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Z}C and U@(IC)
Let KC be a simplicial complex on [m] = {1,2,..., m}.
Moment-angle complex

Ze={(z1,...,zm) €D™: {i: |z]| <1} € K},

where D = {z € C: |z] <1}
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Z}C and Uc(IC)
Let KC be a simplicial complex on [m] = {1,2,..., m}.
Moment-angle complex

Ze={(z1,...,zm) €D™: {i: |z]| <1} € K},
where D = {z € C: |z] <1}

Uc(K) ={(z1,...,zm) €C™: {i: z=0} €K} =

—c™\ |J fzeCmiz=---=z =0}
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Y is simplicial ~ K = Kx = {/ C [m] : Cone(a;

[m]

iel)yex}

=



Linear Gale duality

Configuration A of vectors ay,...,an, in W* =< R"

0—V—=R" A W —0
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Linear Gale duality

Configuration A of vectors ay,...,an, in W* =< R"
0— V=R AW —0

V = Ker A the space of relations on a1,...,an

0—wARrR"L v 0
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Linear Gale duality

Configuration A of vectors ay,...,an, in W* =< R"
0— V=R AW —0

V = Ker A the space of relations on a1,...,an

0—wARrR"L v 0

Ker A = *(V),
™(v)=({y,v), ..., {(ym v)) € R"
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Real moment-angle manifolds

V x Uc(K) — Uc(K),

V-zZ= (e<’y1’v>21, ey e(’)’m,V>Zm) = exp I—*( ) "z
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Real moment-angle manifolds

V x Ug(K) = Uc(K),
V-zZ= (e<’y1’v>21, ey e(’)’m,V>Zm) = exp F*(v) "z

Ry = expl™ (V) =expKer A C (C*)™ C Aut(Uc(K)),

Ry = R™"
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Real moment-angle manifolds

V x Uc(K) — Uc(K),

V-zZ= (e<71’v>21, ey e<7m’v>zm) = exp F*(v) "z

Ry = expl* (V) =expKer A C (C*)™ C Aut(Uc(K)), Ry XR™"

Theorem (Panov, Ustinovsky, 2012)

Uc(K)/Ryx is a smooth manifold of dim = m + n, homeomorphic to Zj.
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Real moment-angle manifolds

V x Uc(K) — Uc(K),

V-zZ= (e<71’v>21, ey e<7m’v>zm) = exp F*(v) "z

Ry = expl* (V) =expKer A C (C*)™ C Aut(Uc(K)), Ry XR™"

Theorem (Panov, Ustinovsky, 2012)

Uc(K)/Ryx is a smooth manifold of dim = m + n, homeomorphic to Zj.

For a normal fan X of a polytope
P={weW: (ajw)+ b >0, i=1,...,m}, thisis the same smooth
structure as the one defined by

Zp={(z1,--,20) €CT: mla + .o+ mlzm|® = 0}

JR— m - -
for § = > "1 bivi.
May 13, 2026 5/14



Complex moment-angle manifolds

Assume m+ nis even, | = M7, J: V — V is an operator of complex

structure.

Ve=V0 g Vol vaevi0 oy
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Complex moment-angle manifolds
Assume m+ nis even, [ = T
structure.

>, J: V — Vs an operator of complex

V(C — Vl,O @ VO,l’

The complexified action:

VeV v v — iy

Ve x Ue(K) — Uc(K),
(u+iv) z=(emHng  mu)Fitmvly Y — exp T (u+ iv) - z,
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Complex moment-angle manifolds

Assume m 4+ n is even, | = % J: V — V is an operator of complex
structure.

V(C — Vl,O @ VO,l’

The complexified action:

VeV v v — iy

Ve x Ue(K) — Uc(K),
(u+iv) z=(emHng  mu)Fitmvly Y — exp T (u+ iv) - z,

The modified action of V:

V x Uc(K) = Uc(K),
vz = (e o em)=ilm ) gy — exp re(v—idv) -z

Mikhail Shengelia (HSE) May 13, 2026 6/14



Complex moment-angle manifolds

Assume m 4+ n is even, | = % J: V — V is an operator of complex
structure.

