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(V, E):
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E = {nepeceuenus}

B0

PO R

Fig. 1.

Graph of Chinese phrase “[* %4%”. The length of the phrase is { =

2. There are two full-connected subnets around the phrase. The one is
constructed by nodes containing “[{”, and the other is constructed by

nodes containing “%%”.
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nature

Explore content ¥  About the journal ¥  Publish with us Vv Subscribe

nature > letters > article

Letter | Published: 04 June 1998

Collective dynamics of ‘small-world’ networks

Duncan J. Watts ™ & Steven H. Strogatz

Nature 393, 440-442 (1998) ‘ Cite this article

205k Accesses | 29k Citations | 607 Altmetric | Metrics

Abstract

Networks of coupled dynamical systems have been used to model biological oscillators!-422,
Josephson junction arrays>,%, excitable mediaZ, neural networks®212, spatial games!., genetic
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«Peanpapie) ceTu

* Bricokas KiacTepu3alvs Uin JOKaJIbHas
IJIOTHOCTH CBA3EHU

_ Li jkeV(G) %ijRjkaki

1
Cws(G) = - ZiEV(G) Ci, € = di(d;—1)

* Bricokasg 3()peKTUBHOCTS JJIsI ITOTOKA
MH(pOpMAalMY WUIH TOCTHXKUMOCTD

L(G) = diam(6) + 1 — = ¥ ey (g Rad (D),

Rad(i) _ Zje V(G)J-ii(dia:i(lG)+1—dist(i,j))




CeTHu Maaoro Mmupa

Regular Small-world
Moagean Yorrca-Crporamna

e CTpouM KOJIBIIO - peryisapHbIi rpad (n, 2k)
» «llepenoakarogaem» Bce pedpa C

BEPOSATHOCTBIO P K CIIYYANHON BEPIIUHE C
COXpaHEHHUEM IIPOCTOTHI I'pada

Increasing randomness
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Emergence of Scaling in Random Networks

ALBERT-LASZLO BARABASI AND REKA ALBERT Authors Info & Affiliations

SCIENCE - 150ct1999 . Vol 286, lssue 5439 . pp. 509-512 - DOl 10.1126/science.286.5439.509

Abstract

Systems as diverse as genetic networks or the World Wide Web are best described
as networks with complex topology. A common property of many large networks is A
that the vertex connectivities follow a scale-free power-law distribution. This fea-
ture was found to be a consequence of two generic mechanisms: (i) networks ex-

pand continuously by the addition of new vertices, and (ii) new vertices attach 2

nraferentially tn citee that are alreadyv well ronnerted A mndel haced nan theca twn
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rie A, - 3To ajire6panyecKas CBA3HOCTb rpada UK BTOpoe COOCTBEHHOE
3HaueHHE Marpulpl Jlamnaca (A < A, < - < A,).

« T[2025]. Ecnu B rpade creneHsb BepuHbl d; < 2, 10 &; = h(G). lnsa mo0oii
BEPILHMHBI BEIITOJHEHO

( n
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riae h(G) unciao Yurepa rpada G.




Kcu-11eHTPpaJIbHOCTD

[I]>

Zes..,

:EV(("

* HopMann3oBaHHBIN KCU-KOA(DOUIIMEHT HE 3aBUCUT OT pa3Mepa CeTH B Mojienn b-A

1.0
000000 10

0.9
0.8 ......

08 4
0.7

oooooo
o§i+——F———+—————————————Seesss el
oooooo
=hat
0.5 =
E
------

0.4 D4
03 = ee®sse
0.2 o
01l egecee

0.0 4
0.0

1n/30 5n/30 9n/30 13n/30 17n/30 21n/30 25n/30 29n/30 07'0 o'z Dld E}Iﬁ {!'5 1'0 32

n = [200, 500, 750, 1000, 1500, 2000],M = [n/30, ..., 29n/30] Normalized ksi-coefficient



