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Overview of Results
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In [Buc90], a family of polynomials
Balz; X, y) = (X+y+z—axyz)> —4(1 + asxyz) (xy + yz +xz + a1 xyz),
where a = (ay, a;, a3) free parameters, was introduced.

It was shown that each polynomial defines a two-valued formal
group G, universal in the class of two-valued formal groups
obtained by the modulus square construction (introduced in
[BN71]) from the class of formal groups

A (v) — v A (u)

Hlu,v) = uta(v) — vAy(u) '

where A (u) € AlJu]], k =1, 2.
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The ring A has a rather complicated structure (see [BU15]), but

A &® Q = @[b1, bZl b}, b4]:
bi=a, by=pz), by=g(2), bi=q,

with degb; = =2i, i =1,...,4, and p(z) = p(z; g2, g3) is the
Weierstrass function satisfying the equation

(#'(2))* = 4p(2)’ — g2p0(2) — g5.
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The class of groups J(u, v) contains the formal groups
corresponding to the Todd genus, the signature, the Ochanine
(also elliptic) genus [Och87], and the Krichever genus.

In [Buc90], it was proved that the class F(u, v) is a realization of
the class of Krichever formal groups (see [Kri90]) with
exponential

ax

o(z — x) a
o(z)o(x)

z)x

ficr (x) =

., where ®(x,z) = P(x,z; ¢, q3) =
S0 (%,7) = Plx, 7 62, )

is the Baker—Akhiezer function, and o(z) = o(z; g2, g3),

d

¢(z) = - logo(z) are Weierstrass functions.
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In the present paper, a new class of formal groups

Faclu,v) = ( u~/ Q(v) — v/ 0(u)

-1/2

2
5 5 + a3 uv? ,
us —v

where Q(t) = 1 — a;t? + a,t* — a3t° is introduced, whose
modulus square is given by the family of polynomials B,(z; x, y).

The formal group law Fp(u, v) belongs to the family of formal
group laws J(u, v) if and only if a3 = 0.

In the case of a3 = 0, we get the Ochanine genus. Therefore, for
as # 0, the corresponding genus is distinct from the elliptic
genera of level n introduced by Hirzebruch [HBJ92, Appendix Il
Section 1].
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The formal group Fgc(u, v) corresponds to a Hirzebruch genus
1
Bc: Qu > Z 5 aq, ar, a3 |, (1)

which we call the Buchstaber genus, where
dega; = —4i, i=1,2,3.

We construct two cohomology theories Bc*(—)[A~"] and Bc*
giving the Buchstaber genus (1) on the coefficient rings.

8/46



Consider the elliptic curve € = {172 =+ a4+ ol + as} in
the chart {& # 0}.

There is an involution on &:
o:(¢,n)—(¢,—n), oor— 00

The coset construction (€, o) yields a 2-valued algebraic coset
group on CP" with identity oo, inverse inv(x) = x, and
multiplication defined in the chart {& # 0} by the equation:

xxy =[z| D4z x,y) = 0],
where

Dy(—z; —x, —y) = disc(t? + a1t? + axt + a3 — (t — x)(t — y)(t — 2))

— a generalized Kontsevich polynomial, introduced by
Buchstaber—Gaiur—Rubtsov in connection with the
Picard-Fuchs equation [BGR26].

(xyz)? Ba(1/2;1/x,1/y) = Do(—2z; —x, —y).
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Theorem

(I) [BGR26] For each (a1, a3, a3) = a ¢ disci(t> + a1t? + art + a3),
the structure of the 2-valued algebraic involutive coset group
Gc(By) with the multiplication

xxy=|z|Baslz;x,y) = 0]

extends to the structure of a reqular 2-valued algebraic group
Gep (Ba) with neutral element 0.

(1) [BK26] For a € disci(t> + a1t?> + ayt + a3), the structure
Gc(Bq) extends only to the structure of a 2-valued algebraic
involutive coset monoid on CP'.

When a1 = a, = a3 = 0, we get the law
22 =2x+y)z+(x—y?=0

giving the 2-valued group G;(C).
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Definition

A symmetric n-algebraic n-valued monoid (group) on C is an
algebraic n-valued monoid (group) Ge¢(f(z; x, y)) with a
(partially defined) multiplication

x*xy=|z|f(z;x,y) =0],

where the polynomial f(z; (—1)"x, (—1)"y) is symmetric and has
a degree in each variable not exceeding n, with zero 0, and
inv(x) = x.

