
Ïðèñîåäèí¼ííàÿ àëãåáðà Ëè ïðÿìîóãîëüíîé ãðóïïû

Êîêñòåðà

ßêîâ Âåð¼âêèí

Âûñøàÿ øêîëà ýêîíîìèêè, Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò

Êîíôåðåíöèÿ �Àëãåáðàè÷åñêàÿ òîïîëîãèÿ, äåéñòâèÿ ãðóïï è
êîìáèíàòîðèêà�

Ñî÷è, Ñèðèóñ, 12�16 àâãóñòà 2025

ßêîâ Âåð¼âêèí (ÂØÝ, ÌÃÓ) Ïðèñîåäèí¼ííàÿ àëãåáðà Ëè Ñî÷è, Ñèðèóñ, Ìàé, 2026 1 / 49



1. Ïîëèýäðàëüíûå è ãðàô-ïðîèçâåäåíèÿ

Ïóñòü K a ñèìïëèöèàëüíûé êîìïëåêñ íà ìíîæåñòâå
[m] = {1, 2, 3, . . . ,m}, ∅ ∈ K.
I = {i1, . . . , ik} ∈ K íàçûâàåòñÿ ñèìïëåêñîì.

(X ,A) = {(X1,A1), . . . , (Xm,Am)} ïîñëåäîâàòåëüíîñòü ïàð
òîïîëîãè÷åñêèõ ïðîñòðàíñòâ, Ai ⊂ Xi .

Ïóñòü I = {i1, . . . , ik} ⊂ [m], ïîëîæèì

(X ,A)I = Y1 × · · · × Ym where Yi =

{
Xi if i ∈ I ,
Ai if i /∈ I .
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1. Ïîëèýäðàëüíûå è ãðàô-ïðîèçâåäåíèÿ

K-ïîëèýäðàëüíûì ïðîèçâåäåíèåì (X ,A) íàçûâàåòñÿ

(X ,A)K :=
⋃
I∈K

(X ,A)I =
⋃
I∈K

(∏
i∈I

Xi ×
∏
j /∈I

Aj

)
,

ãäå îáúåäèíåíèå áåð¼òñÿ âíóòðè X1 × · · · × Xm.

Îáîçíà÷åíèÿ: (X ,A)K := (X ,A)K ãäå âñå (Xi ,Ai ) = (X ,A);

X
K := (X , pt)K, XK := (X , pt)K.
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Ïðèìåð

Ïóñòü (X ,A) = (S1, pt), ãäå S1 îáîçíà÷àåò îêðóæíîñòü. Òîãäà

(S1)K =
⋃
I∈K

(S1)I ⊂ (S1)m.

Êîãäà K = {∅, {1}, . . . , {m}} (äèñêðåòíûé íàáîð èç m òî÷åê),

ïîëèýäðàëüíîå ïðîèçâåäåíèå (S1)K ÿâëÿåòñÿ áóêåòîì èç m
îêðóæíîñòåé (S1)∨m.

Êîãäà K ñîäåðæèò âñå ñîáñòâåííûå ïîäìíîæåñòâà [m] (ãðàíèöà ∂∆m−1

� (m − 1)-ìåðíîãî ñèìïëåêñà), (S1)K ÿâëÿåòñÿ òîëñòûì áóêåòîì m
îêðóæíîñòåé; ýòî ïîëó÷àåòñÿ óäàëåíèåì êëåòêè âûñøåé ðàçìåðíîñòè

èç m-ìåðíîãî òîðà (S1)m.

Âîîáùå, äëÿ K íà m âåðøèíàõ, (S1)∨m ⊂ (S1)K ⊂ (S1)m.
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Ïðèìåð

Ïóñòü (X ,A) = (R,Z). Òîãäà

LK := (R,Z)K =
⋃
I∈K

(R,Z)I ⊂ Rm.

Êîãäà K ÿâëÿåòñÿ äèñêðåòíûì íàáîðîì èç m òî÷åê, LK ÿâëÿåòñÿ

ðåø¼òêîé â Rm, ñîñòîÿùåé èç âñåõ ïðÿìûõ, ïàðàëëåëüíûõ

êîîðäèíàòíûì îñÿì è ïðîõîäÿùèì ÷åðåç öåëî÷èñëåííûå òî÷êè.

Êîãäà K = ∂∆m−1, êîìïëåêñ LK ÿâëÿåòñÿ îáúåäèíåíèåì âñåõ

öåëî÷èñëåííûõ ãèïåðïëîñêîñòåé, ïàðàëëåëüíûõ êîîðäèíàòíûì

ãèïåðïëîñêîñòÿì.
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1. Ïîëèýäðàëüíûå è ãðàô-ïðîèçâåäåíèÿ

Ïóñòü G = (G1, . . . ,Gm) ïîñëåäîâàòåëüíîñòü m äèñêðåòíûõ ãðóïï, ãäå
Gi ̸= {1}.
K � ñèìïëèöèàëüíûé êîìïëåêñ íà [m] = {1, 2, . . . ,m}.

Îïðåäåëåíèå

Ãðàô-ïðîèçâåäåíèåì ãðóïï G1, . . . ,Gm ÿâëÿåòñÿ

G
K :=

m

⋆
k=1

Gk

/
(gigj = gjgi äëÿ gi ∈ Gi , gj ∈ Gj , {i , j} ∈ K),

ãäå⋆m

k=1 Gk îáîçíà÷àåò ñâîáîäíîå ïðîèçâåäåíèå ãðóïï Gk .

Ãðàô-ïðîèçâåäåíèå GK çàâèñèò òîëüêî îò 1-îñòîâà (ãðàôà) K.
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Ïðèìåð

Ïóñòü Gi = Z. Òîãäà GK ÿâëÿåòñÿ ïðÿìîóãîëüíîé ãðóïïîé Àðòèíà

RAK = F (g1, . . . , gm)
/
(gigj = gjgi äëÿ {i , j} ∈ K),

ãäå F (g1, . . . , gm) ÿâëÿåòñÿ ñâîáîäíîé ãðóïïîé ñ m îáðàçóþùèìè.

Êîãäà K ÿâëÿåòñÿ ïîëíûì ñèìïëåêñîì, ãðóïïà RAK = Zm. Êîãäà K
ÿâëÿåòñÿ äèñêðåòíûì íàáîðîì èç m òî÷åê, ìû ïîëó÷àåì ñâîáîäíóþ

ãðóïïó ðàíãà m.

Ïðèìåð

Ïóñòü Gi = Z2. Òîãäà G
K ÿâëÿåòñÿ ïðÿìîóãîëüíîé ãðóïïîé Êîêñòåðà

RCK = F (g1, . . . , gm)
/
(g2i = 1, gigj = gjgi äëÿ {i , j} ∈ K).
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Òåîðåìà

Ïóñòü RAK � ïðÿìîóãîëüíàÿ ãðóïïà Àðòèíà.

1 π1((S
1)K) ∼= RAK.

2 Îáà (S1)K è LK = (R,Z)K àñôåðè÷åñêàÿ òîãäà è òîëüêî òîãäà,

êîãäà K � ôëàãîâûé.

3 πi ((S
1)K) ∼= πi (LK) äëÿ i ⩾ 2.

4 π1(LK) èçîìîðôíà êîììóòàíòó RA
′
K.

Òåîðåìà

Ïóñòü RCK � ïðÿìîóãîëüíàÿ ãðóïïà Êîêñòåðà.

1 π1((RP∞)K) ∼= RCK.

2 Îáà (RP∞)K è RK = (D1,S0)K àñôåðè÷åñêèå òîãäà è òîëüêî

òîãäà, êîãäà K � ôëàãîâûé.

3 πi ((RP∞)K) ∼= πi (RK) äëÿ i ⩾ 2.

