B obmacrax {x # 0} perrenne numeer Buj

/i—x:/a(t)dt s 1n|x|:/tta(s)ds+0 &

0

| = Cefo®@ 050 o z=Ce @ oo,

Jlobasisiem ocoboe pelrierne K ocTaabHbIM, paspernias C' ObITh HyseM. 1o eqnncTBeHHOCTH
t
d
Jig a(2) *, C € R. Jlerko BUjeTb, 4TO
t
d
pertienue 3aja4au Komru ¢ 1.y. (tg, ) ectsb x(t) = woefto als)ds, 3aMeTuM, 9TO IPU PeIIeHun

nuddepeHIuaibHbIX YPABHEHUI TPUHATO 3aMEHSATh IIPOU3BOJILHYIO HocTogHHy0 C' 110
XO/1y pellleHus Ha HOBYIO, He IIPOroBapuBas 3TON 3aMEHBI.

npyrux pertennit Het. OOrree pemenne: x = Ce

YacTtHOe pelmneHne HEOAHOPOHOTO yPAaBHEHUS: METOJ BapHaIluN
IIOCTOAHHOMN

t
Hns kparkoctu obosuaunm p(t) = elig () ds, IIposapvupyem B bopmyne Cp(t) obiiero
pelreHus: OJHOPOAHOTO TocTostHay0 C' — 3ameHnM ee Ha QyHKIWO ¢(t) 1 OyJeM HUCKaTh
periierne HeotHOPOHOTO B BHE ¢(t)¢(t). Ecim Mbl Hafiiem XoTs ObI OJHO, JIEJIO CIIETAHO
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U He HaJ0 OECIOKONTHCS O TOM, YTO Mbl OIPAHUYNIINCH TIONCKAME DEIICHUS «CIIeInalb-
Horo Bujas. Ha camom jieste, Mbl He orpaHuduBaeM ce0sd, IIOTOMY 9TO HPOCTO JeaeM B
ypasHenunn 3ameny z(t) = c(t)p(t), rae ¢(t) — HoBas HemsBecTHas. [lojcTaBisieM T = cp
B HEOJTHOPOJIHOE YPABHEHHE U NMeeM

t
cpt+cp=acp+b & cp=b & = & c(t):/b(s)eftoa(g)dgds—f—co.
t

¥ 0
Bosbmem perienue ¢ HyJI€BBIM HadadbHBIM ycstoBueM x(t) = o(t fto ©(s))ds un 3a-
muIeM obIree perieHne HeoJHOPOIHOTO ypaBHeHHsl (OHO YKe — pelleHue 3a;gatnx1 Kormm):

t
t s
Zopu. = Tu.pu + OOIIL. eI OTH. = elio a5)ds To + / b(s)e” Jig @(©) € g

to

31ech xg € R — npousBosibHas TOCTOSTHHAS. 3AMETUM, BO-TIEPBBIX, UTO PEIIEeHNUsT Ollpe-
JieJIeHbI 9Toi popmysioit Ha Beeit obsractu onpejienenusd D dyHKnin a,b, KOTOPyO MbI
CUMTAEM IPOMEXKYTKOM (B CKOOKaX 3aMeTuM, 4TO U3 TeopeMbl 21 ciiejyer, 4To perie-
HEE [POJIOJIZKAETCS HA 3Ty 00J1acTh). BO-BTOpBIX, 0TOOpazkKeHne COOTBETCTBUSI, KOTOPOE
HAYabHOMY YCJOBUIO I COIOCTABJIAET 3HAYEHHUE PeIleHus B (DUKCUPOBAHHBIN MOMEHT
BpeMeHH tq: & +— ¢(t1, ), — ompenesieHo ra00abHO U siBjsiercs adbGUHHBIM:

T— AT+ B.

Ilepuonunyieckue jnHeiiHble ypaBHEHUs Ha MPAMOt

Bynem remepsb JOMOJHATEIBHO TIPENOIaraTh, 9To B ypaBHeHun & = a(t)x+b(t) dyHximm
a,b — T-niepuojmyueckue. EcTh Jin B TAKOM cJlydae y ypaBHEHUs IEePUOIUIECKUAE PEITeHHS
1 9TO MOXKHO CKazaTh 00 mx cBoficTBax? 3aMeTuM, UTO CBA3aHHOE C YPABHEHUEM IIOJIE
HaIpPaBJIEHUI, & CJIeJIOBATEIbHO, U pa3bueHne pacIiiupeHHOro (hazoBOro MPOCTPAHCTBA
HA UHTerpaJjbHble KPUBbIE, NHBAPUAHTHBI OTHOCUTEIHLHO FOPU30HTAJILHBIX C/IBUTOB Ha 1.
Moo ¢akTOpPU30BaTh IJIOCKOCTH ¢, T MO STOMY CIABUTY U CUUTATH, UTO PACITUPEHHOE
daz0BOE IPOCTPAHCTBO — IUJIUHJIP.

Pacemorpum otobpaxkenune M = gt°+T R — R monodpomuu 3a nepuod, mepeBosiiee
HavabHOE YCJIIOBHE Xy B TOUKY (ha30BOrO MPOCTPAHCTBA, Ye€pPe3 KOTOPYIO COOTBETCTBYIO-
Iee perenne MpPoXoIUuT B MOMEHT ty+ 1. DT1o addunnoe orobparkenune x — Az + B, rie,
KaK BUJIHO 13 POPMYJIbI ODIIEro PerieHus,

