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Fermat hypersurfaces

Let
Mn

d = {zd
0 + zd

1 + · · ·+ zd
n+1 = 0} ⊂ CPn+1

be a smooth Fermat hypersurface of complex dimension n and degree d .
Its normal bundle is

ν(Mn
d ⊂ CPn+1) ∼= O(d).

The tangent bundle satis�es

c(TMn
d ) = (1 + h)n+2

1 + dh , c1(TMn
d ) = (n + 2− d)h,

where h = c1(O(1))|Mn
d
∈ H2(Mn

d ;Z).
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First Examples of Varieties Mn
d

We have the 2-parameter family of smooth, irreducible projective varieties:

Mn
d = {zd

0 + ...+ zd
n+1 = 0} ⊂ CPn+1

M0
d = d ;

Mn
1 = CPn, n > 1;

M1
d is the curve of genus (d − 1)(d − 2)/2, d > 1;

M2
2 = CP1 × CP1;

M4
2 = CG(4, 2);

Mn
n+2 is the Calabi�Yau manifold, SU-manifold.
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The Fermat quadric and the oriented Grassmannian

Let Mn
2 = Qn = {z2

0 + · · ·+ z2
n+1 = 0} ⊂ CPn+1.

It is naturally di�eomorphic to the oriented Grassmannian of oriented real
two-planes:

Qn ∼= RG+(n + 2, 2) = SO(n + 2)/(SO(2)× SO(n)).

The di�eomorphism is given by

〈u, v〉 7−→ [u + iv ] ∈ CPn+1,

where (u,v) is an oriented orthonormal basis of an oriented two-plane in Rn+2.
Indeed,

(u + iv , u + iv) = |u|2 − |v |2 + 2i(u, v) = 0.

Conversely, if z = x + iy ∈ Qn, then the equation z2
0 + · · ·+ z2

n+1 = 0 implies

|x | = |y |, (x , y) = 0,

so x , y determine an oriented real two-plane.
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Lefschetz hyperplane theorem

Let h ∈ H2(X n
d ,Z) be the restriction of the hyperplane class from CPn+1.

Theorem (S. Lefschetz)

For a smooth hypersurface X n
d ⊂ CPn+1, the restriction map

Hk(CPn+1,Z) −→ Hk(X n
d ,Z)

is an isomorphism for k < n and is injective for k = n.
By Poincare duality the cohomology outside the middle degree is therefore

the same as for projective space, up to the expected duality range.

The only new cohomology is the primitive middle cohomology

Hn
prim(X n

d ) = ker{L : Hn(X n
d )→ Hn+2(X n

d )},

where L is cup-product with the hyperplane class h.
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Euler characteristic

Proposition.

The topological Euler characteristic of a smooth d-degree hypersurface
X n

d ⊂ CPn+1 is

χ(X n
d ) = (1− d)n+2 − 1 + (n + 2)d

d .

We have

c(TX n
d ) = (1 + h)n+2

1 + dh .

Since
∫

Xn
d

hn = d and χ(X n
d ) =

∫
Xn

d
cn(TX n

d ), we obtain the stated formula.

Corollary.

The middle Betti number is determined by χ(X n
d ) and the Lefschetz theorem.

All dependence on the degree d beyond the ambient projective-space
cohomology is concentrated in Hn(X n

d ).
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Cohomological projective spaces

De�nition

A smooth manifold M2n is called a cohomological CPn-manifold if
H∗(M;Z) ∼= H∗(CPn;Z) as Abelian groups.

The Lefschetz hyperplane theorem implies that for a smooth hypersurface
Mn

d ⊂ CPn+1 all cohomology groups away from the middle dimension are
the same as for projective space. The only possible di�erence occurs in degree
n.

Theorem.
Among Fermat hypersurfaces Mn

d , d > 1, the cohomological CPn-manifolds
are precisely the odd-dimensional quadrics

M2k+1
2 = Q2k+1.