4 π1(RK) èçîìîðôíà êîììóòàíòó RC
′
K.
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Ïðèìåð

Ïóñòü K ÿâëÿåòñÿ ãðàíèöåé m-óãîëüíèêà.

Â ýòîì ñëó÷àå RK ãîìåîìîðôåí çàìêíóòîé îðèåíòèðóåìîé

ïîâåðõíîñòè ðîäà (m − 4)2m−3 + 1.
(Ýòî íàáëþäåíèå íàïðàâëÿåò ê ðàáîòå Êîêñåòåðà 1938 ãîäà.)

Ñëåäîâàòåëüíî, êîììóòàíò ñîîòâåòñòâóþùåé ïðÿìîóãîëüíîé ãðóïïû

Êîêñòåðà RCK ÿâëÿåòñÿ ãðóïïîé ïîâåðõíîñòè.

Àíàëîãè÷íî, êîãäà |K| ∼= S2 (÷òî ýêâèâàëåíòíî òîìó, ÷òî K ÿâëÿåòñÿ

ãðàíèöåé òð¼õìåðíîãî ñèìïëèöèàëüíîãî ìíîãîãðàííèêà), RK ÿâëÿåòñÿ

òðåõìåðíûì ìíîãîîáðàçèåì. Ñëåäîâàòåëüíî, êîììóòàíò

ñîîòâåòñòâóþùåé RCK ÿâëÿåòñÿ ãðóïïîé 3-ìíîãîîáðàçèÿ.
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Òåîðåìà (Ïàíîâ-Â)

Ïóñòü RAK è RCK � ïðÿìîóãîëüíûå ãðóïïû Àðòèíà è Êîêñòåðà,

ñîîòâåòñòâóþùèå ñèìïëèöèàëüíîìó êîìïëåêñó K.
(a) Êîììóòàíò RA′

K ÿâëÿåòñÿ ñâîáîäíîé ãðóïïîé òîãäà è òîëüêî

òîãäà, êîãäà K1 ÿâëÿåòñÿ õîðäîâûì ãðàôîì.

(b) Êîììóòàíò RC ′
K ÿâëÿåòñÿ ñâîáîäíîé ãðóïïîé òîãäà è òîëüêî

òîãäà, êîãäà K1 ÿâëÿåòñÿ õîðäîâûì ãðàôîì.

×àñòü (à) ÿâëÿåòñÿ ðåçóëüòàòîì Servatius, Droms è Servatius.

Ðàçíèöà ìåæäó (à) è (á) çàêëþ÷àåòñÿ â òîì, ÷òî êîììóòàíò RA′
K

áåñêîíå÷íî-ïîðîæä¼í, òîãäà êàê êîììóòàíò RC ′
K � êîíå÷íî-ïîðîæä¼í.
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Ïóñòü G � ãðóïïà. Êîììóòàòîð äâóõ ýëåìåíòîâ a, b ∈ G , çàäà¼òñÿ
ôîðìóëîé (a, b) = a−1b−1ab.

Ìû îïðåäåëèì ñëåäóþùèé âëîæåííûé êîììóòàòîð äëèíû k

(qi1 , qi2 , . . . , qik ) := (. . . ((qi1 , qi2), qi3), . . . , qik ).

êàê ïðîñòîé âëîæåííûé êîììóòàòîð qi1 , qi2 , . . . , qik .

Àíàëîãè÷íî ìû îïðåäåëÿåì ïðîñòîé âëîæåííûé êîììóòàòîð Ëè

[µi1 , µi2 , . . . , µik ] := [. . . [[µi1 , µi2 ], µi3 ], . . . , µik ].
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Äëÿ ëþáîé ãðóïïû G è ëþáûõ òð¼õ ýëåìåíòîâ a, b, c ∈ G ñïðàâåäëèâû
ñëåäóþùèå òîæäåñòâà Âèòòà�Õîëëà:

(a, bc) = (a, c)(a, b)(a, b, c),

(ab, c) = (a, c)(a, c , b)(b, c),

(a, b, c)(b, c , a)(c , a, b) = (b, a)(c, a)(c , b)a(a, b)(a, c)b(b, c)a

(a, c)(c , a)b,

(1)

ãäå ab = b−1ab.

Ïóñòü H,W ⊂ G � ïîäãðóïïû. Îïðåäåëèì (H,W ) ⊂ G êàê ïîäãðóïïó,
ïîðîæä¼ííóþ âñåìè êîììóòàòîðàìè (h,w), h ∈ H,w ∈ W . Â
÷àñòíîñòè, êîììóòàíò G ′ ãðóïïû G åñòü (G ,G ).

Îïðåäåëåíèå

Äëÿ ëþáîé ãðóïïû G ïîëîæèì γ1(G ) = G è îïðåäåëèì èíäóêòèâíî
γk+1(G ) = (γk(G ),G ). Ïîëó÷åííàÿ ïîñëåäîâàòåëüíîñòü ãðóïï
γ1(G ), γ2(G ), . . . , γk(G ), . . . íàçûâàåòñÿ íèæíèì öåíòðàëüíûì ðÿäîì

ãðóïïû G .
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Îïðåäåëåíèÿ

Åñëè H ⊂ G � íîðìàëüíàÿ ïîäãðóïïà, ò. å. H = g−1Hg äëÿ âñåõ g ∈ G ,
ìû áóäåì èñïîëüçîâàòü îáîçíà÷åíèå H ◁ G .
Â ÷àñòíîñòè, γk+1(G )◁ γk(G ), è ôàêòîð-ãðóïïà γk(G )/γk+1(G )
ÿâëÿåòñÿ àáåëåâîé. Îáîçíà÷èì Lk(G ) := γk(G )/γk+1(G ) è ðàññìîòðèì
ïðÿìóþ ñóììó

L(G ) :=
+∞⊕
k=1

Lk(G ).

Âîçüì¼ì ak ∈ γk(G ) ⊂ G , îáîçíà÷èì ÷åðåç ak åãî êëàññ
ñîïðÿæ¼ííîñòè â ôàêòîð-ãðóïïå Lk(G ). Åñëè ak ∈ γk(G ), al ∈ γl(G ),
òîãäà (ak , al) ∈ γk+l(G ). Òîãäà òîæäåñòâà Âèòòà-Õîëëà äàþò, ÷òî L(G )
� ãðàäóèðîâàííàÿ àëãåáðà Ëè íàä Z (êîëüöî Ëè) ñî ñêîáêîé Ëè
[ak , al ] := (ak , al). Àëãåáðà Ëè L(G ) íàçûâàåòñÿ ïðèñîåäèí¼ííîé
àëãåáðîé Ëè ãðóïïû G .
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Òåîðåìà

Ñóùåñòâóåò èçîìîðôèçì

Hk(RK;Z) ∼=
⊕
J⊂[m]

H̃k−1(KJ)

äëÿ ëþáûõ k ⩾ 0, ãäå H̃k−1(KJ) ÿâëÿåòñÿ ïðèâåä¼ííûìè

ñèìïëèöèàëüíûìè ãîìîëîãèÿìè KJ .
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Òåîðåìà (Ïàíîâ-Â)

Ïóñòü RCK � ïðÿìîóãîëüíàÿ ãðóïïà Êîêñòåðà, ñîîòâåòñòâóþùàÿ

ñèìïëèöèàëüíîìó êîìïëåêñó K ñ m âåðøèíàìè. Òîãäà êîììóòàíò RC ′
K

èìååò êîíå÷íûé ìèíèìàëüíûé íàáîð îáðàçóþùèõ, ñîñòîÿùèé èç∑
J⊂[m] rank H̃0(KJ) âëîæåííûõ êîììóòàòîðîâ

(gi , gj), (gi , gj , gk1), . . . , (gi , gj , gk1 , gk2 , . . . , gkm−2), (2)

ãäå i < j > k1 > k2 > . . . > kℓ−2, ks ̸= i äëÿ âñåõ s, è i � íàèìåíüøàÿ

âåðøèíà ñâÿçíîé êîìïîíåíòû, íå ñîäåðæàùåé j ïîäêîìïëåêñà
K{k1,...,kℓ−2,j ,i}.