to+T to T tO+T
A= el s g T ae)ds / (b(s) /() ds
t

0

Bugno, uro A > 0. Eciin A # 1, orobpazkeHne MOHOIPOMUU UMEET €UHCTBEHHYIO HEIO-
JIBUKHYIO TOUKY T, = % — OHA YKCIIOHEHIUATBHO MPHUTITUBAET BCE OCTAbHBIE TOU-
ku npu A < 1 u orrankuBaer npu A > 1. fcHo, 9TO HENMOJBUAKHOI TOUYKe 3TOOparKe-
HUSI MOHOJIDOMUU COOTBETCTBYET 1-TIepUOIUYIECKOe pereHne ,. UyTh MeHee 09eBU/IHO,
YTO JIPYTUX MMEPUOUIECKUX PEIIeHNT HeT — JI0OKaxKeM 5To. Byiem caurarh, ato A < 1
(nHave 0OpaTHUM BpeMsi), I PACCMOTPUM TOUKY (ha30BOIr0 MPOCTPAHCTBA X, OTINIHYIO OT
T,: ee obpa3bl 101 JieficTBIeM OTOOParKeHUsT MOHOJPOMUU CTAHOBSITCS OJIM3KU K Xy, TaK
YTO paCTyIue U3 HUX OTPE3KH rpaduKa peIeHns, OTBEYAIONNe NHTEePBaIaM BPEMEHN
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[to + nT',to + (n+ 1)T], B cruuty HENPEpBIBHOIN 3aBUCHMOCTH OT HAYAJBLHOIO YCJIOBHS CTa-
HOBsATCS OJM3KUMEU K TpaduKy MepHOJNIEcKOro pelreHus .. Ho B TakoM ciydae Haiie
pellleHre ¢ KAKOIO-TO MOMEHTa BDEMEHH He MOXKET BEpHYThCd B HAYAJILHYIO TOUKY T,
qT06bI OKa3aTbCsA IEPUOINICCKUM.

Ocrasiocs pacemorpers ciaydait A = 1. Eciau npu stom B = 0, MOHOAPOMES TOXK/Ie-
CTBEHHAs U BCe pelenus nepuoamdeckue. Eciu ke B # 0, To KaxKjo0e peleHne BI0Jb
nocse10BaTesIbHOCTH BpeMeH (tg + nT'),eny yoeraer Ha +00 WIH —00 B 3aBHCHMOCTH OT
3HaKa B, a I0TOMY He [EepHO/IIHO.

VYupaxkuenue 38. Cmpemumecesa au 6 caywae A = 1, B > 0 xaotcdoe pewenue x 400
npu t — 4+00?

Yupaxuenue 39. [lycmov nawe ypasnenue umeem 1-nepuoduveckue xoapduyuermo.
Iyemo y neeo ecmv nenocmosanroe pewenue nepuoda 1. Jokascume, wmo 6 makom cay-
Yae IMo pewenue Asasemcea maxce 1-nepuoduveckum, a T — payuonasvHo.

8 Cucrembl JUHENHBIX ypaBHEHUI: 00IIe CBOCTBA
Tenepb paccMOTpUM MHOTOMEpPHOE JTUHEHHOE ypaBHEHUE:
= At)x +b(t), AcC°(I,Mat,(R)), b CI,R"), I=(a,f)CR. (9

HemnpepobiBrOCTh OTOOpaskenuii A,b Bieder HENpPEepBHIBHOCTH MPaBOil 9aCTH MO COBOKYII-
HocTH nepeMeHnblx. Orpanndennocts ||A(t)|| #a a060oM OTpeske BJCUYET JHIITHAIEBOCTD
npaBoif YacTu 1o r Ha KOMIAKTaxX. 1103TOMy K ypaBHEHMIO HPUMEHHMA TeopeMa CyIile-
CTBOBAHUS U €JMHCTBEHHOCTH (IpuMeHsieM e Ha obyactax B [ X R™ ¢ KOMIAKTHBIM 3a-
MBIKAHIEM ).

Bameuanune 40. B cuny onenku |2(t)] < ||A(t)|||z| + |b(t)| npumennma Teopema 21, Tax
aro J11060e pelleHne poJI0JIzKAeTCs Ha Bech nHTepBa 1.

Bujno, uro ypaBHenue JimHeitHOe, TaK 9TO JIjId PEIIEHUs JJOCTATOYHO HAlTH 00IIee pe-
IIIEHNEe COOTBETCTBYIONIEr0 OTHOPOTHOIO YPaBHEHHSI U YacTHOE PeIleHre HeOTHOPOHOTO.

CsoiicTBa penieHnii OJJHOPOAHOM CUCTEMbI

Teopema 41. IIpocmpancmeo pewenutd 00nopodnozo ypasrenua & = A(t)x usomopgdro
npocmparcmey HavasoHur yeaosut R™ xax eexmoprnoe npocmpancmeo nad R. B wacm-
HOCMU, OHO UMEEM, PAZMEPHOCTL N.

Jloxazameavcmeo. Pacemorpum otobpazkerne ¢ — (), COMOCTABIISIONIEE PEIIEHUIO €0
3HaveHue npu t = to. 1o Jmuelinoe orobpaxkenue B R™. OHO CIOPBHEKTUBHO IO TEOpEMe
CYIIECTBOBAHUS U UWHBEKTUBHO 110 TeOpeMe eIMHCTBEHHOCTU. 3HATHUT, 9TO UCKOMBIH M30-
MOphU3M. O

Bameuanme 42. [[jisi HEOIHOPOIHOIO YpPABHEHUS TaKyKe CTPOUTCS U30MOP(MU3M IIPO-
CTPaHCTBa PEIIeHuii U IPOCTPAHCTBA HAYAJbHBIX YCJIOBUI KaK addUHHBIX IPOCTPAHCTB.
Ecau pacemorpers mzomopdusmer f: o — o(tg) 1 g: ¢ +— o(t1), TO UX KOMIO3UIIMOHHOE
JqacTHOE g o f~1, ¢ ommoit cTopontl, adduHHOE, a ¢ IPYyTOif CTOPOHDI, COBIIAIACT C gfé
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(I)yH,Z(aMeHTa.TIbeIe CUCTeMbl 1 MAaTpHUIIbI pelHeHI/Iﬁ

Onpenenenune 43. OyHaaMeHTaTIbLHON CHCTEMON PEIIeHU OJIHOPOHOIO YPABHEHUS & =
A(t)x maspiBaeTcs 060it 6asuc B mpocTpaHcTBe perernii. OyHaaMeHTATBLHON MaTPHIEH
pelennii Ha3bIBaeTCsd MaTPHILA, CTOJIOIBI KOTOPOi 00pa3yioT (hyHIaMEHTATBHYIO CUCTEMY
peneHnit.

