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ZK and UC(K)

Let K be a simplicial complex on [m] = {1, 2, . . . ,m}.

Moment-angle complex

ZK = {(z1, . . . , zm) ∈ Dm : {i : |zi | < 1} ∈ K},

where D = {z ∈ C : |z | ≤ 1}.

UC(K) = {(z1, . . . , zm) ∈ Cm : {i : zi = 0} ∈ K} =

= Cm \
⋃

{i1,...,ik}/∈K

{z ∈ Cm : zi1 = · · · = zik = 0}.
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Fans

Σ is simplicial ⇝ K = KΣ = {I ⊂ [m] : Cone(ai : i ∈ I ) ∈ Σ}
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Linear Gale duality
Configuration A of vectors a1, . . . , am in W ∗ ∼= Rn

0 −→ V −→ Rm A−→ W ∗ −→ 0

V = KerA the space of relations on a1, . . . , am

0 −→ W
A∗
−→ Rm Γ−→ V ∗ −→ 0

KerA = Γ∗(V ),

Γ∗(v) = (⟨γ1, v⟩, . . . , ⟨γm, v⟩) ∈ Rm
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Real moment-angle manifolds

V × UC(K) → UC(K),

v · z = (e⟨γ1,v⟩z1, . . . , e
⟨γm,v⟩zm) = exp Γ∗(v) · z

RΣ = exp Γ∗(V ) = expKerA ⊂ (C×)m ⊂ Aut(UC(K)), RΣ
∼= Rm−n

Theorem (Panov, Ustinovsky, 2012)
UC(K)/RΣ is a smooth manifold of dim = m + n, homeomorphic to ZK.

For a normal fan Σ of a polytope
P = {w ∈ W : ⟨ai ,w⟩+ bi ≥ 0, i = 1, . . . ,m}, this is the same smooth
structure as the one defined by

ZP = {(z1, . . . , zm) ∈ Cm : γ1|z1|2 + . . .+ γm|zm|2 = δ}

for δ =
∑m

i=1 biγi .
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Complex moment-angle manifolds
Assume m + n is even, l = m−n

2 , J : V → V is an operator of complex
structure.

VC = V 1,0 ⊕ V 0,1, V ∼= V 1,0, v 7→ v − iJv

The complexified action:

VC × UC(K) → UC(K),

(u + iv) · z = (e⟨γ1,u)+i⟨γ1,v)z1, . . . , e
⟨γm,u)+i⟨γm,v⟩zm) = exp Γ∗C(u + iv) · z ,

The modified action of V :

V × UC(K) → UC(K),

v · z = (e⟨γ1,v)−i⟨γ1,Jv)z1, . . . , e
⟨γm,v)−i⟨γm,Jv)zm) = exp Γ∗C(v − iJv) · z

H = Γ∗C(V
1,0) ⊂ (C×)m ⊂ Aut(UC(K)), H ∼= Cl

Theorem (Panov, Ustinovsky, 2012)
UC(K)/H is a complex manifold diffeomorphic to ZK.
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Rational and regular fans
N = Z⟨a1, . . . , am⟩ ⊂ W ∗.

Mikhail Shengelia (HSE) May 13, 2026 7 / 14



Rational and regular fans
N = Z⟨a1, . . . , am⟩ ⊂ W ∗.

Mikhail Shengelia (HSE) May 13, 2026 7 / 14



Rational case
Consider the action

VC × UC(K) → UC(K),

(u + iv) · z = (e⟨γ1,u⟩+i⟨γ1,v⟩z1, . . . , e
⟨γm,v⟩+i⟨γm,v⟩zm) = exp Γ∗C(u + iv)

In rational case, the corresponding group in automorphisms

GΣ = exp Γ∗C(VC) = expKerAC ⊂ (C×)m ⊂ Aut(UC(K))

is (C×)2l .

Theorem (Batyrev-Cox)
Σ rational, regular. Then UC(K)/GΣ

∼= XΣ.

We have a principal F -bundle ZK
/F−→ XΣ, where F = GΣ/H ∼= T l

C is a
complex compact torus.
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The main statement
Recall that for complete, rational, simplicial Σ

1 → GΣ → N(Aut(UC(K),GΣ) → Aut(XΣ) → 1.

Theorem (S.)
Σ complete, rational, regular. Then

1 → H → N(Aut(UC(K)),H) → Aut(ZK) → 1,

1 → H → C(Aut(UC(K)),H) → Aut0(ZK) → 1.