Ñëåäñòâèå

Ñâîáîäíàÿ àáåëåâà ãðóïïà H1(RK) = RC ′
K/RC

′′
K ðàíãà∑

J⊂[m] rank H̃0(KJ) èìååò áàçèñ, ñîñòîÿùèé èç îáðàçîâ

èòåðèðîâàííûõ êîììóòàòîðîâ, îïèñàííûõ â òåîðåìå âûøå.

ßêîâ Âåð¼âêèí (ÂØÝ, ÌÃÓ) Ïðèñîåäèí¼ííàÿ àëãåáðà Ëè Ñî÷è, Ñèðèóñ, Ìàé, 2026 15 / 49



2. Íèæíèé öåíòðàëüíûé ðÿä ïðÿìîóãîëüíîé ãðóïïû

Êîêñòåðà

Ïðåäëîæåíèå

Ïóñòü G � ãðóïïà ñ îáðàçóþùèìè gi , i ∈ I . k-é ÷ëåí γk(G ) íèæíåãî
öåíòðàëüíîãî ðÿäà ïîðîæäàåòñÿ ïðîñòûìè âëîæåííûìè

êîììóòàòîðàìè äëèíû, áîëüøåé èëè ðàâíîé k , îò îáðàçóþùèõ è
îáðàòíûõ ê íèì.

Ñëåäñòâèå

Ïóñòü RCK � ïðÿìîóãîëüíàÿ ãðóïïà Êîêñòåðà ñ îáðàçóþùèìè gi .
Òîãäà ãðóïïà γk(RCK) ïîðîæäàåòñÿ êîììóòàòîðàìè äëèíû, áîëüøåé

èëè ðàâíîé k îò îáðàçóþùèõ gi .

Ïðåäëîæåíèå

Êâàäðàò ëþáîãî ýëåìåíòà γk(RCK) ñîäåðæèòñÿ â γk+1(RCK).
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Äîêàçàòåëüñòâî.

Â ýòîì äîêàçàòåëüñòâå ìû èñïîëüçóåì γk âìåñòî γk(RCK) äëÿ
óäîáñòâà âîñïðèÿòèÿ.
Ïóñòü a ∈ γk . Åñëè k = 1, òîãäà a =

∏n
i=1 gki . Åñëè k > 1, òîãäà

a =
∏n

i=1 ai , ãäå ai = (bi , gpi ) èëè ai = (gpi , bi ), bi ∈ γk−1. Ìû
èñïîëüçóåì èíäóêöèþ ïî n.
Ïóñòü n = 1. Ñëó÷àé k = 1 î÷åâèäåí (ïîòîìó ÷òî g2k = 1). Åñëè k > 1,
òîãäà a = (b, gi ) èëè a = (gi , b) äëÿ íåêîòîðîãî b ∈ γk−1. Äëÿ
a = (b, gi ) ìû èìååì a2 = (b, gi )(b, gi ) = (gi , (b, gi )) ∈ γk+1, è äëÿ
a = (gi , b) ìû èìååì a2 = (gi , b)(gi , b) = (gi , (gi , b)) ∈ γk+1.
Ïðåäïîëîæèì òåïåðü, ÷òî óòâåðæäåíèå äîêàçàíî äëÿ n − 1. Ïóñòü
a =

∏n
i=1 ai è a2 =

∏n
i=1 ai ·

∏n
i=1 ai . Ìû èìååì:

a1a2 · · · ana1a2 · · · an =

= (a−11 , (a2 · · · an)−1) · (a2 · · · an)a21(a2 · · · an)−1 · (a2 · · · an)2.

Î÷åâèäíî, ÷òî ïåðâûé ìíîæèòåëü ëåæèò â γ2k ⊂ γk+1. Âòîðîé
ìíîæèòåëü ëåæèò â γk+1 êàê êëàññ ñîïðÿæ¼ííîñòè a21 (èç èíäóêöèè).
Ïîñëåäíèé ìíîæèòåëü òàêæå ëåæèò â γk+1 èç èíäóêöèè.
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Ñëåäñòâèå

L(RCK) � àëãåáðà Ëè íàä Z2.

×åðåç FLZ2⟨µ1, µ2, . . . , µn⟩ ìû îáîçíà÷èì ñâîáîäíóþ ãðàäóèðîâàííóþ
àëãåáðó Ëè íàä Z2 ñ n ïîðîæäàþùèìè µi , ãäå degµi = 1.
Äëÿ ëþáîãî ñèìïëèöèàëüíîãî êîìïëåêñà K ìû ðàññìîòðèì
ãðàô-àëãåáðó Ëè íàä Z2:

LK := FLZ2⟨µ1, µ2, . . . , µn⟩/([µi , µj ] = 0 äëÿ {i , j} ∈ K).

Ïîíÿòíî, ÷òî LK çàâèñèò òîëüêî îò 1-îñòîâà K1 (ãðàôà), îäíàêî, êàê è
â ñëó÷àå ïðÿìîóãîëüíûõ ãðóïï Êîêñòåðà, íàì óäîáíåå ðàáîòàòü ñ
ñèìïëèöèàëüíûìè êîìïëåêñàìè .
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Ïðåäëîæåíèå

Ñóùåñòâóåò ýïèìîðôèçì àëãåáð Ëè φ : LK → L(RCK).

Äîêàçàòåëüñòâî.

L(RCK) � àëãåáðà Ëè íàä Z2, ïîðîæäåííàÿ ýëåìåíòàìè
g i ∈ γ1(RCK)/γ2(RCK), i = 1, . . . ,m. Ïî îïðåäåëåíèþ ñâîáîäíîé
àëãåáðû Ëè èìååì ýïèìîðôèçì

φ̃ : FLZ2⟨µ1, µ2, . . . , µn⟩ → L(RCK), µi 7→ g i .

Òàê êàê ñóùåñòâóåò ñîîòíîøåíèå [g i , g j ] = 0 äëÿ {i , j} ∈ K â àëãåáðå
Ëè L(RCK ), ýïèìîðôèçì φ̃ ïðîïóñêàåòñÿ ÷åðåç èñêîìûé ýïèìîðôèçì
φ.

Íà ñàìîì äåëå, ãîìîìîðôèçì φ èç ïðåäûäóùåãî ïðåäëîæåíèÿ íå
èíúåêòèâåí, à àëãåáðû Ëè LK è L(RCK) íå èçîìîðôíû. Ýòî
ïîêàçûâàåò ðàçíèöó ñëó÷àÿ ïðÿìîóãîëüíûõ ãðóïï Êîêñòåðà îò ñëó÷àÿ
ïðÿìîóãîëüíûõ ãðóïï Àðòèíà, ãäå àññîöèèðîâàííàÿ àëãåáðà Ëè L(RAK)
èçîìîðôíà ãðàô-àëãåáðå íàä Z.
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Ïðèìåð

Ïóñòü K � äèñêðåòíûé íàáîð èç äâóõ òî÷åê, ò. å. K = {1, 2}. Òîãäà
LK = FLZ2⟨µ1, µ2⟩ = FLZ2⟨µ1⟩ ∗ FLZ2⟨µ2⟩ (çäåñü è äàëåå ∗ îáîçíà÷àåò