Jlrobast marpuria X (t), cToJbI[bI KOTOPOI SIBJISAIOTCS PellieHusIMu ypaBhenus & = A(t)z,
yJ0BJIeTBOpsieT MaTpudHoMmy jnuddepeninaibaomy ypasaeruto X (t) = A(t) X (t) — upo-
BepPsIeTCs OTJIETBHO JIJIsi KAyKJIOr0 CTOJIOIA JIEBON YacTH.

Onpepenenne 44. Oupenennress Bporckoro (BpoHCKHaH) HaO0pa U3 1 BeKTop-hyHKIHIT
fi(t), ..., fu(t): I — R™ — 310 oupemesmTesib MATPHILB! CO cTOJONAMN f1, ..., fr: W(t) =

det ([fl]? ety [fn])

Bameuanue 45. Ecou W(t) # 0, To fi, ..., f, — nuneiino He3aBucuMbl. JleiicTBUTEIBHO,
ec/in (DYHKIUU JIMHEHHO 3aBUCUMBI, TO €CTh HETPUBHUAJIbHAS TOXKJIECTBEHHO HYyJIEBas MX
muHefiHas KoMOuHarust. Torma mpu Beex ¢ ¢ToOIBI MATPUIILI JIMHEHHO 3aBUCUMBI U BPOH-
cKuaH Bcerjia HyseBoit. ObparHoe HeBEPHO: (DYHKIIUU G) u (}) JmHeiino HesaBUCHMDI, HO
JIAIOT HyJIeBOI BPOHCKHAH.

IIpensioxkenne 46. Pewenus x', ... 2" ypasnenua & = A(t)xr obpasyrom bazuc ecau
U MOABKO ecau coomseemcemeyrwutl onpedesument Bponckozo ne 00HYAsemMCAs HU Npu
xaxkom t € I.

Joxasameavcmeo. Ecim YVt W (t) # 0, o W (t) # 0, a suaunr ', ..., 2" quHeiiHO He3a-

BUCHMBI, KaK obcyxkaanock Bbime. Obparno, mycts W (ty) = 0. D10 3HAYUT, U4TO €CTh
j _ n

HeTpHUBUAJbHAST 3aBUCUMOCTD » ;6@ (to) = 0 Bekropos u3 R". Tlpumensist nzomopdusm

C IPOCTPAHCTBOM PeIeHnit, IoTydaeM, YTo JInHeliHag KoMOUHAIus pertennii o1, ..., 2" ¢

TeMU Ke KOdDPUImenTaM TOXKJICCTBEHHO HYyJIeBasd. O

Ilpenmnoxenune 47. Obwee pewenue ypasnenus © = A(t)x umeem eud X (t)c, 2de X (t)
— mobas OMP, a c € R® — cmoabey, npoudeosvHblr nocmoAHHbLL.

Jlokasamenvcmeso. Orobpazkenue ¢ — X (t)c — muHeitHO oToOpazkaeT R™ B IIpOCTpaHCTBO

pelieHnii, TpuToM B HOJIb HepexouT ToJabko ¢ = 0 (moromy uro X (t)c — nmHeitHas
KOMOUHAINS CTOJIOIOB, & OHU JMHEHHO He3aBUCHMBI). TaK Kak pa3sMepHOCTH ITPOCTPAHCTB
OJIMHAKOBBI, 3TO U30MOP(MU3M, B YACTHOCTHU, CIOPHEKIINS. O

IIpensioxkenune 48. Ecau X(t) —ddyndamenmanvnas mampuya 00nopodrots cucmemol
&= A(t)z, a C € Mat,«,(R), det C' # 0, mo X (t)C' — moowce dyndamernmanvras mam-
puya, u A1066a GYHOGMEHMANOHAA MAMPUYA UMEEM MAKOT 6Ud 0L HEKOMOPOT HESbI-
poorcdennoti C'.

Joxazameavcmeo. Cronbupl marpuiibl X C' cyTh JuHEiHbIe KOMOMHAIIME CTOJIOIOB MaT-
puiiel X, O9TOMY OHM SIBIAIOTCS pereHnsiMu ypasaenusi. Kpome toro, det(X (¢)C) =
det X (t) det C' # 0, Tak 91O 9TH PEIeHUs JUHEHHO HE3ABUCHMBI.

Yro6bI JI0KA3aTh BTOPOE YTBEPZKIEHHE, paccMoTpuM cHadasa marpuiy C' = X~ 1(ty).
OMP U(t) = X ()X (to) ymosnersopsier nauanbuomy yenosuio U(ty) = E. Ecam Y (t)
— eme ogna ®MP, marpuna Y ()Y ~1(ty) yaosiaersopsier Tomy e HauaabHOMY YCJIOBHIO,
a moromy jomukia copnagats ¢ U(t) ma I. Homyuaem Y(t) = X(6)(X ' (t)Y (to)) =
X0, O
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Metoa Bapmaliuy IIOCTOSHHBIX

Tenepsb HaiiieM YacTHOE Pelenne HeoHOPOIHOI cucteMbl & = A(t)x+0b(t), npeanonaras,
9T0 HaM OTKy/a-To uzBectna ®MP ognopomnHoit cuctemsr X (t). Bymem nckars perenue B
suge z(t) = X (t)c(t), c € CY(I,R™). AHAIOrHYHO OJIHOMEPHOMY CJIydalo, HOJIb3YsACh TeM,
aro X (t) = A(t) X (t), nomydaem

t
Xc+ Xé=AXc+b; é=X"1b; c:co—i-/ X1(s)b(s) ds.
to

Bepewm perierne ¢ HyIeBbIM Hada bHBIM yCJIOBHEM, BO3BpalaeMcs K x(t), TOMHOXKAsA Ha
X(t), u numem obiree perieHre HEOJHOPOJHOIO ypaBHEHHUs (Cpasy HAIMIIEM pelleHue
sasaqn Komm):

x(t) = X(t) (X—l(to)a:o + /t:X‘l(s)b(s) dg) :

W3 sroro BhIpazkeHus TOXKe JIEFKO BUJETh, 9TO OTOOparKeHue gfé siBJisieTcs aDPUHHBIM,
IIPUTOM €ro JIMHeNHasd 9acTh He 3aBUCHT OT HEOJTHOPOIHOCTHU b.

