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Complex Grassmann manifolds Gn,2

Points in Gn,2 = G2(Cn) are represented by n × 2 complex matrices

X =

z1 w1
...

...
zn wn

 , rkX = 2,

up to the right GL(2,C)-action. The Plücker coordinates

P ij = ziwj − zjwi , 1 ≤ i < j ≤ n

are defined up to C∗-action.
There are canonical left actions of Tn = (S1)n and (C∗)n on Gn,2.
The effective actions of T n−1 = Tn/ diag(Tn) on Gn,2 have
complexity n − 3.

The Tn-actions on Gn,2 for n ≥ 4 served as model examples for the new
theory of torus actions of positive complexity developed by
V. M. Buchstaber and S. Terzić.
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T n-invariant atlas on Gn,2

For each pair (i , j) with 1 ≤ i < j ≤ n, define the chart

Mij = {L ∈ Gn,2 | P ij(L) ̸= 0}

with
φij : Mij → C2(n−2), φij(L) = (zk ,wk)k ̸=i ,j ∈ C2(n−2),

where we set (zi ,wi ) = (1, 0) and (zj ,wj) = (0, 1) via the GL(2,C).
Each Mij is Tn-invariant.
Each Mij contains exactly one Tn-fixed point xij = spanC{ei , ej}.
The charts {Mij} form a Tn-invariant atlas on Gn,2.
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Stratification of Gn,2

Let σ be a set of 2-indices (i , j) with 1 ≤ i < j ≤ n. Then define

Wσ =
⋂

(i ,j)∈σ

Mij ∩
⋂

(i ,j)/∈σ

(Gn,2 \Mij).

Equivalently,

Wσ = {L ∈ Gn,2 | P ij(L) ̸= 0 ⇔ (i , j) ∈ σ}.

If Wσ ̸= ∅, then σ is admissible and Wσ is a stratum.

Example

σ =
([n]
2

)
is admissible and W = W([n]2 )

is an open dense stratum,

σ = ∅ is not admissible.
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Stratification on Gn,2

Strata Wσ are invariant under the actions of the tori Tn and (C∗)n.

Gn,2 =
⊔

σ admissible
Wσ, Wσ ∩Wσ′ = ∅ for σ ̸= σ′.
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Moment Map and Admissible Polytopes

Moment map for the Tn-action on Gn,2 is defined as

µ : Gn,2 → Rn, L 7→ 1∑
i<j |P ij(L)|2

∑
i<j

|P ij(L)|2Λij , Λij = ei + ej .

The hypersimplex ∆n,2 is the image
µ(Gn,2) and

∆n,2 = conv{Λij | 1 ≤ i < j ≤ n}.

For an admissible set σ, define the
admissible polytope

Pσ = conv{Λij | (i , j) ∈ σ}.

Proposition

µ(Wσ) = P̊σ.
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Admissible Polytopes in ∆4,2
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Spaces of Parameters

For a stratum Wσ we have:
The orbit space Wσ/Tn together with the moment map projection

µ̄ : Wσ/Tn −→ P̊σ.

Spaces of parameters Fσ = Wσ/(C∗)n together with the projection

qσ : Wσ/Tn −→ Fσ.

Theorem (Buchstaber–Terzić)
The map

hσ : Wσ/Tn −→ P̊σ × Fσ, hσ = (µ̄, qσ)

is a homeomorphism.

Matvey A. Sergeev Universal Space of Parameters 15.05.2026 10 / 29



On the topological model for the orbit space Gn,2/Tn

For σ =
([n]
2

)
we have an open dense subset

W /Tn ∼= ∆̊n,2 × F in Gn,2/Tn.

The idea of model spaces goes back to E. B. Vinberg.

Problem (Buchstaber-Terzić)
For n ∈ N, construct a topological model for Gn,2/Tn: find a smooth
compact manifold Fn and a continuous projection

π : ∆n,2 ×Fn −→ Gn,2/Tn

such that π is compatible with the homeomorphisms hσ for all admissible σ.

If such projection exists, then

Gn,2/Tn ∼= ∆n,2 ×Fn/ ∼ .
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Universal Space of Parameters

Smooth manifold Fn is a universal space of parameters iff:

Fn is a compactification of F .

There exists a projection

π : ∆n,2 ×Fn −→ Gn,2/Tn

extending the homeomorphism h−1 : ∆̊n,2 × F → W /Tn.

µ̄ ◦ π = pr1 for pr1 : ∆n,2 ×Fn → ∆n,2.

For each ptσ ∈ P̊σ, the space F̃σ = π−1(ptσ ×Fσ) does not depend on
the choice of ptσ, and neither does the projection pσ = qσ ◦ π.

Matvey A. Sergeev Universal Space of Parameters 15.05.2026 12 / 29



Virtual Spaces of Parameters

The spaces F̃σ are the virtual spaces of parameters equipped with the
projections

pσ : F̃σ −→ Fσ.

Observe that
Fn =

⋃
σ

F̃σ

and for x ∈ P̊σ and c ∈ F̃σ

π(x , c) = h−1
σ

(
x , pσ(c)

)
.

Question
How can such a projection be constructed?
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Buchstaber–Terzić Approach

Fix a chart Mij and take coordinates (zk ,wk)k ̸=i ,j ∈ C2(n−2).
For an index pair (p, q) with p, q ̸= i , j , define [cpq : c ′pq] ∈ CP1 by

c ′pqzpwq = cpqzqwp.