KcH-1IEHTPanbHOCTH

* KCu-LIeHTpabHOCTh M HOPMAJIM30BaHHAS UMEIOT MOX0KYIO (POpMY pacrpeacacHus

Facebook network Collaboration network Facebook network Collaboration network
BOO 800
%- 500
& 700 700
&
=
i 600 200 800
@
i)
>
g 500 N =0
¥ 400 2 2 00
i
= 300 200 200
]
=
®
§ 00 200
=
3 100
100 100
I o \ . ” . L . . . "
400 00 ana 1000 o 10 20 0 40 50 B0 7 aod 005 ol 015 020 025 0.000 0.002 0.004 0.006 0.008 0010 0.012 0014
2} Ehati Ehati
Social network of LastFM C.elegans connectome Social network of LastFM C elegans connectome
50
800 800
500 500

Number
Number

0015 0020 0025 0030
Fhati

150 200

33



Kcu-11eHTPpaJIbHOCTD

* Kcu-pacnpenenenuns 1 40 pa3InyHbIX peajibHbIX CETEH

[ R e T o R =) T ¥ B - O 6 Ry W

name
C. elegans interactome

Human protein interactome

Art exhibit dynamic contacts
Douban friendship network
Facebook network

Collaboration network

Social network of LastFM

Twitch Social Networks Deutsch
Social Network advogato
Infrastructure Network openflights
Web Graph EPA

Web Graph spam

Gemsec Deezer dataset Croatia
Gemsec Deezer dataset Hungary
Gemsec Deezer dataset Romania
Gemsec Facebook dataset artist
Gemsec Facebook dataset athletes
Gemsec Facebook dataset company

Gemsec Facebook dataset government

nn
8990
9375
10985
137213
4041
5244
7442
12611
2941
6553
4273
4769
89490
73662
41775
79667
13868
14115
7059

ne aver norm ksi

175735
146999
44521
291734
88235
14497
27795
153139
15678
43428
8910
37376
498203
222888
125827
819307
86859
52311
89456

1.426E-02
8.186E-03
5.517E-04
3.165E-04
1.996E-02
1.140E-03
2.804E-03
2.132E-02
1.381E-02
1.007E-02
1.323E-02
1.208E-02
2.656E-04
1.261E-04
1.990E-04
1.527E-03
2.594E-03
1.196E-03
8.174E-03

19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39

Gemsec Facebook dataset new sites
Gemsec Facebook dataset politician
Gemsec Facebook dataset public figure
Gemsec Facebook dataset tvshow
DBLP collaboration network

Gowalla location based online social network

Brightkite location based online social network

Amazon product network

Email communication network from Enron

Arxiv High Energy Physics paper citation network

Biological Network grid-human

Vidal human interactome

Brain Network fly-drosophila-medulla-1
Protein interactomes across the tree of life
Marvel Universe social network

Global nematode-mammal interactions
Internet Autonomous Systems graph
Scientific collaborations in physics

EU national procurement networks FR 2011
Stack Overflow favorites

WordNet relationships

42078
5910
11567
3894
317082
196593
58230
334865
36694
34548
18874
3135
1783
27277
19253
32220
47993
49195
51921
670816
181537

206260
41730
67115
17263

1049867

950328

214079

925873

183832

420922
62365

6726
9017

440136
95498
61605

109771

175693
87197

1301943

657000

7.020E-04
5.475E-03
2.746E-03
2.747E-03
4.671E-05
2.430E-03
8.407E-04
3.153E-05
6.338E-03
1.489E-03
1.683E-03
5.018E-03
5.926E-02
7.592E-03
9.612E-03
7.087E-04
1.033E-02
1.946E-04
1.328E-03
4.011E-04
2.990E-04

34



10!