Teopema JInyBuansa—OcTporpajickoro od n3amMmeneHnu »a3oBoro oob-
eMa,

Kak m3BectHo, addunabie oTOOpazkKeHusT MEHSIOT 00bEMbl BCEX HU3MEPUMBIX MHOXKECTB
OJIMHAKOBO — 00bEM yMHOXKAETCS Ha MOJYJIb ONpeIeuTe s JuHeiinoi qacru. s oroo-
pazKeHust g;! JIMHEIHOro ypaBHEeHHs STOT MHOXKHUTENb — oTHOIIeHne W (t;) = det X () x
W (to), tne W(t) — onpenenurens BpoHCKOro COOTBETCTBYIOIETO OJHOPOIHOTO ypaBHe-
HUSL.

Teopema 49 (JInysuis-Octporpajckoro). [Tyems W (t) — eponckuan dyndamernmans-
Hotl cucmemuv, pewenull ypasuenus © = A(t)x. Toeda W (t) ydosaemeopsem ypasreruro

W(t) = tr A(t) W(t) (u caedosamenvro, W (t) = W(to)eftto tra(s)ds )

Aokasamesvcmeo. Ilycrs X (t) — coorBercrBytomas Marpuiia permennii: W = det X.
Torma, mockobky X = AX,

X(t+h)=X(t)+ X(t)h+o(h) = X(t) + A{t) X (t)h + o(h);
det(X(t + h)) = det(E + A(t)h + o(h)) det X (t) = (1 + tr A(t)h) - det X () + o(h).

Baech Mbt Boraucamin det(E + A(t)h+o(h)) ¢ Toanoctsio 110 o(h), 3aMeTHB, YTO IPOU3BeE-
JIHUE JIMArOHAJIBHBIX 3j1eMeHToB Jaet 1+tr A(t)h+o(h), 1? a moboe apyroe npousseerne
U3 TeX, 9TO COCTABJIAIOT OIIPEICIUTEb, OyIeT Colep:KaTh MUHUMYM JIBa HeIMATOHAJILHBIX
ssieMenTa, a Bee onu nopsiyika O(h), Tak uro npoussejenue Oyjer u3 Kiaacca o(h). Tenepnb
MOZKeM HallucaTh

%(detX(t + h)—det X (1)) = %det X (t)-(1+tr A()hto(h)—1) = tr A(t) det X (#)-+o(1) (h — 0).

To ectn W (t) = tr A(t) - W(t). O

13 Tnaronanbiubie snementsl umeior Bug 1 + aj;(t)h + o(h). Korjga Mbl ux mepeMHOMKaeM, HOTyYaeM
ciaraeMoe 1 HyseBoro mopsimka mo h, JuHeifHele 1o h ciaraemble ¢j;(t)h, a Takyke KOHETHOE THCIIO
CJIaraeMbIX, B KOTOpPBIE h BXOIUT B CTeleHn > 2 — ux orupasisieM B o(h).
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9 JluHeiinble ypaBHEeHUS N-TO HNOPsAKa Ha OPAMOIi

Pacemorpum ypasuenne y ™ 4-a, 1 (t)y™ V4 - 4ay (t)y +ao(t)y = f(t), ai, f € C°(I,R),
rie I C R — maTepBan. Kak MbI yKe 0OCYZKIaH, OT YPaBHEHUS BBICOKOTO MOPSIKA,
€CTECTBEHHO TIePefiTH K cHCcTeMe ypaBHeHWi 1-To mopsaka. B mamem ciydae crucreMa
Oy/IeT UMeTb BU]T

o 0 1 0 0
o= 0 0 1 0
) 0 0 0 1
Tp—1 = —Qp—1Tp—-1 — > — Aoy + f(t>7 —ag —a1 —ao —Qp—1

Pemenus mncxomHoro ypaBHeHUsI CYTh IepBble KOMIIOHEHTBI pelennii cucreMbl. [lo-
9TOMY OOINME CBOWCTBa PEIIEeHUl aHAJOIMYHBI CBOMCTBAM PEIIeHHil JTIUHEHHBIX CHUCTEM;
COOTBETCTBYIOIINE YTBEPKICHU JIET'KO CJACAYIOT U3 yKe JloKazaHHoro. CucremMa COCTOUT
U3 N ypaBHEHHUI, TaK UTO Pa3MEPHOCTDb IIPOCTPAHCTBA PEIIeHuil — ToxKe n. DTa pa3Mep-
HOCTH paBHa IOPSJKY ypaBHeHus. HaroMHUM, UTO HavdajbHbIE YCJIOBHS 3aja4dn Korm
JJId ypaBHEHUA IOPAAKa 77 — 3TO 3HaAYCHUA HEU3BECTHOM’ beHKLLI/II/I U eé IIPOU3BOJAHBIX
BILJIOTH JI0 TIOpsA/IKa 1 — 1 B HAYaJbHBIM MOMEHT BpeMEHN tg.