The case d = 1 gives the trivial example Mn
1
∼= CPn, n ∈ N.
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Integral cohomology rings of Fermat quadrics

Theorem.
For odd-dimensional Fermat quadrics:

H∗(M2m+1
2 ;Z) = Z{1, h, . . . , hm, α, hα, . . . , hmα}, hm+1 = 2α.

For even-dimensional Fermat quadrics:

H∗(M2m
2 ;Z) = Z{1, h, . . . , hm−1, a, b, hm+1, . . . , h2m}, hm = a + b,

with middle productsa2 = b2 = [pt], ab = 0, m even,

a2 = b2 = 0, ab = [pt], m odd,

where [pt] ∈ H2m(M2m
2 ;Z) = Z is the fundamental cocycle.
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The maximal SO(n + 2)-torus action on Mn
2

Let r =
⌊ n+2

2
⌋
. A maximal torus T r ⊂ SO(n + 2) acts by rotations

in the coordinate real two-planes.
After complexi�cation, the weights of the standard representation are

±u1, . . . ,±ur ,

and if n + 2 is odd there is one additional zero weight.

The �xed points of the torus action on Qn ∼= RG+(n + 2, 2) correspond
to coordinate oriented two-planes.
Hence the �xed point set consists of two points for each coordinate two-plane:

p+
1 , . . . , p+

r , p−1 , . . . , p−r .

The sign records the choice of orientation of the corresponding coordinate
two-plane.

The complexity of T r -action on Mn
2 is:

2m − r = m − 1 for n = 2m, 2m + 1− r = m for n = 2m + 1.
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(C∗)r -action on CPn+1

Set r =
⌊ n+2

2
⌋
and let T r ⊂ SO(n + 2) be a maximal torus.

For n + 2 = 2r , the action of T r on CP2r−1, induced by the action of (C∗)r , is

(t1, . . . , tr ) · [w+
1 : w−1 : · · · : w+

r : w−r ] = [t1w+
1 : t−1

1 w−1 : · · · : tr w+
r : t−1

r w−r ].

The quadric equation for M2r−2
2 ⊂ CP2r−1, where w+

k = zk−1 + izk ,

w−k = zk−1 − izk , k = 1, . . . , r , becomes w+
1 w−1 + · · ·+ w+

r w−r = 0.
The moment map µ : CP2r−1 → Rr is

µ([w ]) =
∑r

j=1(|w+
j |2 − |w

−
j |2)ej∑r

j=1(|w+
j |2 + |w−j |2)

.

For n + 2 = 2r + 1: w2
0 + w+

1 w−1 + · · ·+ w+
r w−r = 0 where an additional

coordinate w0 has weight 0. The moment map µ : CP2r → Rr is

µ([w ]) =
∑r

j=1(|w+
j |2 − |w

−
j |2)ej

|w0|2 +
∑r

j=1(|w+
j |2 + |w−j |2)

.
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Equivariant embedding

Under the moments map the �xed points are mapped to ±e1, . . . ,±er .
Hence the moment polytope is the r -dimensional cross-polytope

∆(Qn) = conv{±e1, . . . ,±er}.
With respect to the action of the maximal torus T r ⊂ SO(n + 2) on CPn+1,
the embedding Mn

2 ⊂ CPn+1 is equivariant over the same moment polytope,
the cross-polytope ∆(Qn).
The standard moment polytope of CPN−1 is the simplex

∆N−1 = conv{ε1, . . . , εN}.

For N = 2r , de�ne π : R2r → Rr by

π(x+
1 , x

−
1 , . . . , x+

r , x−r ) = (x+
1 − x−1 , . . . , x+

r − x−r ).
Then

π(ε+
j ) = ej , π(ε−j ) = −ej ,

and therefore
π(∆2r−1) = conv{±e1, . . . ,±er}.