ñâîáîäíîå ïðîèçâåäåíèå àëãåáð èëè ãðóïï). Íèæíèé öåíòðàëüíûé ðÿä

RCK = Z2 ∗ Z2 ñëåäóþùèé: γ1(RCK) = Z2 ∗ Z2, è äëÿ k ⩾ 2 ìû èìååì

γk(RCK) ∼= Z � áåñêîíå÷íàÿ öèêëè÷åñêàÿ ãðóïïà, ïîðîæäåííàÿ

êîììóòàòîðîì (g1, g2, g1, . . . , g1) äëèíû k . Ïðåäëîæåíèå î êâàäðàòå

äà¼ò, ÷òî γk(RCK)/γk+1(RCK) = Z2 äëÿ k > 1, è
γ1(RCK)/γ2(RCK) = Z2 ⊕ Z2. Ðàññìîòðèì àëãåáðó L(RCK). Èç
àðãóìåíòîâ âûøå, L(RCK) = (Z2 ⊕ Z2)⊕ Z2 ⊕ · · · ⊕ Z2 ⊕ · · · . Ëåãêî
âèäåòü, ÷òî Lk(RCK) ∼= LkK äëÿ k = 1, 2. Íî ïðè ýòîì

L3K
∼= Z2⟨[µ1, µ2, µ1], [µ1, µ2, µ2]⟩, òîãäà êàê L3(RCK) ∼= Z2. Òàêèì

îáðàçîì,

L3(RCK) ∼= L3K/([µ1, µ2, µ1] = [µ1, µ2, µ2]).

Îòñþäà ñëåäóåò, ÷òî ãîìîìîðôèçì φ íå èíúåêòèâåí.
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Ïðåäëîæåíèå

Ïóñòü K � äèñêðåòíûé íàáîð èç äâóõ òî÷åê. Òîãäà

L(RCK) ∼= LK
/(

[a, µ1] = [a, µ2], [a, µ1, . . . , µ1︸ ︷︷ ︸
2k+1

, a] = 0, k ⩾ 0
)
,

ãäå a = [µ1, µ2].
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Òåîðåìà

Ïóñòü K � ñèìïëèöèàëüíûé êîìïëåêñ íà [m], ïóñòü RCK �

ïðÿìîóãîëüíàÿ ãðóïïà Êîêñòåðà, ñîîòâåòñòâóþùàÿ K, è L(RCK) � å¼

ïðèñîåäèí¼ííàÿ àëãåáðà Ëè. Òîãäà:

(a) L1(RCK) èìååò áàçèñ g1, . . . , gm;

(b) L2(RCK) èìååò áàçèñ, ñîñòîÿùèé èç êîììóòàòîðîâ [g i , g j ] ñ i < j
è {i , j} /∈ K;

(c) L3(RCK) èìååò áàçèñ, ñîñòîÿùèé èç

� êîììóòàòîðîâ [g i , g j , g j ] ñ i < j è {i , j} /∈ K;

� êîììóòàòîðîâ [g i , g j , gk ] ãäå i < j > k , i ̸= k è i � íàèìåíüøàÿ

âåðøèíà â êîìïîíåíòå ñâÿçíîñòè K{i,j,k} íå ñîäåðæàùåé j .
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Êàê ñëåäñòâèå, ìû ïîëó÷àåì îïèñàíèå ïåðâûõ òðåõ ïîñëåäîâàòåëüíûõ
ôàêòîðîâ íèæíåãî öåíòðàëüíîãî ðÿäà äëÿ ñâîáîäíîãî ïðîèçâåäåíèÿ
ãðóïï Z2.

Ñëåäñòâèå

Ïóñòü K � äèñêðåòíûé íàáîð èç m points, ò. í.

RCK = Z2⟨g1⟩ ∗ . . . ∗ Z2⟨gm⟩. Òîãäà:
(a) L1(RCK) èìååò áàçèñ g1, . . . , gm;

(b) L2(RCK) èìååò áàçèñ, ñîñòîÿùèé èç êîììóòàòîðîâ [g i , g j ] ñ i < j ;

(c) L3(RCK) èìååò áàçèñ, ñîñòîÿùèé èç

� êîììóòàòîðîâ [g i , g j , g j ] ñ i < j ;
� êîììóòàòîðîâ [g i , g j , gk ] ñ i < j > k , i ̸= k .
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Ïðèìåð

Ðàññìîòðèì ñèìïëèöèàëüíûå êîìïëåêñû íà 3 âåðøèíàõ.

Ïóñòü K =
r r r
1 2 3

. Òîãäà L3(RCK) èìååò áàçèñ, ñîñòîÿùèé èç 5
êîììóòàòîðîâ:

[g1, g2, g2], [g2, g3, g3], [g1, g3, g3], [g1, g3, g2], [g2, g3, g1].

Ïóñòü K =
r r r
1 2 3

. Òîãäà L3(RCK) èìååò áàçèñ, ñîñòîÿùèé èç 3
êîììóòàòîðîâ: [g2, g3, g3], [g1, g3, g3], [g1, g3, g2].

Ïóñòü K =
r r r
1 2 3

. Òîãäà L3(RCK) ïîðîæäåíà êîììóòàòîðàìè
[g1, g3, g3].
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3. 4-ÿ ãðàóäèðîâàííàÿ êîìïîíåíòà

Ïðåäëîæåíèå (Waldinger, 4.19)

Ïóñòü K � äèñêðåòíûé íàáîð èç 3 òî÷åê, òî åñòü

RCK = Z2⟨g1⟩ ∗ Z2⟨g2⟩ ∗ Z2⟨g3⟩. Òîãäà L4(RCK) èìååò ìèíèìàëüíûé
íàáîð èç 8 îáðàçóþùèõ.

Ïðåäëîæåíèå (Waldinger, 4.19)

Ïóñòü K � ñèìïëèöèàëüíûé êîìïëåêñ íà 3 òî÷êàõ ñ åäèíñòâåííûì

ðåáðîì, òî åñòü RCK = (Z2⟨g1⟩ ⊕ Z2⟨g2⟩) ∗ Z2⟨g3⟩. Òîãäà L4(RCK)
èìååò ìèíèìàëüíûé íàáîð èç 4 îáðàçóþùèõ.

Ïðåäëîæåíèå (Waldinger, 4.19)

Ïóñòü K � äèñêðåòíûé íàáîð èç 4 òî÷åê, òî åñòü

RCK = Z2⟨g1⟩ ∗ Z2⟨g2⟩ ∗ Z2⟨g3⟩ ∗ Z2⟨g4⟩. Òîãäà L4(RCK) èìååò
ìèíèìàëüíûé íàáîð èç 32 îáðàçóþùèõ.
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Ëåììà

Äëÿ ëþáîé ãðóïïû G è äëÿ ëþáûõ a, b, c ∈ G âåðíî, ÷òî

(a, (b, c))=(a, c)(c, (b, a))(a, b)(c , b)(b, (a, c))(c, a)(b, a)(b, c). (3)

((a, b), c)=(b, a)(c, a)(c , b)((c, b), a)(a, b)(a, c)((a, c), b)(b, c). (4)

Äîêàçàòåëüñòâî.

Ïåðâîå òîæäåñòâî äîêàçûâàåòñÿ íåïîñðåäñòâåííûì ðàñêðûòèåì
êîììóòàòîðîâ è ïðîâåðêîé, à âòîðîå äîêàçûâàåòñÿ âçÿòèåì îáðàòíîãî
ê ïåðâîìó è çàìåíîé b íà a, c íà b è a íà c (âòîðîå òîæå ìîæíî
ïðîâåðèòü ðàñêðûòèåì êîììóòàòîðîâ).
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Ñëåäñòâèå

Äëÿ ëþáîé ãðóïïû G è äëÿ ëþáûõ a ∈ γi (G ), b ∈ γj(G ), c ∈ γk(G )
âåðíî, ÷òî
(a, (b, c))≡(c , (b, a))(b, (a, c)) mod γmin(2i+j+k,i+2j+k,i+j+2k)(G ). (5)

((a, b), c)≡((c , b), a)((a, c), b) mod γmin(2i+j+k,i+2j+k,i+j+2k)(G ). (6)

Äîêàçàòåëüñòâî.