Each such polynomial is of the form (our Ansatz)

Pz(Z;X, _Lj) = 0'12 — 40'2 + k20'3 + /(80'3? + /(40'1 o3 + /(6020'3

modulo associativity conditions, o; is the ith elementary
symmetric polynomial.
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Theorem [BV19], [BK25]

The universal symmetric 2-algebraic 2-valued group P>(z; x, y)
over rings without zero divisors is defined over the coefficient
ring

Ziky, ky, ke, ke)/(4ks — k? + keks).

In particular, over a Z []-algebra K without zero divisors, the
family of polynomials P, has the form:

ki — keky

Py(z; x,y) = 0 — 40y + ko3 + 0T ky0103 + ks 02 03.

To get B,(z; x, y), set

ky = —4aq, k4 = =20y, ks = —4as.
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Theorem [BK25]

There exist exactly two classes of universal symmetric
3-algebraic 3-valued groups with fixed homogeneous
components PQ(Z; —x, —Yy). In the case of the first class,

ko = —27, and in the case of the second, kg = 0. In more detail:

(i) If ko =—27, we have for any c € C:

Ps(z; —x, —y) = 0; — 2703 + 18coi a3 — 54co,03 — 27c% 03 03

+ 81c%0y05.
(it) If ko =0, we have for any a € C:

Ps(z; —x, —y) = (o1 + ao3)’.

Ansatz for n = 3:

0; + koo + ke 07 + k1203 + ky0103 + kq0r03

+ 0 010,03 + 040703 + kyas 03 + o501 + kigoi 0o, e



Basics of the Theory of
n-Valued Formal Groups

14/46



Substitution of Multivalued Formal Series

An n-valued formal series is an equation
Fn + Z 9,,” i O
Consider two multivalued formal series:
n
F+Y (—N)0uxFR =0, FH'+ Z 1Y0,,(x)%"7 = 0.

Let
0:1(0)=0, 1<i<n, 0,,(00=0, 1<j<m

Then the operation of substituting the m-valued series F,(x)
into the n-valued series F(x) is defined.
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Result of Substitution

The result of the substitution is an nm-valued formal series
F(x) = HF(F(x)).

It is defined by the equation

m

9—“”+Z 0,1 (H)F " ) = 0.

k=1

Here
g, g

denote the formal branches (roots) of the m-valued series 5.
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One-dimensional n-valued Formal Group

A commutative one-dimensional n-valued formal group over a

ring A is an n-valued formal series F(x, y) defined by the
equation

F'+ Y (1)Oux, y)TF =0, Oifx,y) € Allx, y]]
i=1

The formal series F(x, y) must satisfy the following conditions:

(I) #(x,0) is defined by the equation (¥ —x)" =0.
() F(F(x,y), 2) = F(x, F(y, 2))-

(1) F(x, y) = F(y, x).
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Examples of Two-valued Formal Groups

Next, let z(x, y) = F(x, y).
1. Elementary formal groups:

22 =2x+y)z+(x—y? =0 Z2-2x+y)z+(x+y?=0.

2. The Buchstaber polynomial
Balz; X, y) = (Xx+y+2z—axyz)’ —4(1 + a3xyz) (xy + yz+xz+ a1 xyz),
introduced in [Buc90], defines a two-valued formal group

Balz; x, y) = 0.
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Types of Two-Valued Formal Groups

A two-valued formal group
72— 04(x,y)z+Oy(x,y) =0
over a ring R is called of the first or the second type if

Os(x,y) = (x—y)*> or Oy(x,y)=(x+y)’ (mod deg3).

Over a ring R without zero divisors, any 2-valued formal group
is either of the first or the second type.
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Theorem 6.4(i), [Buc75]

Let 22 — ©1(x, y)z + Oz(x, y) = 0 be an arbitrary two-valued
formal group G(R) in formal power series over an arbitrary
Q-algebra R. Let B(x) be its logarithm.

Then B(x) satisfies the differential equation
1 4 1 14
5P1(x)B(x) + gda2(x)B(x) =

with the initial condition B(0) = 0, where

do(x, y)
dy

901 (x, y)

3y , o(x,y) = 07 — 40,.

y=0

, Pa(x) =

y=0

b1(x) =

Suppose G(R) is of the first type. Then the series B(x) defines
a strong isomorphism of this two-valued formal group with the

elementary two-valued formal group of first type.
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Theorem 6.4, [Buc75]

Moreover, for the logarithm of G(R) we have:

VX ’ X
dt
B(x) = (0 W) . o(x) = 8/(/)1(t) dt,

0

where ¢(t) = ¢,(t)/(16t) and ¢(0) = 1.

21/46



Ceometric 2-Valued Formal Group

How can we get an analogue of the formal group of complex
cobordisms in the quaternionic case?

Let ¢4 = pri(¢) and {, = pr3(¢) be quaternionic line bundles,
where ( is the universal quaternionic line bundle over HP*

Problem: {; ®y {; and {; ®c {; are not quaternionic.