Moreover, C(Aut(UC(K)),H) = C(Aut(UC(K))GΣ) and

C(Aut(UC(K)),GΣ) ⊂ N(Aut(UC(K)),H) ⊂ N(Aut(UC(K)),GΣ)

N(Aut(UC(K)),GΣ) is generated by C(Aut(UC(K)),GΣ) (that is a
connected affine algebraic group) and Aut(N,Σ) (fan automorphisms).
N(Aut(UC(K)),H) is distinguished by σ|V J = Jσ|V
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Holomorphic Chern class of ZK → XΣ

f ∼= VC/V
1,0 ∼= V 0,1, H1,0(F ) ∼= f∗ ∼= V 0,1 ∼= V 1,0

H1,1(XΣ) ∼= V ∗
C
∼= V 0,1 ⊕ V 1,0

Theorem (Panov, Ustinovsky, 2012)
Σ complete, rational, regular. Then

H∗,∗(ZK) ∼= [Λ(V 1,0 ⊕ V 0,1)⊗ H∗,∗(XΣ), d ],

where d(H∗,∗(XΣ)) = 0, d(V 0,1) = 0 аnd d |V 1,0 is the holomorphic Chern
class

c : V 1,0 ∼= H1,0(F ) → H1,1(XΣ)

of ZK → XΣ and
c : V 1,0 ↪→ V 0,1 ⊕ V 0,1.
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Example 1
Aut(XΣ)/Aut

0(XΣ) ∼= Aut(N,Σ)
Kerα , where α : Aut(N,Σ) → Aut(H2(XΣ;Z)).

ZK ∼= S3 × S3, XΣ
∼= CP1 × CP1, F = T 1

C.

We have Aut(N,Σ) = D4, Aut(XΣ)/Aut0(XΣ) ∼= Z/2.

N(Aut(UC(K)),GΣ) ∼= GL(2,C)× GL(2,C)⋊ Z/2

Aut(ZK) ∼= N(Aut(UC(K)),H)/H ∼=
GL(2,C)× GL(2,C)

C
.

Mikhail Shengelia (HSE) May 13, 2026 11 / 14



Example 1
Aut(XΣ)/Aut

0(XΣ) ∼= Aut(N,Σ)
Kerα , where α : Aut(N,Σ) → Aut(H2(XΣ;Z)).

ZK ∼= S3 × S3, XΣ
∼= CP1 × CP1, F = T 1

C.

We have Aut(N,Σ) = D4, Aut(XΣ)/Aut0(XΣ) ∼= Z/2.

N(Aut(UC(K)),GΣ) ∼= GL(2,C)× GL(2,C)⋊ Z/2

Aut(ZK) ∼= N(Aut(UC(K)),H)/H ∼=
GL(2,C)× GL(2,C)

C
.

Mikhail Shengelia (HSE) May 13, 2026 11 / 14



Example 1
Aut(XΣ)/Aut

0(XΣ) ∼= Aut(N,Σ)
Kerα , where α : Aut(N,Σ) → Aut(H2(XΣ;Z)).

ZK ∼= S3 × S3, XΣ
∼= CP1 × CP1, F = T 1

C.

We have Aut(N,Σ) = D4, Aut(XΣ)/Aut
0(XΣ) ∼= Z/2.

N(Aut(UC(K)),GΣ) ∼= GL(2,C)× GL(2,C)⋊ Z/2

Aut(ZK) ∼= N(Aut(UC(K)),H)/H ∼=
GL(2,C)× GL(2,C)

C
.

Mikhail Shengelia (HSE) May 13, 2026 11 / 14



Example 1
Aut(XΣ)/Aut

0(XΣ) ∼= Aut(N,Σ)
Kerα , where α : Aut(N,Σ) → Aut(H2(XΣ;Z)).

ZK ∼= S3 × S3, XΣ
∼= CP1 × CP1, F = T 1

C.

We have Aut(N,Σ) = D4, Aut(XΣ)/Aut
0(XΣ) ∼= Z/2.

N(Aut(UC(K)),GΣ) ∼= GL(2,C)× GL(2,C)⋊ Z/2

Aut(ZK) ∼= N(Aut(UC(K)),H)/H ∼=
GL(2,C)× GL(2,C)

C
.

Mikhail Shengelia (HSE) May 13, 2026 11 / 14



Example 2
We may obtain different complex structures on UC(K)/RΣ

∼= ZK (which
are not biholomorphic to each other).

ZK ∼= (S3 × S5)#9#(S4 × S4)#8, XΣ
∼= Blp24, p15(CP1 × CP1), F ∼= T 2

C.
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Thank you for your attention!
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