10

Kcu-11eHTPpaJIbHOCTD

* Kcu-pacnpenenenus st 40 pa3iMuHbIX PEATBHBIX CETEH

W'

Facebook network Facebook network
200
175
150
125
|
- e L T IN}
T T T T T !\I T | ‘ T T |
200 400 600 800 1000 0 200 400 800 800 1000

Collaboration network

Collaboration network

800

100

600

500

400

35




Arxiv High Energy Physics paper citation network Arxiv High Energy Physics paper citation network

Kcu-11eHTPpaJIbHOCTD

* Kcu-pacnpenenenus st 40 pa3iMuHbIX PEATBHBIX CETEH

2500 4

2000 A

1500 A

1000 A

200 400 €00

Vidal human interactome

800

200

175 A

125

100 A

FAY
1004+ %
-
S
-
-
.
10® + -
L]
A
L3
>
-
-
101 4 e
.
os o
-.- - -
R > & os .
10° - . sommmene
o 200 400 600 800
Vidal human interactome
-
-
10° -
- .‘
. * .
.
.
-n"', - -
.
T e .
10* ¥ .3
-ee
e e e e
.
o we .
. P .
10] . - . - - - - -
v . T v T -
] 20 40 60 80 100 120

200

100

Biological Network grid-human

0 50 150 200 250 300

Brain Network fly-drosophila-medulla-1

0 200

400 600 800

10°

107

10®

10°

10

10°

Biological Network grid-human

‘-
1"?_
-
5
R .
.'{..'
e .
..- -
- 2 .
..\ &, »
. ®. i
. .
-
e vemees we
o S0 100 150 200 250 300

Brain Network fly-drosophila-medulla-1

] -
-
b Y
..
#e
e
-
Pee o .
O
.
] * ames e -
>
- .
- e - .
. .
- - -
| - o oo
r : . . r
0 200 400 600 800



Kcu-11eHTPpaJIbHOCTD -

ieV(QG)
skewness = 33
1 R
. § Ly (&-Ep
* [ ucTorpaMmbl KCU-paCpeacIiCHUM 111 MOAECJIbHBIX CETEU evia)
ER ws BA BHL
mmm Distributicn mmm Distribution 160 4 mmm Distribution 1401 mm Distribution
— Weibull fit — Weibull fit — Weibull fit —— Weibull fit
1201 sh= 4.59, loc= 619.36, sc= 23.18 100 1 sh= 4.04, loc= 10.56, sc= 5.52 140 { sh=4.14, loc= 77.28, sc= 68.75 | 120 { sh=2.33, loc= 25.92, sc= 86.48

skeweness= 0.360 skeweness= 0.734

skeweness= -0.022 skeweness= -0.102

630 &40 14 16 80 100 120 140 160 180 200 220 100 150
Probability Plot Prabability Plot Probability Plot Probability Plot
o 20 ] 220 4 . o®
655 250 L)
200 iy
650 4
] 180 4 200
645
b o D D
E H 5 160 H
2 540 £ 16 £ £ 150 4
B B B T
by o 5 140 - T
E 835 B = E
=] =] =] =]
14 1 120 A 100 4
630 4
625 100 4
12 | 50 1
.
6204 ® 01
T T T T T T T T T T T r T T T T T T T T T T 37
625 630 635 &40 845 650 655 12 14 16 18 20 100 120 140 160 180 50 100 150 200 250
Theoretical guantiles Theoretical quantiles

Theoretical quantiles Theoretical quantiles



* [ ucrorpaMmmbl KCU-pacOpeaciiCHUI A PEaJbHbIX CETEU

Gemsec Facebook dataset company (t=1, undir)

Twitch Social Networks Deutsch (t=1, undir)

mm Distribution
700 4 —— Weibull fit
sh=1.11, loc= 1.98, sc= 382.07
800 | skeweness= 3.778
500 4
400 -
300 4
200 4
100 A
0 -k T T |
] 1000 2000 3000 4000
Probability Plot
3000
2500
2000 .
1500 4
1000 4
500 4
0
0 500 1000 1500 2000 2500 3000

Theoretical guantiles

Kcu-11eHTPpaJIbHOCTD

1600

1400

1200 A

1000 4

Ordered Values

Saocial Network advogato (t=1, undir)

800 4

600

400

200 4
) _L " : :

mmm Distribution

— Weibull fit
sh=1.22, loc= 0.31, sc= 81.54
skeweness= 3.536

) 200 00 £00 800
Probability Plot
500
400 {
e 9
300
200
100 1
0 N
0 W0 2200 300 400 500