For N = 2r + 1, one can use projection R2r+1 → Rr for the similar result.
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Formal group of geometric cobordisms

Theorem (S.P. Novikov, A.S. Mischenko, 1967)

The formal series FU(u, v) ∈ U2(CP∞ × CP∞) ⊂ Ω[[u, v ]]

FU(u, v) = cU
1 (ξ1 ⊗C ξ2) = u + v +

∑
i,j

ai,juiv j , ai,j ∈ Ω−2(i+j−1)
U ,

where u = cU
1 (ξ1), v = cU

1 (ξ2), de�nes a formal group over ΩU .

FU(u, v) is called the formal group of geometric cobordisms.

Theorem (A.S. Mischenko, 1967)

The logarithm of the group FU(u, v) is given by the series

g(u) = u +
∞∑

n=1
[CPn] un+1

n + 1 , i.e. g
(
FU(u, v)

)
= g(u) + g(v).

CP(u) · ∂
∂v F (u, v)

∣∣∣∣
v=0

= 1, where CP(u) = 1 +
∞∑

n=1
[CPn]un.
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The addition law in the formal group of U∗(·)

Theorem (V.M. Buchstaber, 1970)

The series FU(u, v) is given by the formula

FU(u, v) =
u + v +

∑
i,j [Hi,j ]uiv j

CP(u)CP(v) , i > 0, j > 0, i + j > 2,

where CP(u) = 1 +
∞∑

n=1
[CPn]un and Hi,j ⊂ CP i × CP j are smooth irreducible

algebraic Milnor hypersurfaces Hi,j = {
∑
k>0

zkwk = 0}.

Corollary.

The coe�cients ai,j of the series FU(u, v) generate the ring ΩU .
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Multiplicative generators of the ring ΩU

Set m(k) =
{

p, if k = pq,

1, if k 6= pq,

where p is a prime number and q ∈ N. Let us introduce the polynomials

Lk(u, v) = 1
m(k) [(u + v)k − uk − vk ].

Lemma

Let {a1, . . . , an, . . .} be some set of multiplicative generators of the ring ΩU .
Then

F (u, v) ≈ u + v +
∑
k>2

ak−1Lk(u, v),

where �≈� is the equality symbol in the ring ΩU/(Ω̃U)2.

Corollary

F (u, u) ≈ 2u +
∑
k>2

2
m(k) (2k−1 − 1)ak−1uk .
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Generating series of classes [Mn
d ]

Let's introduce a power system {ϕk(u) ∈ ΩU [[u]], k = 0, 1, . . .} such that
ϕ0(u) = 0, ϕk+1(u) = FU(u, ϕk(u)), k > 0.
Note that ϕk(u) = ku + . . . and ϕk(ϕl (u)) = ϕkl (u) for k, l ∈ N.

Theorem (V.M. Buchstaber, 1970)

For d > 1:
∑
n>0

[Mn
d ]un+1 = ϕd (u)CP(u).

For d = 2:
∑
n>0

[Mn
2 ]un+1 = F (u, u)CP(u).

Corollary

1. The set of classes {[Mn
1 ] = [CPn], n 6= 2q − 1; [Mn

2 ], n = 2q − 1, q ∈ N}
multiplicatively generates the ring ΩU ⊗ Zodd where Zodd ⊂ Q is the subring
with odd denominators.
2. The ring ΩU is multiplicatively generated by the classes [Mn

1 ] and [Mn
p ],

where p runs over all prime numbers.
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The Buchstaber�Panov�Ray localization formula

Let M2N be a stably complex manifold with an e�ective action of a torus T
and isolated �xed points. The universal toric genus is given by the localization
formula

ΦT (M) =
∑

p∈MT

σ(p)
N∏

j=1

1
[wj(p)]F

,

where

w1(p), . . . ,wN(p) are the weights of the tangent representation at p,
F is the formal group of geometric cobordism,

[w ]F denotes the �rst U-Chern class of the character of weight w ,

σ(p) = ±1 is the sign determined by the stable complex orientation.

For the complex quadric Mn
2 with its standard complex structure σ(p) = +1.