Permenust ojHOpOIHOrO ypaBHeHUsi 00pa3yioT BEKTOPHOE IIPOCTPAHCTBO, & PeNIeHUs
HEOTHOPOAHOrO — adDUHHOE, MPUTOM MUMEET MECTO M30MOPMU3M ¢ IIPOCTPAHCTBOM Ha-
JaJIbHBIX ycaoBuit. ObIee pernrenne OgHOPOIHOTO YPABHEHNSA UMEET BUI C1U1 + - - - + Cplly,
rje uq, . .., U, — JuHeitHo HezaucuMble perterusi (PCP), a obiee pereHre HEOHOPOI-
HOT'O TIOJIY9aeTCs, €CJIU JO0ABUTH YaCTHOE peIleHne HEeOIHOPOJIHOTO.

YacTHoe perrenne B 00IIEM CIydae HINETCsT METOIOM BapUalliy MOCTOTHHBIX. OIHAKO
HE CJIeJIyeT JesaThb MOJACTAHOBKY Y = Zzzl cx(t)ug(t) B mcxoiHOE HEOHOPOTHOE YpABHE-
nue! Hy»kHo nepeiitu K cucreMe u IpUMEHUTH MeToJ, it Heé. HamomuuM, 9To Bapuaims
MOCTOSIHHBIX PUBO/MIIA B 00IIeM ciaydae K ypasHenuto X (¢)é(t) = b, koropoe B Harem
cJIydae mpeBpaniaeTcda B

Uy o U, . 0
. . C1
Uy c. Unp :
: . : C - O I
u§"‘” . u%n_l) " f(t)

rae u; obpasyior @CP u npe/oaralorcs n3BeCTHHIMUI (KaK UX UCKATH — B ODIIEM Cirydae
HUKTO HE 3HaeT). DTy JIMHEHHYI CHCTEeMY yPaBHEHUIT MOXKHO Pa3pPelIiTh OTHOCUTETbHO
¢j, IOCJIe 9€T0 MOYKHO HAUTH ¢;, IPOMHTEIPUPOBAB.

Onpepenenune 50. Onpenenurens Bporckoro nabopa 3 n GyHKOWA Uy, ..., U, — 3TO
OTIPEJIe/TUTE Th
(751 Ce Un
U ... Up
Wi(t) = :
uY“l) Y
IIpengioxxenune 51. Habop pewenut uy,. .., u, oopasyem @CP odnopodrozo ypasHenus

moezda u moavko mozda, kozda das nwux W(t) # 0, Vt € 1.
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Joxaszamensvcmeo. PaccmaTpuBas COOTBETCTBYIONTYIO CUCTEMY YPaBHEHU I COOTBETCTBY-
01Ut HabOP €€ PeIeHwil, BUMM, 9TO JIJIs HUX BPOHCKHUAH (B CMBIC/IE CTAPOro OIpe/eie-
HUs) TOJTyarics ToT ke, OH He 0OHYJISIETCsI B TOM M TOJIBKO TOM CJIydae, KOTJa PeIeHst
JINHEIHO He3aBucuMbl. Ho B HaleM cjrydae 3TO paBHOCUJILHO TOMY, YTO UX IHE€PBbIE KOM-

[IOHEHTHI JITHEIHO HEe3aBUCHUMBI. O]
Bameuanue 52. 3amernm, uro uy(t) = ¢ u uy(t) = t* — pemenust ypasuenus y” = 0,
t t?
Ho 1upu 3tom det <1 9 t) = t? obnyngerca npu t = 0. DTO HOTOMY YTO MBI B3/IH
JIBA pEeIeHUsT BMECTO TPEX: ecjiu J00aBUThL perienne ug(t) = 1, HOIyIUM BPOHCKHUAH
1t ¢
det |0 1 2t =2.
00 2

ITpensioxkenune 53. Popmyara Jluyeuars-Ocmpoepadckoeo das ypasnernut n-20 nopadka
npunumaem 6ud W (t) = —a,_1(t)W(t).

MoKHO 3a/1aThCsl BOIIPOCOM, SIBJISETCS JIM JIAHHAs CUCTEeMa JIMHEHHO He3aBUCUMBIX
dyukmuit PCP gy nuneiinoro ypasuerus. OTBET MOJIOKUTEIBHBIIA.

Teopema 54. Ilycmv das Pynkyutd uq, . .., u, svnoanero W(t) # 0 na I. Tozda smu
Ppyrryuu obpasyrom PCP drs ypasrerus

Ug . Uy, Y
: =0
ugn—l) u%n—l) y(nfl)
™ O

Jloxaszamesvcmeo. Pazjiaras 1o 1moc/ieJIHeMy CTOJIOIY WJIM CTPOKE, BUJUM, UTO ypaBHE-
rne mveer Bug W (t)y™ + ... = 0, Tax uT0 MOKHO MofemmTh Ha W (t) # 0 u momyamuTCes
SKBHUBaJICHTHOE yPaBHEHHE B KaHOHHYECKOM Buie. O4eBHIHO, BCe U, ABJILIOTCA €ro pe-
IIEHUSMHY, IIOTOMY YTO IPH IOJCTAHOBKE B OIpeJeuTee HOIydaloTCs JIBa OJINHAKOBBIX
cToJIoIA. O

10 JIuHeiliHOe ypaBHEHUE N-T'0 MOPSIAKA C IOCTOAHHBIMU
Ko punmerTaMn

Paccemorpum ypasuenne y™ + a,_y™ Y + -+ ayy +agy = f(t), a; €R, f € C°(I,R),
rae I C R — unrepsas. Tenepsb K03 MUIMEHTHI IPU HEM3BECTHON (DYHKIMKE U €€ IIPOU3-
BOJIHBIX — KOHCTaHTBL. B 3TOM ciIydae, B OTIMYIE OT OOIIEro, ypaBHEeHHe JIENKO PEIIaeTCs.