Òàê êàê qw = wq(q,w), òî ïðè q ∈ γi1(G ),w ∈ γi2(G ) èìååì qw ≡ wq
mod γi1+i2(G ), òàê êàê (q,w) ∈ γi1+i2(G ). Èìååì
(a, b) ∈ γi+j(G ), (a, c) ∈ γi+k(G ), (b, c) ∈ γj+k(G ), à ëþáîé òðîéíîé
âëîæåííûé êîììóòàòîð, ñîäåðæàùèé a, b, c , ïðèíàäëåæèò γi+j+k(G ).
Ïîëó÷àåì, ÷òî (a, b)(b, c) ≡ (b, c)(a, b) mod γi+2j+k(G ),
(a, b)(a, c) ≡ (a, c)(a, b) mod γ2i+j+k(G ), (b, c)(a, c) ≡ (a, c)(b, c)
mod γi+j+2k(G ). Òàêæå åñëè A - ëþáîé òðîéíîé âëîæåííûé
êîììóòàòîð îò a, b, c , òî èìååì, ÷òî (a, b)A ≡ A(a, b)
mod γ2i+2j+k(G ), (a, c)A ≡ A(a, b) mod γ2i+j+2k(G ), (b, c)A ≡ A(b, c)
mod γi+2j+2k(G ). Ïîëüçóÿñü ýòèì, ìû ïåðåñòàâëÿåì êîììóòàòîðû â
òîæäåñòâàõ èç ïðåäûäóùåé ëåììû, ñîêðàùàÿ âñå äâîéíûå
êîììóòàòîðû ñ îáðàòíûìè ê íèì. Îòñþäà ñëåäóþò ðàâåíñòâà.
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Ïðåäëîæåíèå

Äëÿ ëþáûõ a ∈ γk(G ), b ∈ γm(G ), c ∈ γn(G ) âåðíî, ÷òî
(a, b, c)−1 ≡ (b, a, c) mod γk+m+n+1(G ).

Äîêàçàòåëüñòâî.

Ðàññìîòðèì ïðåîáðàçîâàíèÿ:

(a, b, c)−1 = (c , (a, b)) ≡(1) ((b, c), a)((c , a), b) mod γk+m+n+1(G ) ≡(2)

≡(2) ((c , a), b)((b, c), a) mod γ2(k+m+n)(G ) ≡(3)

≡(3) ((b, a), c) mod γmin(2k+m+n,k+2m+n,k+m+2n)(G ),

çäåñü (1) ñëåäóåò èç òîæäåñòâà Âèòòà-Õîëëà, âçÿòîãî ïî ìîäóëþ ÷ëåíà
íèæíåãî öåíòðàëüíîãî ðÿäà, (2) ñëåäóåò èç ïåðåñòàíîâêè êîììóòàòîðîâ
ìåñòàìè, (3) ñëåäóåò èç ïðåäûäóùåãî ñëåäñòâèÿ. Òàê êàê â öåïî÷êå
íàèìåíüøèì íîìåðîì èç ÷ëåíîâ íèæíåãî öåíòðàëüíîãî ðÿäà ÿâëÿåòñÿ
k +m + n + 1, òî ïî íåìó è áåð¼òñÿ ñðàâíåíèå ïî ìîäóëþ.
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Ñëåäñòâèå

Äëÿ ëþáûõ a ∈ γk(G ), b ∈ γm(G ), c ∈ γn(G ) âåðíî, ÷òî
(a, b, c) ≡ (c , (b, a)) mod γk+m+n+1(G ).

Äîêàçàòåëüñòâî.

Èç ïðåäëîæåíèÿ âûøå ïîëó÷àåì

(c , (b, a)) = (b, a, c)−1 ≡ ((b, a)−1, c) mod γk+m+n+1(G ) = (a, b, c).
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Ïðåäëîæåíèå

Ïóñòü K � äèñêðåòíûé íàáîð èç 3-õ òî÷åê, òî åñòü

RCK = Z2⟨g1⟩ ∗Z2⟨g2⟩ ∗Z2⟨g3⟩. Òîãäà L4(RCK) ∼= Z8
2 èìååò ñëåäóþùèé

ìèíèìàëüíûé íàáîð îáðàçóþùèõ:

[µ1, µ2, µ1, µ1], [µ1, µ3, µ1, µ1], [µ2, µ3, µ2, µ1], [µ1, µ3, µ2, µ1],

[µ2, µ3, µ2, µ2], [µ2, µ3, µ1, µ2], [µ1, µ3, µ2, µ3].[µ1, µ3, µ1, µ2],

Ñëåäñòâèå

Ïóñòü K � äèñêðåòíûé íàáîð èç 3-õ òî÷åê, òî åñòü

RCK = Z2⟨g1⟩ ∗ Z2⟨g2⟩ ∗ Z2⟨g3⟩. Òîãäà L4(RCK) ∼= Z8
2 è èìååò

ñëåäóþùèé ìèíèìàëüíûé íàáîð îáðàçóþùèõ:

[µj , µi , µi , µi ], [µk , µi , µi , µi ], [µk , µj , µj , µi ], [µk , µi , µj , µi ],

[µk , µj , µj , µj ], [µk , µj , µi , µj ], [µk , µi , µj , µk ], [µk , µi , µi , µj ],

ãäå i , j , k � ëþáûå ðàçëè÷íûå ÷èñëà èç íàáîðà {1, 2, 3}.
ßêîâ Âåð¼âêèí (ÂØÝ, ÌÃÓ) Ïðèñîåäèí¼ííàÿ àëãåáðà Ëè Ñî÷è, Ñèðèóñ, Ìàé, 2026 30 / 49



Äîêàçàòåëüñòâî

Ðàññìîòðèì ãðóïïó γ1(RCK)/γ2(RCK). Å¼ îáðàçóþùèìè ÿâëÿþòñÿ
g1, g2, g3. Îòñþäà èç òîæäåñòâ Âèòòà-Õîëëà ïîëó÷àåì, ÷òî
îáðàçóþùèìè ãðóïïû γ2(RCK)/γ3(RCK) ÿâëÿþòñÿ êîììóòàòîðû âèäà
(gi , gj), ãäå i , j ∈ {1, 2, 3}. Âûäåëèì íàáîð êîììóòàòîðîâ
A = {(g1, g2), (g1, g3), (g2, g3)}, îí ïîðîæäàåò âñ¼ γ2(RCK)/γ3(RCK),
òàê êàê âñå îñòàëüíûå èñêëþ÷àþòñÿ êàê îáðàòíûå ê íèì. Àíàëîãè÷íî,
ãðóïïà γ3(RCK)/γ4(RCK) ïîðîæäàåòñÿ êîììóòàòîðàìè âèäà (z , gi ),
ãäå z ∈ A, i ∈ {1, 2, 3}. Òàê êàê (gi , gj , gi ) = (gi , gj , gj), ìû ìîæåì
èñêëþ÷èòü òðè êîììóòàòîðà, à òàêæå åù¼ îäèí, èñïîëüçóÿ òîæäåñòâà
Âèòòà-Õîëëà. Îòñþäà ïîëó÷àåì, ÷òî ãðóïïà γ3(RCK)/γ4(RCK) èìååò
ìèíèìàëüíûé íàáîð èç 5-òè îáðàçóþùèõ (g1, g2, g1), (g1, g3, g1),
(g1, g3, g2), (g2, g3, g1), (g2, g3, g2).
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Ïîëó÷àåì, ÷òî íàáîð èç 15-òè êîììóòàòîðîâ

(g1, g2, g1, g1), (g1, g3, g1, g1), (g2, g3, g2, g1), (g1, g3, g2, g1), (g2, g3, g1, g1),