V(C — Vl,O @ VO,l’

The complexified action:

VeV v v — iy

Ve x Ue(K) — Uc(K),
(u+iv) z=(emHng  mu)Fitmvly Y — exp T (u+ iv) - z,

The modified action of V:

V x Uc(K) = Uc(K),
vz = (e o em)=ilm ) gy — exp re(v—idv) -z

H=TH(VI0) € (C)™ € Aut(Uc(K)), H=C
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Complex moment-angle manifolds

Assume m+ n is even, | = ’";”, J: V — V is an operator of complex
structure.

Ve = Vl,O @ VO,l’

The complexified action:

VeV v v — iy

Ve x Ue(K) — Uc(K),
(u+iv) z=(emHng  mu)Fitmvly Y — exp T (u+ iv) - z,

The modified action of V:

V x Uc(]C) — U@(IC),
V-:-Z= (e(’YI»V)ilK’YLJV)Z

1., e )=im I 7y — expTa(v — idv) - z
H=Tx(V0) c (€)™ ¢ Aut(Uc(K)), H=C
Theorem (Panov, Ustinovsky, 2012)

Uc(K)/H is a complex manifold diffeomorphic to Zj.
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Rational and regular fans
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Rational and regular fans
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Rational case

Consider the action

Ve x Uc(K) — Uc(K),
(utiv)-z= (e<’71’“>+"(’Y1,V>21

, e<’7m,V>+i<7myV>Zm) = eXp I_EE(IJ + IV)

= = = E DA
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Rational case

Consider the action

Ve x Ue(K) — Uc(K),

(u+iv) z= etz elmvitimvly Yy — exp T (u + iv)
In rational case, the corresponding group in automorphisms
Gy = expl(Ve) = expKer Ac C (C*)™ € Aut(Uc(K))

is (C*)?.
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Rational case

Consider the action
Ve % U(c(]C) — U@(IC),
(u+iv) z= etz elmvitimvly Yy — exp T (u + iv)
In rational case, the corresponding group in automorphisms
Gy = expl(Ve) = expKer Ac C (C*)™ € Aut(Uc(K))
is (C*)2/.
Theorem (Batyrev-Cox)
Y rational, regular. Then Uc(K)/Gs = Xx.
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Rational case

Consider the action
Ve % U(c(]C) — U@(IC),
(u+iv) z= etz elmvitimvly Yy — exp T (u + iv)
In rational case, the corresponding group in automorphisms
Gy = expl(Ve) = expKer Ac C (C*)™ € Aut(Uc(K))
is (C*)2/.
Theorem (Batyrev-Cox)
Y rational, regular. Then Uc(K)/Gs = Xx.

F
We have a principal F-bundle Zx /—> Xy, where F = Gy /H = T(é is a
complex compact torus.
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The main statement

Recall that for complete, rational, simplicial X

1= Gy = N(Aut(Uc(K), Gg) — Aut(Xs) — 1.
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The main statement

Recall that for complete, rational, simplicial X
1—- Gy — m(AUt(Uc(IC), Gz) — Aut(Xz) — 1.
Theorem (S.)

Y complete, rational, regular. Then

1— H— N(Aut(Uc(K)), H) —» Aut(Zx) — 1,
1 — H — ¢(Aut(Uc(K)), H) — Aut®(Zx) — 1.
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The main statement
Recall that for complete, rational, simplicial X

1— Gy = N(Aut(Uc(K), Gz) — Aut(Xs) — 1.
Theorem (S.)

Y complete, rational, regular. Then

1— H— N(Aut(Uc(K)), H) —» Aut(Zx) — 1,
1 — H — ¢(Aut(Uc(K)), H) — Aut®(Zx) — 1.
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€(Aut(Uc(K)), Gz) C N(Aut(Uc(K)), H) € N(Aut(Uc(K)), Gx)
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The main statement
Recall that for complete, rational, simplicial X

1— Gy = N(Aut(Uc(K), Gz) — Aut(Xs) — 1.
Theorem (S.)

Y complete, rational, regular. Then

1— H— N(Aut(Uc(K)), H) —» Aut(Zx) — 1,
1 — H — ¢(Aut(Uc(K)), H) — Aut®(Zx) — 1.