10.1 OgHoposaioe ypaBHEeHHTE

B kadecTBe MOTUBUPOBKH JIIsl JIAJILHEIIIEr0 pacCy»KJIeHNs, CJeJaeM B OJIHOPOJHOM YPaB-

HEHNW TOJICTAHOBKY y = e B HaJesK/e HafiTH PEIeHNs CPEe SKCIOHEHT ¢ Pa3HBIMA
I dk ey ket

kosddurmentamu. [ockonbky 7 () = Ae, momyuaem

e’\t()\” + @ A" ad +ag) =0,
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T.e. €CJIM \ — KOPEHb MHOTOUJIeHa, TO eM — pellleHne 0JHOPOIHOrO ypaBHeHns. MHorouren

P(\) = A"+ a, 1 A"+ - -+ ap HA3BIBAETCA TAPAKMEPUCTIUNECKUM MHOZOUAEHOM HAIIIETO
YPaBHCHHS.

Ciy4aii pa3JIM4HbIX BeIeCTBEHHBbIX KOpHEeii

IIpensioxkenue 55. [Tycmo P(X\) umeem n pasiusnvir 6€UeCMEEHHOT KOPHET N1, . . ., Ay
Ait\n o
Tozda {e }j:1 - pyndamernmanvras cucmema peweruts 00HOPoOH020 YPaBHEHUS.

Jloxazamesvcmeo. MoOKHO paccMOTpeTbh BPOHCKHMAH HAIEl CUCTeMbl (DYHKIWI 1 3ame-
THTb, YTO OH SABJISETCS IMPOU3BEIEHNEM IOJIOKUTEIbHON (DYHKIMK U onpejeauTesis Ban-
JIEPMOHA OT A, ..., Ay:

6)\1t .. e)\nt 1 ‘e 1
>\ e/\lt RN Ane)‘nt >\ ‘e )\n
wiy =", e = M TT(N =) # 0.
NiTLeht L yneTehn XL e

AprepHATUBHOE PACCYK/IEHUE: JTOKAYKEM UHYKIIAEH 110 YUC/Ty PA3THIHBIX SKCITIOHEHT
B JmHeiHON KoMmOuHanuu. Baza odesmmna, Tak Kak e # (. IlycTh y Hac ecTh To¥Kjle-
n
6 it 6 etit = 0. 11
CTBEHHO OOHYJIAIOIIAsICs JinHelinas komOunanus y | cje™' = 0. Ilogesum pasencrso Ha

=1

eMt mporuddepeHImpyeM I IPEMEHNM MTPE/IIOJI0KEHIe WH LY KIIIH:

01+Z Cje()\j_/\l)t =0= Z Cj()\j—)\l)eo\j_Al)t =0= Cj()\j_/\l) =0 VJ > 2= C; = 0 VJ

j=2 j=2

]

Ciry4aii nIpoCcThIX KOMIIJIEKCHBIX KOPHE

Hapsiny ¢ BerecrBeHHBIMEU Oy/ieM TakKe pacCMaTPUBATHL KOMILIEKCHO3HAYHbBIE (DYyHKITUN
BEIIECTBEHHOTO apIyMeHTa, B JaCTHOCTH SKCIoHeHTHI e(*P)! Ha Bestkmit corydail ckazen,
YTO Takue MYHKIMI MOYKHO, Pa3/Iesiss BEIeCTBEHHYIO I MHUMYIO YaCTH, OTOXKJIECTBUTH C
dbyuxmusavu u3 R B R?; IpousBOIHYI0 MOXKHO ONPEJCINTh, KaK B BEIICCTBEHHOM Clydae,
KaK IIpeJieJl OTHOIIEHUs IIpUpaIiennii (byHKIM U apryMeHTa, U TOTJIa JIETKO YBUJIETh,
410 P depeHImpyeMoCcTb paBHOCHIbHA UM MEPEHITMPYEMOCTH BEIMIECTBEHHON YacTu u
MHUMOI YacTu. MoxkHo ybeauTbesd, uro npasuiio Jleitbnuiia npogo/nKaeT padoraTh MpH
i depeHIMPOBAHIN IPOU3BEICHU. JKCIOHEHTY MOXKHO OIPEIC/NUTH €€ OOBITHBIM Dsi-
nom Teitopa B mynae. Vm wepes Toxaectso Ditnepa: @)t = % (cosbt + isinbt). B
JIIOOOM CJIydae JIErKO IIPOBEPSETCs, YTO ITPOU3BOIHAS SKCIIOHEHTDI BBITVISIUT TaK Ke, KaK
B UHCTO BEIECTBEHHOM CJIyJae: %(e(‘“’bi)t) = (a+ib)ela*)t TlomuepkuBaro, 4TO apryMenT
y Hac BemectBernbit, 3Hanns TOKII ne Tpedyercs!

Paccyxnerue mpeplIyIero myHKTa MOXKHO JIOCJIOBHO TIOBTOPHUTH B CJIydae, KOTia Xa-
PaAKTEPUCTUIECKUIT MHOTOUJIEH UMeeT HEKPATHBIE He 00s3aTeIbHO BeleCTBEeHHbIE KOPHU.
Toraa ofHOPOIHOE ypaBHEeHNE NMeeT KOMILIEKCHOZHAYHBIE PelteHns ¢!, KoTopble OKasbl-
BaloTCs JinHeitHo He3aBucuMbiMu Hat C.

Tak kak P € R[], 17151 KazK10r0 HEBEIIECTBEHHOTO KOPHS €CTh KOMILIEKCHO COIIPSTZKEH-

Hblit emy Kopenb: P(A\) = 0 = P(\) = P(\) = 0. B nameii cucreme JIMHEHHO HE3aBUCHMBIX
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(a+bi)t a—bi)t
)

KOMIIJICKCHO3HAYHBIX PeIleHMil eCTh Ilapa pelleHuil y; = e Yo = el . 3aMeHuM
UX Ha UX HOJIycyMMy 1 = e cos bt u JIeJIeHHyI0 Ha 4 MOy pa3sHOCTDb Uy = e sin bt. Coot-
BETCTBYIOIAsI MATPUIIA 3aMEHbI HEBBIPOXKIeHA (OHA OTJINIAETCS OT eJIMHIIHON HEBBIPOK-
JIEHHBIM 0JIOKOM pa3Mepa 2 X 2 Ha JIMaroHaJin ), Tak 9TO HOJIYIHIACh OlATh CUCTEMA U3 1
mmueitno HesaBucuMbix HayL C dynkmuit. [Ipogesas 3To 11 KaxK 101t apbl COMPSIZKEHHBIX
KOPHeIl, IoJIiydaeM cJejyIoliee YTBEePK/IeHNe.