After cancellation of poles, ΦT (Mn
2 ) lies in U∗(BT ).

Forgetting the torus action gives the class [Mn
2 ] ∈ Ω−2n

U .
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The even-dimensional quadric M2m
2 = Q2m

Let Q2m = M2m
2 ⊂ CP2m+1. Then Q2m ∼= SO(2m + 2)/(SO(2)× SO(2m)).

The maximal torus has rank m + 1, and the standard weights are
±u1, . . . ,±um+1. The �xed points are p+

1 , . . . , p+
m+1, p−1 , . . . , p

−
m+1.

Thus we have 2m + 2 �xed points.

At the �xed point p+
j , the tangent weights are uk − uj , −uk − uj , k 6= j .

There are 2m such weights, as required for a complex manifold of dim 2m.

At the �xed point p−j , the tangent weights are obtained by replacing uj by −uj .
Thus, we get: uk + uj , −uk + uj , k 6= j .

Therefore the universal toric genus of Q2m is

ΦT (Q2m) =
m+1∑
j=1

[∏
k 6=j

1
F (uk , ūj)F (ūk , ūj)

+
∏
k 6=j

1
F (uk , uj)F (ūk , uj)

]
, F (u, ū) = 0.

After forgetting the equivariant parameters, this expression gives

[Q2m] = [M2m
2 ] ∈ Ω−4m

U .
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Example: M4
2
∼= CG(2, 4)

For m = 2, M4
2 = Q4 ⊂ CP5. This quadric is isomorphic to the complex

Grassmannian Q4 ∼= CG(2, 4) via the Pl�ucker embedding.

The maximal torus has rank 3, and there are six �xed points.
Equivalently, for the standard torus of U(4), the �xed points of CG(2, 4)
are indexed by coordinate two-planes

pij = 〈ei , ej〉, 1 6 i < j 6 4.

At pI , I = {i , j}, the weights are

ub − ua, a ∈ I, b /∈ I.

Thus the localization formula can also be written as

ΦT (CG(2, 4)) =
∑
|I|=2

∏
a∈I,b/∈I

1
F (ub, ūa) , F (u, ū) = 0.

This is equivalent to the preceding orthogonal formula for Q4.
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The odd-dimensional quadric M2m+1
2 = Q2m+1

Let Q2m+1 =M2m+1
2 ⊂CP2m+2. Then Q2m+1∼=SO(2m+3)/(SO(2)×SO(2m+1)).

The maximal torus has rank m + 1. The standard representation of SO(2m + 3)
has weights ±u1, . . . ,±um+1 and one additional zero weight. The �xed points
are p+

1 , . . . , p+
m+1, p−1 , . . . , p

−
m+1. Thus the number of �xed points is 2m + 2.

At p+
j , the weights are uk−uj , −uk−uj , k 6= j , −uj . The last weight −uj comes

from the additional zero weight in the standard representation of SO(2m + 3).

At p−j , the weights are uk + uj , −uk + uj , k 6= j , uj . Hence

ΦT (Q2m+1) =
m+1∑
j=1

[
1

ūj
∏
k 6=j

F (uk , ūj)F (ūk , ūj)
+ 1

uj
∏
k 6=j

F (uk , uj)F (ūk , uj)

]
.

After forgetting equivariant parameters, this gives

[Q2m+1] = [M2m+1
2 ] ∈ Ω−(4m+2)

U .
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Basics of projective duality

Consider a projective space CP = CP(VC).
Hyperplanes in CP form the dual projective space CP∗ = CP(V ∗).

Let X ⊂ CP be a closed irreducible algebraic subvariety.
A hyperplane H ⊂ CP is said to be tangent to X if there exists a smooth
point x ∈ X such that x ∈ H and the tangent space to H at x contains
the tangent space to X at x , i.e. TxX ⊂ TxH.