(m @) ®c (M ®1,) ¢ ®c ¢
| |

CP* x CP* = HP> x HP*

(M &) ®c (Mm&m,) = (mm®nm,) ® (mn, ®1,m)
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Introduce classes z, z, € U*(CP* x CP™) as Chern classes in
U-theory:

z1:= G (Mm@ T) = o (M) (A,) = Fulu, v)Fu(@, v),
2 1= ¢ (MM, ® 1ym) = o (M) (M) = Fu(u, V)Fu(d, v),

where u = c(m), v = c’(m), T = cP(7), V= cP(m,).
Let

x=0pP(G)=ut and  y=pP(G) = v e SpHCP™),

where /315'3((]) e Sp*(HP>) denotes the Borel class in Sp-theory,
and ¢ is the map BS' — B Sp(1). Define series:

01 : = pP((G ®c &) = 1 + 2,
0, : = pP('(G1 ®c ) = 212
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Modulus Square Construction

Let F(u,v) be a formal group over a ring A.
Let us define the series:

z1=F(u,v)F(u,v), z=F(uV)F(u,v)
01 =21+ 2, 0, = z12.

The series ©; and ©; belong to the ring Al[x, y]].

Proposition [BN71]
A two-valued formal group Gr is defined by the roots z, z, of
an equation over A[[x, y|[:

7’ — 04(x, y)z + Oy(x, y) = 0.
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Main Theorem
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Theorem (K., 2026)

() Let
v [t
d
u:=I(x) = ,
) / V1 + ait2 + art* + a3t
0
a? ma 203
g =4 3—02 ) gz = —3 ——27—03
Then

1
p(U; g2, 93) — a1/3°
(If g3 —27g3 = 0, then the function
p(u; g2, g3) = —% log o(u; g2, g3) corresponds to a degeneration
of the Weierstrass o-function).

x(u) =
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Theorem (K., 2026)

(1) The logarithm and exponential of the formal two-valued
group G, are given by the following formal series over the
algebra Q[a, a2, a3]:

s
dt

\/1 + a1 t2 + aptt + ast®

B(x) =I*(x) =

1
(VX g2, g3) — /3

B~ (x) =
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Theorem (K., 2026)

() Let Q(t) := 1 — a1 t? + apt" — a3t®. Then the law Fg(u, v), its
exponential fz.(u), and its logarithm gg.(u) have the form:

et |24y

—-1/2

) —|—a3u V2 ,

u

1
\Vo(U; g2, —g3) +

ch(u) =

ar’

g () / dt

BcllU) = .
Ibe V1 —a1t?2 + apt? — a3t
0
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Theorem (K., 2026)

(IV) The formal group Fpc(u, v) is universal (over Q-algebras
without zero divisors) in the class of all single-valued formal
groups with the condition

u=-—u,

for which the modulus square construction yields the
two-valued formal group G, with the two-valued law B,(z; x, y).

(V) The intersection of the classes F(u, v) and Fg(u, v)

coincides with the Ochanine genus. This is characterized by the
conditions A(u) = 1 for F(u, v) and a3 = 0 for Fgc(u, v).
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Corollaries
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Corollary (K., 2026)

The formal group Fgc(u,v) corresponds to a Hirzebruch genus
1
Bc: Qy > Z 5 ay, oy, a3,

which we call the Buchstaber genus, where
dega; = —4i, i=1,2,3.
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In [BV24], it was established that the exponential of the
universal formal group of complex cobordism is given by the

series
n+1

fu(u) = u+ Z[@n]

(n+ 1)

where [0,] denotes the cobordism class of a smooth theta
divisor (of complex dimension n) on a general principally
polarised abelian variety A"
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From the universality of the exponential fy, we obtain the

identity:
y

fac(u) = u+ ; Bc(@n)m.
From the oddness of fz.(u) it f(;llows that
Bc(©2,41) =0 for all n > 0.
We have:
Bc(@,) = —ay, Bc(04) = af +12a,,
Bc(Bg) = —a13 —132a1a, — 36003.

Observe that the first three nonzero values B¢(09,) lie in the
ring Z[aq, ap, a3]. It is not a coincidence.

Proposition (K., 2026)

The values Bc(©,) belong to the ring Zan, a,, a3
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Now we compute the values of the Buchstaber genus on CP"’s.
Applying the genus to Mishchenko's logarithm for the formal
group Fy(u, v), we get:

un+1
(u) = Bc(CP” .
Gie(u) ZO c(CP")-—
Hence,
Bc(CP*™y =0  forall n>0.
We obtain:
52 _ A 3af — 4a,
Bc(CP?) = > Bc(CPY) = — 5

5a; — 12aya; + 8as
16

Bc(CP®) =
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There exists a class K € Qj'* on which the Krichever genus
tensored by Q vanishes, while the Buchstaber genus remains
nonzero, even for a; = a, = 0. From the value Bc(CP®), degree
12 is minimal for the existence of such a class.