IIpennoxenue 56. [Tycmv P(\) umeem xopru Ay, ..., Ay € R woyg £ify, ..., ap, 05,
k 4+ 2p = n. Tozda dpynxuyuu

At At

et et
e cos Bit, ..., e cos Bpt.,
e*sin fit, ..., e sin Bpt

obpasyrom GYHIGMEHMANDHYIO CUCTNEMY BEUECMBEHNBIT PEULEHUT 00HOPOIH020 YPacHe-
HUA.

oxazamensvemeo. Mbl MOHSITH, 9TO, €CJU PACCMATPUBATD 9T (DYHKINHA KAK KOMILIEKC-
HO3HAYHBIE, OHU JIMHEIHO He3aBucuMbl HaJl C. S3HAUNT, OHM JIMHEHO HE3aBUCUMBI U HAI
R. OueBuiHO, OHU BEIECTBEHHO3HAYHBI U UX N MITYK, Tak 910 Mbl Hamm OCP. ]

OO6mumii coayyaii

O6oznaunm D = % 1 OyJIeM CUATATH, 9TO 3TOT JuddepeHInabHbIN onlepaTop JAeficTByeT
Ha [IPOCTPAHCTBE KOMILJIEKCHO3HAYHBIX OECKOHEYTHO IIaJIKUX (DYHKITUI BEIIIECTBEHHOIO ap-
rymMenTa (omnpejeseHHbx Ha BeéM R). DToT omeparTop JIMHeeH, eC/ii JTMHEeHHbIH ollepaTop
HOJICTABUTH B MHOTOWIEH ((bOpMAaIbHO 3aMEHUTHh A Ha ) M WHTEPIPETHPOBATD MOJIY I€H-
HYIO 3alliCh KaK JIMHEHHYI KOMOWHAIMIO CTeIeHeill ormeparopa), MOJIyIuTCs JIMHEHHbIN
oneparop. O6ozuaunm L = P(D) u Dy = D — X (31ech A 03Ha4aeT Omeparop yMHOKe-
HUA PYHKIUU Ha KOHCTAHTY A — TakKoii M0JIX0/[ K 0003HAYEHUSIM TUIIMYEH B JIMTEPATYPE;
MOXKHO ObLIO ObI 0iuH pa3 HamucaTh A Id).

IIpengoxenune 57. [Tycmo P(A) = (A — X)) -+ (A= \,). Toeda
P(D) = (D —A)" o0 (D—\).

Joxazamensvcmeo. KiroueBbIM TYT gBJIsieTcs TO, UTO quddepennuposanue D mepecTaHo-
BOYHO C OIlePaTOPaMH \; YMHOXKEHUS Ha KOHCTAHTY — HM3-33 3TOT'0 Pasje/eHHbIC 3HATKOM
O OIEepPaTOPhI MEPEMHOKAIOTCS TaK YKe, KaK MHOXKUATEIN B MHOro4wIeHe. Ecyim Obl Ha MecTe
Aj CTOsIA OIlePaTOPhbl YMHOXKEHUA Ha HEIIOCTOSHHYIO (DYHKIIUIO, KOMIIOZUIMA BbILJIsIeIa
on1 naave. [Ipogenaem TosibKoO mocaeHuit mar uuykinn. [looxus

Q) = (A=A (A =A™,
P(D) = ((A = A)QN)(D) = AQN))(D) = (MQN))(D) = Do Q(D) = A - Q(D) =
=(D—-X)oQ(D)=(D—=X\)"o---0(D—\,)".
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Pagercrso [AQ(N)](D) = D o Q(D) Kak pa3 moJy4eHo ¢ UCHOJIb30BAHUEM TI€PECTAHOBOY-
Hoctu D u KoHcTanT: ecim Q(A) = A1 4+ b, s A""2 + -+ 4 b, TO

DoQ(D) = Do (D" ' 4byoD" *+---4by) = D" +bpsD" '+ -+ D = AQN)](D).
O

Onpenenenne 58. Kpasumuorowien ¢ nmokazaresnreM y € C — 310 KoHeUHas JIMHEHHAS
koMmOuHaiust byHkumit Bujga fs, = t°e’, rae s € Z,, me. npousseJeHNe SKCIOHECHTHI
et u muorowrena. CrTeneHb KBasUMHOIOYJICHA — 3TO CTelleHb MHOIOYJICHA, Ha KOTOPYIO
YMHO2K€EHa 9KCIIOHEHTaA.

B ciyuae kpaTHBIX KOpHeii, Oyj1eM HCKATh JOMOJIHUTE]bHBbIE (OTIMIHBIE OT YHUCTHIX
9KCIIOHEHT ) PEIeHust OJJHOPOHOTO yPAaBHEHUsI CPEJIN KBa3noHOwIeHOB. [locMoTpuM, Kak
Ha HUX JIEUCTBYIOT orepaTopbl Dy = D — \:

(D — \)(t5el) = st* el + (u — N)t*et.

Orcrosia ciiejyer, 9To IpU A # (4 KBA3UMHOTOUJIEH ITEPEXOUT B KBA3UMHOIOUJIEH TOM Ke
CTEeIleHH, & TIPU A = (i — B KBA3UMHOTI'OYJICH MEHBIINEN CTeNeHN. YCUIUM 3TO HabOJIIO/ICHIE.
Beenem oboznavenme Jjisi KBA3UMHOT'OUJIEHOB CTEIIEHN He BBIIIIE S:

Py, =span{f;, | j < s}.