Theoretical guantiles

1200 A

1000 4

800 4

600

400 4

200

[=]

mmm Distribution

— Weibull fit
sh= 1.06, loc= 1.00, sc= 16.35
skeweness= 3.580

50 100 150 200

Probability Plot

140 4

120

100 4

Ordered Values

=

20

0 6 80 100
Theoretical quantiles

120 140

Ordered Values

skewness

L Y (&2

i€V(G)

3

LY (G-

i€V (G)

Social network of LastFM (t=1, undir)

500 4

300

200

100 4

B Distribution
— Weibull fit

sh= 122, loc= 1.00, sc= 20.63

skeweness= 3368

150

Probability Plot

200

140

120 4

100 A

38

=

20

40 60 80
Theoretical guantiles

100

120

3/2



ﬂ@ﬂ{

Cepust THBapUAHTOB

1, ke N®i),

0, otherwisec.

39



:ﬂc‘f(’ﬂ){ ’

0,

1

Cepust THBapUAHTOB

ke NI(i), g (Lxﬁxﬁ)

otherwise. N ()d ; X‘:) |

fori € V(G)

40



Cepust THBapUAHTOB

()
= (XJ,X'?) , fori e V(G)

1, ke Ni®i),

0, otherwisec.

xf(k){

Theorem 2. Consider an undirected graph G. Let h(G) be the Chegeer number of G. If N7 (i)| < %,
then & > h(G).

Theorem 3. Consider an undirected graph G. Let 0 = A\ < Ay < -+ < Ay, be the Laplacian matriz
spectrum. Then & < \,.
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Xi (k) =

Cepust THBapUAHTOB

Iaiﬁ

0,

1, ke N3i),

otherwise.

A W
§; .

— fori e V(QG)
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. 1,
xi(k) =1,

Cepust THBapUAHTOB

ke N(i),

otherwise.

&

I

X} X

, fori € V(G)
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k) =1{"

Cepust THBapUAHTOB

ke N(i),

0, otherwisec.
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llenTpanbHOCTH

Graph Name $ VI # E # dpax® dayg® 1 % Tl 3 Tag® Thax® Kag¥® K & K& Wy, # Size # Download #
— ia-crime-moreno 829 KK 25 3 -016 | 57 - 5 0.01 0.01 4 3 5KB X Download
= ia-dbpedia-team-bi 365K | 890K @ 2K 4 -0.20 14K - 747 0.00 0.00 | 12 6 2MB X Download
= ia-dnc-corecipient 906 | 12K 462 26 -0.09 = 782K | 863 14K 0.61 0.56 | 75 38 41KB X Download
= ia-email-EU-dir 2f \ 13 1MB X Download

PeajgbHbIe E—
HaHHI)Ie = ia-email-univ H

KaR CBHBaHI)I 3TI/I 1 168 KB & Download

[95]

. I I

b I
b

h

| I

b

o

‘) 12 15 KB & Download
CHTPAJBbHOCTH

= ia-enron-email-dynamic 8 II ¢ 21 4MB | & Download
= ia-enron-large SM TR O Uz ZW oL TSR U1 TUY % 17 496 KB = & Download
= ia-enron-only 143 623 42 8 -0.02 | 3K 18 125 043 036 10 8 2 KB & Download
= ia-escorts-dynamic 10K 51K 616 10 -0.06 | 23K 2 3K 0.01 0.01 42 4 272 KB | & Download
= ia-fb-messages 1K 6K n2 10 -0.08 7K 5 242 0.07 0.04 | 12 5 19 KB & Download
= ia-frwikinews-user-edits 25K | 194K | 33K 15 -0.25 | 3M 127 316K 0.30 0.00 18K 27 972 KB | & Download
75 VK AK RRd4 nng 47M ARIRK AaM 2RR n7s K 77 N8 KR 2 Nownlnad
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llenTpanbHOCTH

1
ZtEV(G) dist(i,t)

* IenTpanabHocThb 01m3octu Clo(i) =

* HentpanbHocth crpecca Str(i) = g cy(g) see=i st (1), TIE 05 (1) - KOMMIECTBO
KpaT4aniinx nyTeu u3 S B t yepes L.