(g1, g2, g1, g2), (g1, g3, g1, g2), (g2, g3, g2, g2), (g1, g3, g2, g2), (g2, g3, g1, g2),

(g1, g2, g1, g3), (g1, g3, g1, g3), (g2, g3, g2, g3), (g1, g3, g2, g3), (g2, g3, g1, g3)

ïîðîæäàåò γ4(RCK)/γ5(RCK), íî ïîñòðîåííûé íàáîð îáðàçóþùèõ
L4(RCK), ñîîòâåòñòâóþùèé åìó, íå ÿâëÿåòñÿ ìèíèìàëüíûì ïî
ïðåäëîæåíèþ (Waldinger).
Äàëåå èñêëþ÷àåì êîììóòàòîðû ñ ïîìîùüþ òîæäåñòâ Âèòòà-Õîëëà,
ïðåîáðàçîâàíèé è èñïîëüçóÿ òî, ÷òî êâàäðàò ýëåìåíòà γi ëåæèò â γi+1.
Â èòîãå ïîëó÷àåì 8 êîììóòàòîðîâ, êîòîðûå ïî Waldinger'ó ïîðîæäàþò
ìèíèìàëüíî L4(RCK ).
Ñëåäñòâèå ïîëó÷àåòñÿ èç ñèììåòðè÷íîñòè îáðàçóþùèõ è òîãî, ÷òî â
óêàçàííîì íàáîðå ìîæíî ïîëîæèòü ðàçíûå èíäåêñû ðàçíûì áóêâàì (â
÷àñòíîñòè i = 1, j = 2, k = 3), ïðè ýòîì â êàæäîì êîììóòàòîðå ïåðâûå
äâà ýëåìåíòà ìîæíî ïîìåíÿòü ìåñòàìè.
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Òåîðåìà

Ïóñòü K � ñèìïëèöèàëüíûé êîìïëåêñ íà ìíîæåñòâå [3]. Òîãäà

1 åñëè â K åñòü âñå ð¼áðà {1, 2}, {1, 3}, {2, 3}, òî L4(RCK) = {e}, è
ïîðîæäàþùèõ íåò;

2 åñëè â K åñòü òîëüêî 2 ðåáðà {i , k}, {j , k}, ãäå i , j , k ∈ {1, 2, 3} è
ïîïàðíî ðàçëè÷íû, ïðè÷¼ì i < j , òî L4(RCK) ∼= Z2 è ìèíèìàëüíî
ïîðîæäàåòñÿ ýëåìåíòîì [µi , µj , µi , µi ];

3 åñëè â K åñòü òîëüêî 1 ðåáðî {i , j}, ãäå i , j ∈ {1, 2, 3}, i < j , òî
L4(RCK) ∼= Z4

2 è ìèíèìàëüíî ïîðîæäàåòñÿ ÷åòûðüìÿ ýëåìåíòàìè
âèäà

[µi , µk , µi , µi ], [µk , µj , µk , µk ], [µk , µj , µk , µi ], [µk , µj , µi , µk ],

ãäå k ̸= i , k ̸= j ;
4 åñëè â K íåò ð¼áåð, òî L4(RCK) ∼= Z8

2 è ìèíèìàëüíî ïîðîæäàåòñÿ
âîñåìüþ ýëåìåíòàìè âèäà

[µj , µi , µi , µi ], [µk , µi , µi , µi ], [µk , µj , µj , µi ], [µk , µi , µj , µi ],

[µk , µi , µi , µj ], [µk , µj , µj , µj ], [µk , µj , µi , µj ], [µk , µi , µj , µk ],

ãäå i , j , k � ëþáûå ðàçëè÷íûå ÷èñëà èç íàáîðà {1, 2, 3}.
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Äîêàçàòåëüñòâî

Èç ïðåäëîæåíèÿ âûøå äëÿ âñåõ ïóíêòîâ èìååì, ÷òî íàáîð

[µ1, µ2, µ1, µ1], [µ1, µ3, µ1, µ1], [µ2, µ3, µ2, µ1], [µ1, µ3, µ2, µ1], [µ1, µ3, µ1, µ2],

[µ2, µ3, µ2, µ2], [µ2, µ3, µ1, µ2], [µ1, µ3, µ2, µ3]

ïîðîæäàåò L4(RCK) (íåîáÿçàòåëüíî ìèíèìàëüíî, áîëåå òîãî, íèêîãäà
ìèíèìàëüíî íå ïîðîæäàåò).
Äëÿ ïóíêòà (a) ïðè íàëè÷èè âñåõ ð¼áåð âñå ýëåìåíòû íàáîðà
îáðàùàþòñÿ â 0, îòêóäà ñëåäóåò òðåáóåìîå.
Äëÿ ïóíêòà (b) ðàññìîòðèì ñëó÷àé, êîãäà åñòü ð¼áðà {1, 3} è {2, 3} (òî
åñòü i = 1, j = 2, k = 3). Â ýòîì ñëó÷àå â 0 îáðàùàþòñÿ âñå
êîììóòàòîðû, êðîìå [µ1, µ2, µ1, µ1], îòêóäà ñëåäóåò, ÷òî ïóíêò âåðåí
äëÿ äàííîãî ñëó÷àÿ. Òàê êàê âñåãäà ìîæíî ïîìåíÿòü íóìåðàöèþ
âåðøèí ëþáûì îáðàçîì, òî äëÿ ëþáûõ äâóõ ð¼áåð L4(RCK) ∼= Z2, è
ìîæíî îñòàâèòü ëþáîé íåíóëåâîé êîììóòàòîð èç äàííîãî íàáîðà,
îòêóäà ñëåäóåò òðåáóåìîå.
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Äëÿ ïóíêòà (c) ðàññìîòðèì ñëó÷àé, êîãäà â K åäèíñòâåííîå ðåáðî
{1, 3}. Òîãäà îñòàíåòñÿ íàáîð êîììóòàòîðîâ

[µ1, µ2, µ1, µ1], [µ2, µ3, µ2, µ2], [µ2, µ3, µ2, µ1], [µ2, µ3, µ1, µ2].

Äàííûé íàáîð ÿâëÿåòñÿ ìèíèìàëüíûì ñîãëàñíî ïðåäëîæåíèþ 6.
Äëÿ ñèìïëèöèàëüíûõ êîìïëåêñîâ ñ äðóãèì ðåáðîì ðàññóæäåíèå
àíàëîãè÷íî äîêàçàòåëüñòâó ñëåäñòâèÿ âûøå.
Ïóíêò (d) âûòåêàåò èç ñëåäñòâèÿ âûøå.
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Ïðåäëîæåíèå

Ïóñòü K � äèñêðåòíûé íàáîð èç 4-õ òî÷åê, òî åñòü

RCK = Z2⟨g1⟩ ∗ Z2⟨g2⟩ ∗ Z2⟨g3⟩ ∗ Z2⟨g4⟩. Òîãäà L4(RCK) ∼= Z32
2 èìååò

ìèíèìàëüíûé íàáîð îáðàçóþùèõ A1 ∪ A2 ∪ A3 ∪ A4 ∪ B , ãäå

A1 = {[µ3, µ2, µ2, µ1], [µ3, µ1, µ2, µ1], [µ3, µ1, µ1, µ2], [µ3, µ2, µ1, µ2], [µ3, µ1, µ2, µ3]}.