Proposition (K., 20206)

(I) Let K € Q72

K = 06 + 965 — 15076, — 30705 — 1307035 + 3070,
+290,0,0; + 1005 — 110,60, — 1003.

Then Be(K) = —360as, Kr(K) =0 in A® Q.

(1) Ker(Kr: Qi ® Q — Qla, p(2), #'(2), 2)) is generated by K
and

L = ©50;—-30,07—110;0,0,+120;07+220367-300,07+96}.
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Recall that the Witten genus [Wit88] corresponds to a formal
group with the exponential fy(u) = o(u; g2, g3) given by the
Weierstrass o-function.

Set a; = 0 and compare the Buchstaber fz (1) = ——-—— and
vV pluig2,~93)

Witten fwi(u) = o(u; g2, g3) exponentials:

fac(u) =u— 392 5' +9093 7 + 1895!%% —4374092J3W + ( 68 607g2 +2673 000g3)ﬁ + O(u )
) = 0-55 ~ 5% o3 65,5 6953 — 63 )
fwelv) = u =T 5 5T~ B ~ 9% g — 9293W+( 9; - 93)173!+ (u

15)v

where g, = % and g3 = 6gs.

. n+1
Recall that a formal power series u + ) _ cn(,‘7’+—1),, where ¢, € R,
n>1 .

is called a Hurwitz series over a ring R.
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It is known (see, e.g., [BLO5]) that fw(z) is a Hurwitz series over
the ring Z [%, 2g3].

In [Bun17], Bunkova conjectured that fw(z) = 0(z; g2, g3) is a
Hurwitz series over the ring Z [% 693].

Proposition (K., 2026)

For ay = 0, the exponential f3.(u) = —1 of the
vV #(U:92,—g3)

Buchstaber genus is a Hurwitz series over the ring Z|ga, gs|.
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Theory Bc*(—)[A™"]
Theorem (K., 2026)

There exists a complex oriented multiplicative commutative
cohomology theory

B A™]

with the coefficient ring

1
7 lz, aq, dp, as, A1] D

A = disci(t? — a1t? + apt — a3) such that on the natural
multiplicative transformation U*(—) — Bc*[A™"] induces the
localized Buchstaber genus map

~ 1
Qu — B (pt)AT = Z [5 ay, O, a3,A_1] :
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Theory Bc*(—)

Theorem (K., 2026)

There exists a complex oriented multiplicative commutative
cohomology theory Bc*(—) such that the map U*(—) — Bc" give
the Buchstaber genus map

1
Qu -7 [5 aq, Oy, 613] }

The previous two theorems are proved by the same technique
as used in the paper [LRS95].
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Rigidity of Equivariant Odd Genera

Proposition (K., 2026)

Let my, ..., m, be paiwise distinct vector in Z* (where k > 1)
such that

ma,_;+m;=m

for any 0 < i < n and some fixed m € /el
For each integer n > 0 consider a manifold CP" with a torus
action T

t- [ZO et 22,7_,_1] = [tmOZO : tm1Z1... : fm”Zn],

m[1 mj k

where t™ = t,"...t, . Let n be odd.

. . k . .
Then any odd T*-equivariant genus G* vanishes and, hence, it
is T*-rigit on the manifold CP".
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Example: Action on CP°

Consider CP? with an effective circle action:

t-lzo:z:z: )=z tz: Pz t'z7]
The fixed points are of the form z; =1,z = 0 for all
i=0,...,3,j#1L

At these fixed points, the weights of the tangent representation
of the torus action are:

(1,2,4), (=1,1,3), (-2,-1,2), (—4,-3,-2).
From the Buchstaber—Panov—Ray formula:
1 N 1
()fu)f(4u)  f(—u)f(u)f(3u)
1 1
f(—=2u)f(—u)f(2u) * f(—4u)f(=3u)f(—2u)’

where f = f..

B (CP?)(f(u)) = ;

+
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Example: Action on CP’

From formulas (41) and
f(u)? =1 — arf(u)? + axf (u)* — asf(u)®

a direct calculation implies that:

B (CP?) = gagu2 + O(uY). 2)

It follows from (2) that Bc® (CP?) = 0 if and only if Bc coincides
with the Krichever genus.

This is consistent with the classical result of Hirzebruch [HBJ92,
Section 4.6, Proposition].
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