Denote by X∨ ⊂ CP∗ the closure of the set of all hyperplanes tangent to X .
The variety X∨ is called projectively dual to X .
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Basics of projective duality

Let H = {` = 0}. Then

x is a singular point of X ∩ H ⇔ d`|TxX = 0⇔ TxX ⊂ TxH.

If X is smooth and does not lie in any hyperplane, then

H ∈ X∨ ⇔ ∃ x ∈ X with TxX ⊂ TxH ⇔ H ∩ X is singular.

For any projective variety X ⊂ CP we have (X∨)∨ = X .

If z ∈ X and H ∈ X∨ are smooth points, then

H is tangent to X at z ⇔ z ⊂ CP∗ is tangent to X∨ at H.

If X is irreducible then X∨ is irreducible.
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Basics of projective duality

For any smooth curve X ⊂ CP2 of degree d , according to Pl�ucker formulas,
we have deg X∨ = d(d − 1).
Hence, X∨ cannot be smooth for deg X > 3 because (X∨)∨ = X .

Example. For M1
2 = {x2 + y2 = z2}, we have

(M1
2 )∨ = {u2 + v2 + w2 = 0}.

Example. For the curve M1
3 = {x3 + y3 = z3} we have

(M1
3 )∨ = {u6 + v6 + w6 − 2u3v3 − 2u3w3 − 2v3w3 = 0}.

The curve (M1
3 )∨ is not smooth since M1

3 is smooth and deg M1
3 = 3 > 2.
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n-valued groups: a brief history

In 1971, V.M. Buchstaber and S.P. Novikov proposed a construction motivated
by the theory of characteristic classes.

This construction describes a multiplication in which the product of any pair
of elements is a multiset of n points, see [Buchstaber, 2006].

An axiomatic de�nition of n-valued groups and the �rst results of their algebraic
theory were obtained in a subsequent series of works by V.M. Buchstaber.

Currently, the theory of n-valued (formal, �nite, discrete, topological,
and algebro-geometric) groups and their applications in various areas
of mathematics and mathematical physics are being developed by a number
of authors.
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n-valued monoids

An n-valued monoid is a space X equipped with an operation

∗ : X × X → Symn(X)

where Symn(X) = X×n/Sn is the space of unordered n-tuples of elements of X :

Associativity. The n2-multisets

[x ∗ w | w ∈ y ∗ z ],
[w ∗ z | w ∈ x ∗ y ]

coincide.

Unit. There exists an element e ∈ X such that

e ∗ x = x ∗ e = [x , x , . . . , x ]

for every x ∈ X .
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n-valued groups

An n-valued group X is an n-valued monoid equipped with an inverse map

inv : X → X

that is, a map such that for every x ∈ X

x ∗ inv(x) 3 e, inv(x) ∗ x 3 e.

The notions of homomorphisms, commutativity, kernels, and related concepts
admit natural generalizations from the context of 1-valued groups to that
of n-valued groups.
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Algebraic n-valued monoids and groups

An algebraic n-valued monoid is an algebraic variety X equipped with
an associative n-valued multiplication given by a rational morphism
X × X → Symn(X) with a neutral element e ∈ X such that

x ∗ e = e ∗ x = [x , x , . . . , x ] for every x ∈ X .

An algebraic n-valued group is an algebraic n-valued monoid on X together with
a regular morphism inv : X → X such that for any x ∈ X the following two
conditions hold:

e ∈ x ∗ inv(x), x ∗ inv(x) = inv(x) ∗ x .
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Polynomials pd(z ; x , y)

Let us introduce the following symmetric polynomials:

pd (z ; x , y) =
d∏

r ,s=1

(
d
√

z + εr d
√

x + εs d
√y
)
,

where ε = e2πi/d and d
√
− denotes some branch of the root.

p1 = σ1,

p2 = σ2
1 − 4σ2,

p3 = σ3
1 − 27σ3,

p4 = σ4
1 − 23σ2

1σ2 + 24σ2
2 − 27σ1σ3,

p5 = σ5
1 − 54σ2

1σ3 − 55σ2σ3,

p6 = σ6
1 − 22 · 3σ4

1σ2 − 2 · 34 · 17σ3
1σ3 + 24 · 3σ2

1σ
2
2−

− 23 · 34 · 19σ1σ2σ3 − 26σ3
2 + 33 · 193σ2

3 ,

where σ′j s are elementary symmetric polynomials in x , y , z .