Take an embedding fij : F ↪→ (CP1)(
n−2
2 ) given by

[L] 7−→
(
[cpq : c ′pq]

)
1≤p<q≤n, p,q ̸=i ,j

∈ (CP1)(
n−2
2 ).

Proposition

The closure F̄ of the image fij(F ) in (CP1)(
n−2
2 ) is given by

(n−2
3

)
cubic

equations

c ′pqcpkc
′
qk = cpqc

′
pkcqk , 1 ≤ p < q < k ≤ n, p, q, k ̸= i , j .
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Buchstaber–Terzić Approach

For charts Mij and Mpq, define the coordinate automorphism

fij ,pq = fpq ◦ f −1
ij .

Find a compactification F̂n of F ⊆ (CP1)(
n−2
2 ) such that the maps

fij ,pq extend to homeomorphisms on F̂n.

Apply the wonderful compactification to F ⊆ (CP1)(
n−2
2 ) along the

submanifolds where fij ,pq does not extend.

Theorem (Buchstaber–Terzić, 2023)

The space Fn = F̂n is a universal space of parameters for the Tn-action on
Gn,2. Moreover, Fn is diffeomorphic to the Chow quotient Gn,2//(C∗)n and
hence to the moduli space M0,n of stable rational curves.
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Moduli Spaces M0,n of Rational Curves with n points

A rational curve is a complex algebraic curve biholomorphic to CP1.

Moduli spaces M0,n are smooth non-compact manifolds defined as

M0,n =
(CP1)n \∆
PGL(2,C)

, ∆ = {ci = cj | 1 ≤ i < j ≤ n},

with the pointwise action of PGL(2,C) = Aut(CP1).
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Gel’fand-MacPhearson correspondence

For a fixed σ, define Matσn,2(C) as the set of complex n × 2 matrices
X with rows (zk ,wk) for 1 ≤ k ≤ n such that

ziwj − zjwi ̸= 0 ⇔ (i , j) ∈ σ.

Two commuting actions: (C∗)n ↷ Matσn,2(C) ↶ GL(2,C).

By definitions, Wσ = Matσn,2(C)/GL(2,C) and Fσ = Wσ/(C∗)n.

By changing the order of the factorizations, we obtain

Fσ ∼=
Matσn,2(C)/(C∗)n

PGL(2,C)
.

The nonzero rows (zk ,wk) are now viewed as points [zk : wk ] ∈ CP1.
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Spaces of Parameters as Moduli Spaces of Rational Curves

For an admissible σ, the nonzero rows (zk ,wk) split into N = N(σ) groups
of pairwise proportional vectors in C2. Thus, we have proved

Theorem
Fσ is homeomorphic to M0,N(σ). For the main stratum W , the parameter
space F is homeomorphic to M0,n.
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Rational Normal Curves

Recall a well-known Veroneze map:

vn : CP1 −→ CPn−2, [t0 : t1] 7→ [tn−2
0 : tn−1

0 t1 : t
n−3
0 t21 : . . . : tn−2

1 ].

C = vn(CP1) is isomorphic to CP1.

PGL(n − 1,C)-action on CPn−2 defines rational (normal) curves.

Theorem
The family of rational normal curves passing through n points x1, . . . , xn in
general position in CPn−2 is isomorphic to the moduli space M0,n.
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Stable Rational Curves

If we allow rational curves to have nodal singularities (xy = 0), we
obtain a nodal rational curves.

A nodal rational curve C with marked points x1, . . . , xn ∈ C is stable
if the points xi do not lie at the nodes and Aut(C ) is finite.

Theorem
Every stable rational curve with n marked points is uniquely realized as a
stable curve passing through a given set of points x1, . . . , xn in general
position in CPn−2.

The Deligne–Mumford compactification M0,n is realized as the moduli
space of stable rational curves.

Matvey A. Sergeev Universal Space of Parameters 15.05.2026 21 / 29



Virtual Spaces of Parameters

For admissible σ we have Fσ ∼= M0,N(σ).

Define F̃σ = M0,N(σ).

There is an embedding

ισ : M0,N(σ) ↪→ M0,n.

There is a projection

pσ : M0,N(σ) −→ M0,N(σ).
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Embedding ισ : M0,N(σ) ↪→ M0,n

An admissible set σ defines a disjoint partition

[n] = A1 ⊔ · · · ⊔ AN(σ) ⊔ B, Ai ̸= ∅, N(σ) ≥ 2.

Step 1. Take marked points y1, . . . , yN(σ) in general position in CPN(σ)−2.

Step 2. Take rational stable curve C with marked points y1, . . . , yN(σ).

Step 3. Blow up C at yi and replace yi with |Ai | marked points xj for
j ∈ Ai .

Proposition⋃
σ ισ(M0,N(σ)) = M0,n.
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Projection pσ : M0,N(σ) −→ M0,N(σ)

Step 1. Take marked points y1, . . . , yN(σ) in general position in CPN(σ)−2.

Step 2. Take a stable rational curve C ′ with marked points x1, . . . , xn
obtained by blowing up C according to σ.

Step 3. Contract the components containing the marked points
corresponding to A1, . . . ,AN ,B separately.
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Projection π : ∆n,2 ×Fn → Gn,2/Tn

Conjecture (work in progress)

The projection π defined via F̃σ and pσ is well defined.
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