. )
* LlenTpanbHocTh MO nocpeanunyectTBy BC(i) = ), S,tEV(G),s£t#i S;T, I7IC Ot -

KOJIMYECTBO KpaT4YanIIUX IyTEN U3 S B L.



CeTHu Maaoro Mmupa

» T [Estrada E., 2015]. Jns rpada measuuiy W (n, k) BBIIOIHEHO
lim Cys (W(n,k)) =1,
n—>00

lim C(W(n, k)) = 0.

n—00

Xi jkeV(G) ijAjkAki
Zi eEV(G) di(di—1)

- C(G) =
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CeTHu Maaoro Mmupa

» T [Estrada E., 2015]. Jns rpada measuuiy W (n, k) BBIIOIHEHO
lim Cys (W(n,k)) =1,
n—>00

lim C(W(n, k)) = 0.

n—00

Xi jkeV(G) ijAjkAki
Zi eEV(G) di(di—1)

- C(G) =

T [2024]. Eciu [uis 10061 IByX BEPIIMH Ipada cienyer d; < d; = ¢; < ¢j, Torma

Cyws < C, muaobopor, ecnmu d; < d; = ¢; = ¢j, 10 Cyys = C.



CeTHu Maaoro Mmupa

* T [2024]. 11 1:000r0 HEOPUEHTUPOBAHHOI'O IIPOCTOIO rpaxSa G,

1 Str(i)
ws(6) = n 2 (1 Cdid;-1)

1eV(G)



CeTHu Maaoro Mmupa

* T [2024]. 11 1:000r0 HEOPUEHTUPOBAHHOI'O IIPOCTOIO rpawSa G,

1 Str(i)
ws(6) = n 2 (1 Cdid;-1)

1eV(G)

* T [2024]. Ecnu ni1s 1r00bIX ABYX BEPIIHH CBSA3HOTO I€0JIE3UNUECKOTO rpada cieayer
d; < d;> Str(i) < Str(j), To

1 (L(G) —1)(n—1) 4HCI0 BUCAYHUX BEPIINH
1—-Cys(G) < — +
WS( ) n di(di — 1) n

IEV(G)




llenTpanbHOCTH

e T [Strang A., 2017]. JIns rpada mrodoro rpada G BBIIOIHEHO
1
Ejoc(G) < - (1 = Cys(G)).

1 1
n(n-1) Zs,tEV(G),s:tt dist(s,t)’

o JlokaabHasi 3¢dexTuBHOCTh (cpeansia) E;,.(G) = %Ziev(c) E(N(i)).

 llenTpanabHocTh dpdexTBHOCTH E(G) =



llenTpanbHOCTH

OnpenenuM CpeaHnue JIOKAIbHbIE AaHAJIOTH JUJIS LIEHTPAJIbHOCTEM:

* Cpeansisi 1okajabHast betweenness BC;,.(G) = %ZvEV(G) BC(i,N(i)).

* Cpennsisi 10KaIbHast paananbHocTh Radio (G) = ~Yicy(q) veNQ) - .
l




llenTpanbHOCTH

* 3aBUCHUMOCTH MEXKAY CPEIHUM KJIACTEPHBIM KOI(PPHUIIMEHTOM U LIEHTPATbHOCTIMM:

T[2024]. Cys(G) < 1 — BCpy(G).
T[2024]. Cy<(G) = Rad,,.(G) — 1 +

gyucso N (i) sABJI.MOJHBIMH rpadamMu
" :



llenTpanbHOCTH

* 3aBUCHUMOCTH MEXKAY CPEIHUM KJIACTEPHBIM KOI(PPHUIIMEHTOM U LIEHTPATbHOCTIMM:

T[2024]. Cys(G) < 1 — BCpy(G).
T[2024]. Cy<(G) = Rad,,.(G) — 1 +

gyucso N (i) sABJI.MOJHBIMH rpadamMu
" :

* 3aBMCHMOCTHU MEXKIY JUIMHOM CPEIHETO KpaTYaMIIEro IyTH U HEHTPATbHOCTIMMU:

n

T[2024]. L(G) = .
1[2024]. L( )—Ziem) o




Cnacu6o 3a BauMmanue!
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