Victor M. Buchstaber Fermat manifolds
Scienti�c Conference �Algebraic Topology, Group Actions, and Combinatorics�[4pt] Sirius International Mathematical Center May 12�16, 2026

27 / 44



Groups Gd(C)

The polynomial
pd (z ; (−1)dx , (−1)dy)

de�nes a commutative algebraic d-valued group Gd (C) on C with multiplication

x ∗ y = [z | pd (z ; x , y) = 0],

neutral element 0, and inverse inv(x) = (−1)dx .
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θ-circulants

For any elements a0, ..., an−1, θ ∈ C, introduce a θ-circulant matrix:

Circθ(a0, . . . , an−1) =



a0 θa1 θa2 · · · θan−1

an−1 a0 θa1
. . .

...

an−2 an−1 a0
. . . θa2

...
. . .

. . .
. . . θa1

a1 · · · an−2 an−1 a0


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Wendt matrices

Theorem (V.M. Buchstaber, M.I. Kornev, 2025)

The polynomial pd (z ; x , y) de�ning the d-valued multiplication is the
determinant of a y -circulant d × d matrix:

Circy

(
wd + (−1)d+1x + y ,

(
d
1

)
w , . . . ,

(
d

n − 1

)
wd−1

)
where wd = z .

These matrices generalize the Wendt matrices (the substitution x = (−1)d ,
y = z = 1), see [E. Wendt, 1894].
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pd(z ; x , y) and Wendt Matrices

p2 =
∣∣∣∣ w2 − x + y 2wy

2w w2 − x + y

∣∣∣∣

p3 =

∣∣∣∣∣∣
w3 + x + y 3yw 3yw2

3w2 w3 + x + y 3yw
3w 3w2 w3 + x + y

∣∣∣∣∣∣

p4 =

∣∣∣∣∣∣∣∣
w4 − x + y 4yw 6yw2 4yw3

4w3 w4 − x + y 4yw 6yw2

6w2 4w3 w4 − x + y 4yw
4w 6w2 4w3 w4 − x + y

∣∣∣∣∣∣∣∣
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Polynomials pd(z ; x , y)

Theorem (V.M. Buchstaber, M.I. Kornev, 2025)

For prime d > 5, the polynomial

pd (z ; x , y)− (x + y + z)d

is divisible by d4xyz .

This result follows from the above observations and from the following:

Theorem (J. Wolstenholme, 1862)(
2d − 1
d − 1

)
− 1

is divisible by d3 for primes d > 5.
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Fermat curves and Gd(C)

Theorem (V.M. Buchstaber, M.I. Kornev, 2025)

Consider the Fermat curve (d > 2)

M1
d = {xd + yd = zd}.

Then the dual curve (M1
d )∨ ⊂ (CP2)∗ is given by the equation

pd−1(wd ; ud , vd ) = 0.
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Algebraic monoids Md(CP1)

Theorem (V.M. Buchstaber, M.I. Kornev, 2025)

The group Gd (C) extends (only) to an algebraic d-valued coset monoid

Md (CP1) on CP1 with

∗ : CP1 × CP1 −→ CPn

(x1 : x0) ∗ (y1 : y0) = (bd : bd−1 : · · · : b0),

where bj = bj(x , y) is the coe�cient of zd−j
1 z j

0 in the homogeneous polynomial

(x0y0z0)d pd

(
z1
z0

; (−1)d x1
x0
, (−1)d y1

y0

)
whenever (x1 : x0) and (y1 : y0) are not both equal to (1 : 0).

Here the point ∞ is absorbing, i.e.