A2 = {[µ2, µ1, µ1, µ1], [µ4, µ2, µ2, µ1], [µ4, µ1, µ2, µ1],

[µ4, µ1, µ1, µ2], [µ4, µ2, µ1, µ2], [µ4, µ1, µ2, µ4]},

A3 = {[µ3, µ1, µ1, µ1], [µ4, µ1, µ1, µ1], [µ4, µ3, µ3, µ1], [µ4, µ1, µ3, µ1],

[µ4, µ1, µ1, µ3], [µ4, µ3, µ1, µ3], [µ4, µ1, µ3, µ4]},

A4 = {[µ3, µ2, µ2, µ2], [µ4, µ2, µ2, µ2], [µ4, µ3, µ3, µ2], [µ4, µ2, µ3, µ2],

[µ4, µ2, µ2, µ3], [µ4, µ3, µ3, µ3], [µ4, µ3, µ2, µ3], [µ4, µ2, µ3, µ4]},

B = {[µ2, µ4, µ3, µ1], [µ1, µ4, µ3, µ2], [µ1, µ4, µ2, µ3], [µ2, µ4, µ1, µ3],

[µ3, µ4, µ1, µ2], [µ3, µ4, µ2, µ1]}.
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Ðàññìîòðèì êîììóòàòîðû: (gi , gj , gi ) = (gj , gi )gi (gi , gj)gi =
gjgigjgigigigjgigjgi = gjgigjgigjgigjgi = (gj , gi )

2, (gi , gj , gj) =
(gj , gi )gj(gi , gj)gj = gjgigjgigjgigjgigjgj = gjgigjgigjgigjgi = (gj , gi )

2, òî
åñòü (gi , gj , gi ) = (gi , gj , gj).
Ãðóïïà γ3(RCK)/γ4(RCK) ìèíèìàëüíî ïîðîæäàåòñÿ êîììóòàòîðàìè

(g1, g2, g2), (g1, g3, g3), (g1, g4, g4), (g2, g3, g3), (g2, g4, g4), (g3, g4, g4),

(g1, g3, g2), (g1, g4, g2), (g1, g4, g3), (g2, g4, g1), (g2, g4, g3),

(g3, g4, g1), (g3, g4, g2), (g2, g3, g1).

Îòñþäà, ãðóïïà γ4(RCK)/γ5(RCK) ïîðîæäàåòñÿ (íåìèíèìàëüíî)
êîììóòàòîðàìè âèäà (z , gi ), ãäå z � êîììóòàòîð èç íàáîðà âûøå, à
i ∈ {1, 2, 3, 4}.
Âûïèøåì èõ, ðàçáèâ íà ãðóïïû ñëåäóþùèì îáðàçîì: â ãðóïïå A1

áóäóò êîììóòàòîðû ñ èíäåêñàìè {1, 2, 3}, â ãðóïïå A2 áóäóò âñå
êîììóòàòîðû ñ èíäåêñàìè {1, 2, 4}, íå âõîäÿùèå â A1, â ãðóïïå A3

áóäóò êîììóòàòîðû ñ èíäåêñàìè {1, 3, 4}, íå âõîäÿùèå â A1 ∪ A2, â
ãðóïïå A4 áóäóò êîììóòàòîðû ñ èíäåêñàìè {2, 3, 4}, íå âõîäÿùèå â
A1 ∪ A2 ∪ A3, â ãðóïïå B áóäóò êîììóòàòîðû ñ 4-ìÿ èíäåêñàìè.
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Òàê êàê â A1 íàõîäÿòñÿ òîëüêî êîììóòàòîðû ñ èíäåêñàìè 1, 2 è 3, òî
âñå êîììóòàòîðû èç äàííîãî íàáîðà ìîæíî çàìåíèòü êîììóòàòîðàìè
èç ñëåäñòâèÿ äëÿ 3-õ òî÷åê (âîçüì¼ì i = 1, j = 2, k = 3), ïîëó÷èâ

íîâûé íàáîð A
(1)
1 . Òåïåðü ïåðåíåñ¼ì â A2 êîììóòàòîðû áåç èíäåêñà 3

èç A
(1)
1 è ñäåëàåì òî æå ñàìîå, ïîëó÷èâ A

(1)
2 (âîçüì¼ì

i = 1, j = 2, k = 4). Ïîëó÷åííîå íîâîå ìíîæåñòâî êîììóòàòîðîâ èç A
(1)
1

îáîçíà÷èì ÷åðåç A
(2)
1 . Àíàëîãè÷íî, ïåðåíîñèì â A3 êîììóòàòîðû èç

A
(2)
1 è èç A

(1)
2 áåç èíäåêñà 2, ïîòîì äåëàåì çàìåíó, ïîëó÷èâ A

(1)
3

(âîçüì¼ì i = 1, j = 3, k = 4). Ïîëó÷åííûå íîâûå ìíîæåñòâà îáîçíà÷èì

A
(3)
1 è A

(2)
2 . Äàëåå ïåðåíîñèì â A4 êîììóòàòîðû áåç èíäåêñà 1 èç

A
(j)
i , i , j > 0, i + j = 4, à ïîòîì ñäåëàåì àíàëîãè÷íóþ çàìåíó, ïîëó÷èâ

A
(1)
4 (âîçüì¼ì i = 2, j = 3, k = 4). Ïîëó÷åííûå íîâûå ìíîæåñòâà

îáîçíà÷èì A′
1, A

′
2, A

′
3 è A′

4. Íàáîð A′
1 ∪ A′

2 ∪ A′
3 ∪ A′

4 ∪ B , ñîñòîÿùèé èç
34 êîììóòàòîðîâ, ïîðîæäàåò (ñîãëàñíî ïðåäëîæåíèþ Waldinger'à,
íåìèíèìàëüíî) ãðóïïó γ4(RCK)/γ5(RCK). Äàëåå ñ ïîìîùüþ òîæäåñòâ
Âèòòà-Õîëëà, ïðåîáðàçîâàíèé è èñïîëüçóÿ òî, ÷òî êâàäðàò ýëåìåíòà γi
ëåæèò â γi+1 èñêëþ÷àåì 2 êîììóòàòîðà è ïîëó÷àåì ìèíèìàëüíûé
íàáîð îáðàçóþùèõ.
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Òåîðåìà

Ïóñòü K � äèñêðåòíûé íàáîð èç 4-õ òî÷åê, òî åñòü
RCK = Z2⟨g1⟩ ∗ Z2⟨g2⟩ ∗ Z2⟨g3⟩ ∗ Z2⟨g4⟩. Òîãäà L4(RCK) ∼= Z32

2 èìååò
ìèíèìàëüíûé íàáîð îáðàçóþùèõ Ai ∪ Aj ∪ Ak ∪ Al ∪ B , ãäå

Ai = {[µk , µj , µj , µi ], [µk , µi , µj , µi ], [µk , µi , µi , µj ], [µk , µj , µi , µj ], [µk , µi , µj , µk ]}.

Aj = {[µj , µi , µi , µi ], [µl , µj , µj , µi ], [µl , µi , µj , µi ], [µl , µi , µi , µj ], [µl , µj , µi , µj ],

[µl , µi , µj , µl ]},

Ak = {[µk , µi , µi , µi ], [µl , µi , µi , µi ], [µl , µk , µk , µi ], [µl , µi , µk , µi ], [µl , µi , µi , µk ],

[µl , µk , µi , µk ], [µl , µi , µk , µl ]},

Al = {[µk , µj , µj , µj ], [µl , µj , µj , µj ], [µl , µk , µk , µj ], [µl , µj , µk , µj ], [µl , µj , µj , µk ],

[µl , µk , µk , µk ], [µl , µk , µj , µk ], [µl , µj , µk , µl ]},

B = {[µj , µl , µk , µi ], [µi , µl , µk , µj ], [µi , µl , µj , µk ], [µj , µl , µi , µk ], [µk , µl , µi , µj ],

[µk , µl , µj , µi ]}.
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Äîêàçàòåëüñòâî

Èç òåîðåìû âûøå è ñèììåòðè÷íîñòè îáðàçóþùèõ ñëåäóåò, ÷òî â
óêàçàííîì íàáîðå ìîæíî ïîëîæèòü ðàçíûå èíäåêñû ðàçíûì áóêâàì (â
÷àñòíîñòè i = 1, j = 2, k = 3, l = 4), ïðè ýòîì â êàæäîì êîììóòàòîðå
ïåðâûå äâà ýëåìåíòà ìîæíî ïîìåíÿòü ìåñòàìè. Îòñþäà ñëåäóåò
äîêàçûâàåìîå.
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Ñïàñèáî çà âíèìàíèå!
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Proof of theorem

To simplify the notation we write Lk instead of Lk(RCK) and γk instead of
γk(RCK). Statement (a) follows from the fact that

L1 = γ1/γ2 = RCK/RC
′
K = Zm

2

with basis g1, . . . , gm.
We prove statement (b). Consider the abelianization map

φab : RC ′
K → RC ′

K/RC
′′
K = γ2/γ

′
2.