Moreover, €(Aut(Uc(K)), H) = €(Aut(Uc(K))Gs) and

€(Aut(Uc(K)), Gz) C N(Aut(Uc(K)), H) € N(Aut(Uc(K)), Gx)

MN(Aut(Uc(K)), Gx) is generated by €(Aut(Uc(K)), Gs) (that is a
connected affine algebraic group) and Aut(/N, X) (fan automorphisms).
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The main statement
Recall that for complete, rational, simplicial X

1— Gy = N(Aut(Uc(K), Gz) — Aut(Xs) — 1.
Theorem (S.)

Y complete, rational, regular. Then

1— H— N(Aut(Uc(K)), H) —» Aut(Zx) — 1,
1 — H — ¢(Aut(Uc(K)), H) — Aut®(Zx) — 1.

Moreover, €(Aut(Uc(K)), H) = €(Aut(Uc(K))Gs) and

€(Aut(Uc(K)), Gz) C N(Aut(Uc(K)), H) € N(Aut(Uc(K)), Gx)

MN(Aut(Uc(K)), Gx) is generated by €(Aut(Uc(K)), Gs) (that is a
connected affine algebraic group) and Aut(/N, X) (fan automorphisms).
N(Aut(Uc(K)), H) is distinguished by o, J = Joy,
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Holomorphic Chern class of Zx — Xs

f% V(C/VLO = V0717

Hl,O(F) ~ f* ~ W o~ Vl,O
Hl’l(Xz) ~ V(C* ~ V0,1 D Vl,O
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Holomorphic Chern class of Zx — Xs
f o V@/vl,o ~ V0,17 Hl,O(F) ~ f* ~ W o~ Vl,O
Hl,l(Xz) ~ V(C* ~ VO,l D Vl,O

Theorem (Panov, Ustinovsky, 2012)

Y complete, rational, regular. Then

H™"(2k) = [NV & VO @ H™(Xg), d],
where d(H**(Xs)) =0, d(V%1) =0
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Holomorphic Chern class of Zx — Xs
f o V@/vl,o ~ V0,17 Hl,O(F) ~ f* ~ W o~ Vl,O
Hl,l(Xz) ~ V(E ~ VO,l D Vl,O

Theorem (Panov, Ustinovsky, 2012)

Y complete, rational, regular. Then

H**(2) = INVH? @ V) ® H(Xz), d],

where d(H**(Xs)) = 0, d(V%') = 0 and d| 10 is the holomorphic Chern
class

c: VRO = HYO(F) — HM (Xz)

of Zx — Xs and
c: VIO s 0l g (01
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Example 1

Aut(Xs)/Autd(Xy) = AuE)

, where a: Aut(N,X) — Aut(H?(Xs; Z)).
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Example 1
Aut(Xg)/Autd(Xg) = 29N yhere o Aut(N, X) — Aut(H2(Xs; Z)).

Ker a

Ze=2S3xS3 Xs 2CP' xCPL, F= T(é.
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Example 1
Aut(Xg)/Autd(Xg) = 29N yhere o Aut(N, X) — Aut(H2(Xs; Z)).

Ker a

Zx >~ G3 « 53, Xs ~Cpl X(CPl, F= T(é.

We have Aut(N,X) = Dy, Aut(Xs)/Aut®(Xs) = Z/2.

N(Aut(Uc(K)), Gs) = GL(2,C) x GL(2,C) x Z/2
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Example 1
Aut(Xg)/Autd(Xg) = 29N yhere o Aut(N, X) — Aut(H2(Xs; Z)).

Ker a

Zx >~ G3 « 53, Xs ~Cpl X(CPl, F= T(é.

We have Aut(N,X) = Dy, Aut(Xs)/Aut®(Xs) = Z/2.

N(Aut(Uc(K)), Gr) = GL(2,C) x GL(2,C) x Z/2
GL(2,C) x GL(2,C)
C
T Y

Aut(Zx) = N(Aut(Ue(K)), H)/H =




Example 2

We may obtain different complex structures on Uc(K)/Ryx = Zx (which
are not biholomorphic to each other).
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Example 2

We may obtain different complex structures on Uc(K)/Ryx = Zx (which
are not biholomorphic to each other).

Zic 2 (83 x S®)#04(S* x SH#8, Xy 2 Bly,, pis(CPL x CPY), F 2 T2
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Thank you for your attention!
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