∞∗ x = x ∗∞ = [∞,∞, . . . ,∞]
for any x ∈ CP1\{∞}, and the value ∞∗∞ is unde�ned.
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Projective duality is a shift on Md 's

For each d > 2 consider a curve

Xd = {pd (z ; x , y) = 0}.

Theorem (V.M. Buchstaber, M.I. Kornev, 2025)

Under projective duality the curve Xd (d > 2) goes to

X∨d = { (uvw)d−1 pd−1(1/w ; 1/u, 1/v) = 0 } ⊂ (CP2)∗.

The composition of the duality Xd 7→ X∨d with the subsequent M�obius
transformation (u, v ,w) 7→ (1/u, 1/v , 1/w) de�nes a shift operation

Md (CP1) 7→Md−1(CP1)

in the family of algebraic d-valued monoids.
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Projective duality is a shift on Md 's

Example. For X∨2 we have the parametrization

(u, v) =
(
− 1

1 + t ,
1
t

)
or

1
u + 1

v = −1.

Taking the projective closure (homogenization), we �nd that X∨2 is given
by the zero locus of the polynomial

P1 = uvw p1(w−1; u−1, v−1) = (u + v)w + uv .
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Projective duality is a shift on Md 's

Example. For X∨3 :

(u, v) =
(

1
(1 + t)2 ,

1
t2

)
or

1√
u

+ 1√
v

= 1.

The curve X∨3 is given by the polynomial

P2 = (uvw)2 p2(w−1; u−1, v−1) = (uv − w(u + v))2 − 4uvw2,

P2 = (uv)2 + (vw)2 + (uw)2 − 2u2vw − 2uv2w − 2uvw2.
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Polynomials pd ,n

In connection with Bessel kernels for solutions of Picard�Fuchs
di�erential equations for the kernel

Kd =
∑
j,k

(
j + k

k

)d x jyk

z j+k ,

the iterated analogue of the polynomials pd (z ; x , y) was considered
for x = (x1, . . . , xn) in [I.Gaiur, V.Rubtsov, D.Straten, 2024]:

pd,n(z ; x) =
d∏

k1,...,kn=1

(
d
√

z + εk1 d
√

x1 + · · ·+ εkn d
√

xn
)
.
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Operations Od ,n(CP1)

The polynomial pd,n(z ; x) de�nes an n-ary dn−1-valued algebraic operation

µ(x1, ..., xn) = [z | pd,n(z ; x) = 0].

Denote by Od,n(CP1) the variety CP1 with the operation µ.

Let
X n−1

d = { pd,n = 0 }

be the hypersurface in CPn. For integers d > 2 and n > 2 de�ne

Pd,n = (u1 · · · unw)d−1 pd−1(w−1; u−1
1 , . . . , u−1

n )

the polynomial of degree dn−1.
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Operations Od ,n(CP1)

Theorem (V.M. Buchstaber, M.I. Kornev, 2025)

The composition of the duality (d > 2, n > 2)

X n−1
d 7→ (X n−1

d )∨ = {Pd,n = 0} ⊂ (CPn)∗

with the subsequent M�obius transformation

(u1, . . . , un,w) 7→ (1/u1, . . . , 1/un, 1/w)

de�nes a shift operation

Od,n(CP1) 7→ Od−1,n(CP1)

in the family of n-ary dn−1-valued algebraic structures Od,n(CP1).
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Fermat hypersurfaces and pd ,n's

Theorem (V.M. Buchstaber, M.I. Kornev, 2025)

Let Mn−1
d be a Fermat hypersurface

Mn−1
d = {xd

1 + xd
2 + · · ·+ xd

n = zd}

in CPn with coordinates x1, . . . , xn, z . The dual hypersurface is de�ned
by the equation

(Mn−1
d )∨ = {pd−1,n(wd ; ud

1 , . . . , ud
n ) = 0}

in (CPn)∗ with the dual coordinates u1, . . . , un,w .
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Thank You for your attention!
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