The group RC ′
K/RC

′′
K = H1(RK) is free abelian (above).

Consider L2 = γ2/γ3. The group L2 is a Z2-module (see above), i. e.
L2 = ZM

2 for some M ∈ N. We have a sequence of nested normal subgroups

γ′2 ◁ γ4 ◁ γ3 ◁ γ2.

Consider the exact sequence of abelian groups:

0 −→ γ3/γ
′
2

ψ−→ γ2/γ
′
2 −→ γ2/γ3 −→ 0.

∥ ∥ ∥
ZN ZN ZM

2
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Recall from Corollary above that the free abelian group γ2/γ
′
2 = ZN has a

basis consisting of the images of the iterated commutators with all di�erent
indices described in Theorem above. The images of the commutators of
length ⩾ 3 are contained in the subgroup γ3/γ

′
2 ⊂ γ2/γ

′
2. The group γ3/γ

′
2

also contains commutators of length 3 with duplicate indices, i. e. of the
form (gj , gi , gi ) = (gi , gj)

2. Therefore, the homomorphism ψ acts by the
formula:

ψ((gi , gj , gk1 , gk2 , . . . , gkm−2)) = (gi , gj , gk1 , gk2 , . . . , gkm−2), m ⩾ 3,

ψ((gj , gi , gi )) = (gi , gj)
2
,

where the indices i , j , k1, . . . , km−2 are all di�erent. The elements
(gj , gi , gi ) with i < j , {i , j} /∈ K, and the elements

(gi , gj , gk1 , gk2 , . . . , gkm−2),m ⩾ 3, with the condition on the indices from
theorem above form a basis in a free abelian group γ3/γ

′
2.

It follows that the Z2-module L2 = γ2/γ3 has a basis consisting of the
elements (gi , gj) = [g i , g j ] with i < j and {i , j} /∈ K, proving (b).
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We prove statement (c). Consider L3 = γ3/γ4. The group L3 is a
Z2-module (see above), i. e. L

3 = ZM
2 for some M ∈ N.

Consider the exact sequence of abelian groups:

0 −→ γ4/γ
′
2

χ−→ γ3/γ
′
2 −→ γ3/γ4 −→ 0.

∥ ∥ ∥
ZN ZN ZM

2

For the free abelian group γ3/γ
′
2, we will use the basis constructed in the

proof of statement (b). Elements of this basis corresponding to
commutators of length ⩾ 4 are contained in γ4/γ

′
2. The group γ4/γ

′
2 also

contains commutators of length 4 with repeated indices. These
commutators have one of the following nine types, which we divide into
two types A and B for convenience:

A = {(gi , gj , gj , gj), (gi , gj , gj , gi ), (gi , gj , gi , gj),
(gi , gj , gi , gi ), (gi , gj , gi , gk), (gi , gj , gj , gk)},

B = {(gi , gj , gk , gj), (gi , gj , gk , gi ), (gi , gj , gk , gk)}.
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Note that

(gi , gj , gj , gj) = ((gj , gi ) · (gj , gi ), gj) =
= ((gj , gi ), gj)·(((gj , gi ), gj), (gj , gi ))·((gj , gi ), gj) ≡ (gj , gi , gj)

2 mod γ′2,

because (((gj , gi ), gj), (gj , gi )) ∈ γ′2. Here in the second identity we used
Hall-Witt commutator identity. A similar decomposition holds for other
commutators of type A, for example,

(gi , gj , gi , gk) = (gj , gi , gk)
2 mod γ′2.

Now consider the commutators of type B . We will need the following
commutator identities. For any a, b, c, d ∈ γ1 we have:

(a, b)(c , d) ≡ (c , d)(a, b) mod γ′2. (7)

It follows that the last of the Hall-Witt identities takes the following form
modulo γ′2:

(a, b, c)(b, c , a)(c , a, b) ≡ 1 mod γ′2. (8)
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Furthermore, the following identity was obtained in (Panov-V):

(gq, (gp, x))=(gq, x)(x , (gp, gq))(gq, gp)(x , gp)

(gp, (gq, x))(x , gq)(gp, gq)(gp, x).

If x ∈ γ2, then the previous identity and identity (7) imply

(gq, (gp, x)) ≡ (gp, (gq, x)) mod γ′2. (9)

To simplify the notation, we write i instead of gi . From (1) and (8) we
obtain

(gi , gj , gk , gi ) = (((i , j), k), i) ≡ ((i , (i , j)), k)−1 · ((k , i), (i , j))−1 ≡
≡ (k , (i , (i , j))) = (k , ((i , j), i)−1) = (k , (j , i)−2) =

= (k , (j , i)−1) · (k , (j , i)−1) · ((k, (i , j)−1), (i , j)−1) ≡
≡ (k , (j , i)−1)2 = (gi , gj , gk)

−2 mod γ′2,

(gi , gj , gk , gj) = (((i , j), k), j) ≡ ((j , (i , j)), k)−1 · ((k, j), (i , j))−1 ≡
≡ (k , (j , (i , j))) = (k, ((i , j), j)−1) = (k , (j , i)−2) ≡ (gi , gj , gk)

−2 mod γ′2.
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The last commutator of type B requires a lengthier calculation:

(gi , gj , gk , gk) ≡1 (j , i , k)·(i , j , k)·(k , i , k)·(i , k , k)·((k , j)i , k)·((j , k)i , k)·
· ((i , k)j , k) · ((k , i)j , k) · (k , (j , (k , i)))−1 · (k , (i , (j , k)))−1 ≡2

≡2 (k , (j , (k , i)))−1·(k, (i , (j , k)))−1 ≡3 (j , (k, (k , i)))−1·(i , (k , (j , k)))−1 =
= (j , (i , k)−2)−1 · (i , (k , j)−2)−1 ≡ (k , i , j)2 · (j , k , i)2 ≡

≡ (gi , gj , gk)
−2 mod γ′2.

Here is the identity ≡1 is obtained with help of the algorithm written by
the author in Wolfram Mathematica using commutator identities (1).
The identity ≡2 follows from the relations (a, b) · (a−1, b) = (b, a, a−1) and
(b, a, a−1) ≡ 1 mod γ′2, if a ∈ γ2.
The identity ≡3 follows from (9).
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It follows that the homomorphism χ : γ4/γ
′
2 → γ3/γ

′
2 acts by the formula:

χ((gi , gj , gk1 , gk2 , . . . , gkm−2)) = (gi , gj , gk1 , gk2 , . . . , gkm−2), m ⩾ 4,

χ((gj , gi , gi , gj)) = ((gi , gj), gj)
2
,

χ((gj , gi , gj , gk)) = ((gi , gj), gk)
2
,

χ((gi , gj , gk , gk)) = ((gi , gj), gk)
−2
.

where the indices corresponding to a di�erent letters are di�erent. Thus,
the Z2-module L3 = γ3/γ4 has a basis consisting of the elements speci�ed
in the theorem.
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