PS,/M B A, Ps,/m B A,
Jlemma 59. 1. D\P; , = Ps_1,, p=2XA s>0, 2 DiP,, = P pp, =DM\ s>k,
0, pw=2A s=0. 0, w=2A s <k.

Jloxasamenvcmeo. Citydait A = [ TpUBHaJeH: HOPOXkKalomias cucreMa, 114 Py, mepexo-
JT 110J1 Aeficrsuem Dy B IIOpozKjatontyto cucremy Jyuid Ps_q ,, 1 Tak Jajee. [Iycts Tenepnb
A # p. I3 mpenpinymero obcyxaenusa gcHo, uro DyPs, C Ps,,. Ilourn odeBnano, 4ro
Jou> fips - -+ fo NMHEHHO HE3ABUCUMBL PACCMOTPHUM OOHYJISIONLYIOCS JIMHEHHYI0 KOMOU-
HAIIMIO, HOJeJIUM Ha eM! — HojydnmM HyJIeBoil MHOTroO4JIeH, ero KoadpuIueHTs! Hy/eBble,
3HAYWT, JTUHeHas KOMOMHAIS TPUBHAJIbHAs. TorIa pacCMOTPUM MATPUILy ONPAHUYIEHIIS
Di|p,, B 6asuce fo,, fiu, .- fou o cronbmam croar koopauHaTsl 06pa3oB GA3MCHBIX
BekTopoB. Tak kak Dy f;, = (4w — A) fju + Jfj—1,, B 9TOI MaTpuIle HA JHATOHAIN CTOST
KOHCTAHTBI ft — A\, HEIIOCPEJICTBEHHO HAJI JUATOHAJIBIO CTOSAT KAKHEe-TO HEOTPHIATE IbHbIE
9nCIIa, & B OCTAJLHBIX MecTax — Hyiu. [losromy maTpuria nesbipoxkjiena u Py, nepexonut
poBHO B cebd. To ke mnpoucxoauT npu k-kpatnoMm npumenenun Dy, k € N. O]

Hanomuum, uto L = P(D) = (D — A\)* o0 (D — \))k.

JIemmMma 60.
P,

S,y Mg{)‘b'"a)\p}a
LPs,,u = Psfk:i,,ua H = )\i7 5> kz
0, H = )‘i7 s < k.
Aoxasamenavcmeo. Creayer us npeapiaymmeit temmsr: Dy ¢ A # p mepesonut Py, B cebs,
a ¢ \ = ji — IOHUZKAET NEPBbIil WHIEKC. O
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Jlemma 61. Qynxyuu fs,, ¢ pasnomu (S, (1) 06pasyOm AUHETHO HE3ABUCUMBLT HAbOP.

Zloxazameavcmeo. IlycThb ecTb HeTpUBHAJIbHAS JUHETHAS KOMOMHAIINS, STBJISIONIASICS HY-
7eBoil yHKImeR. 3anuieM ec KaK CyMMY KBAa3UMHOIOWICHOB: y r_, Qp(t)e! !, TIpume-
HUM K HEN ornepaTop
dy e dp—1
D/J'I © © ‘Dﬂpfl7

rae dj Ha eIUHHILYy OOJIbIe cTelleHn MHorowieHa (., mig k= 1,...,p — 1. ITo nemme 59
orepaTop yObeT Bce cilaraeMble CYMMbI KBa3UMHOIMOYIEHOB, KPOME IIOCIEIHEr0, a MOCIeI-
nee npesparur B R(t)e' rme R(t) — menynepoit Mmuorowsnen. C Japyroii CTOPOHBI, 110
MIPEJITOJIOXKEHNIO0 MBI IIPUMEHSJIA OIepaTop K HYyJIeBO# (PYHKIINU, TaK YTO JOJXKEH ObLI
HOJIYIUThCS HOJIb, HO JJIst 9Toro R(t) moJizKeH ObITh HYJIEBBIM — IIPOTUBOPEYHE. n

ChnencrBue 62. Py 15, @ - @ Py,_1\, — NPOCMPancmeo KOMnACKCHOLT peuenuti 00-
HOPOOHO020 YPAGHEHUS.

Jloxazamesvcmeo. U3 jieMM cjiejryeT, 9To 3Ta IpsiMas CyMMa COCTOWT u3 perenunii. /[o-
Ka3aTeIbCTBO TOTO, UTO JPYTHUX PEIIeHni HET, — yIparKHeHue. m

BaMeHsist AHAIOTHTHO CJIYUAI0 IIPOCTHIX KOPHEH Kazk Iyio mapy t5elt vt

t*e™ sin bt, momygaem Bemectsennyo @CP oxnopomHoro ypasHeHus.

Ha napy e cos bt,

IIpennoxenune 63. [lycmv xapaxmepucmuveckuts mruozousen P(X) odnopodnozo ypas-

HEHUA UMEEM, BEULECTNBEHHDBIE KOPHU A1, . .., A\, Kpamuocmu ki, ..., k. u napv. neseuwe-
cmeenHolr Kopret a; £ bji kpamuocmu sj, j =1,...,q (r+2q =n). Tozda pynryuu
6)\1t7 te/\lt, o ’tklfle/\lt;
Mt gt Rl

* I

tlem cosbit, te™tsinbit, j=0,...5 —1;

tle! cosbt, e sinbt, j=0,...5,—1

0bpasyrom GyHOGMEHMANDHYIO CUCTEMY BEUWECTNEEHHBIT PEULEHUT 00HOPOJH020 YpasHe-
HUA.

Crmicok aurepaTyphbl

[A] B. 1. Apuosaba, O6bikHOBeHHBIE AuddepeHImaabable ypaBHEeHNUS.

[BI'N| Byderos A.., Toruapyk H.B., Wibsamenko 0.C., O6biknoBenHBIE ucbdhepeH-
[UAJIbLHBIC YDABHCHUSI.

[©umunmos] @ununmos A.D., Beejenne B Teopuio audepeHuanbHbIX ypaBHEHNI.
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