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Àííîòàöèÿ

Ïðîäîëæàÿ èçâåñòíóþ àíàëîãèþ ìåæäó �âåùåñòâåííîé� è
�êîìïëåêñíîé� àëãåáðàè÷åñêîé òîïîëîãèåé, ìû èçó÷àåì

(1) Ãðàäóèðîâàííóþ F2-àëãåáðó Ëè
L(RCK) =

⊕
k≥1 γk(RCK)/γk+1(RCK), ïðèñîåäèí¼ííóþ ê

íèæíåìó öåíòðàëüíîìó ðÿäó ïðÿìîóãîëüíîé ãðóïïû Êîêñòåðà
(Vylegzhanin, Veryovkin, 2026; accepted to Moscow Math. J.);

(2) Êâàçè-àëãåáðó Ëè π∗+1((CP∞, ∗)K) îòíîñèòåëüíî ñêîáêè Óàéòõåäà
(Panov, Theriault, Vylegzhanin, work in progress).

Îñíîâíàÿ òåìà äîêëàäà � íîâåéøèå ïðîäâèæåíèÿ â çàäà÷å (1),
âäîõíîâë¼ííûå àíàëîãèåé ñ çàäà÷åé (2).

Ôåäîð Âûëåãæàíèí (ÌÈÀÍ, ÂØÝ) Èòåðèðîâàííûå ñêîáêè è (X , A)K 14.05.26, Ñèðèóñ 2 / 14



Ïîëèýäðàëüíûå ïðîèçâåäåíèÿ

Äëÿ íàáîðà ïàð (X ,A) = ((X1,A1), . . . , (Xm,Am)), Xi ⊃ Ai è
ñèìïëèöèàëüíîãî êîìïëåêñà K íà ìíîæåñòâå âåðøèí [m] = {1, . . . ,m}
îáîçíà÷èì

(X ,A)K :=
⋃
I∈K

(∏
i∈I

Xi ×
∏

j∈[m]\I

Aj

)
⊂ X1 × · · · × Xm.

Íàïðèìåð, (X ,A)•• = (X1 × A2) ∪ (A1 × X2) ⊂ X1 × X2.

Òåîðåìà

Èìååì ãîìîòîïè÷åñêîå ðàññëîåíèå (CΩX ,ΩX )K → (X , ∗)K →
∏m

i=1 Xi .

Â òîðè÷åñêîé òîïîëîãèè âàæíóþ ðîëü èãðàþò

ìîìåíò�óãîë-êîìïëåêñ ZK := (D2, S1)K,

ïðîñòðàíñòâî Äýâèñà�ßíóøêåâè÷à (CP∞, ∗)K,
èõ âåùåñòâåííûå àíàëîãè RK := (D1, S0)K, (RP∞, ∗)K.
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Ñðàâíåíèå âåùåñòâåííîãî è êîìïëåêñíîãî ñëó÷àÿ
Ïóñòü F ∈ {R,C}, F× := F \ {0}. Ïî òåîðåìå, èìååì ãîìîòîïè÷åñêîå
ðàññëîåíèå

(CF×,F×)K → (FP∞, ∗)K p−→ (FP∞)m.

Áîëåå òîãî, ó Ωp åñòü ãîìîòîïè÷åñêîå ñå÷åíèå, ïîýòîìó äëÿ k ≥ 1
èìååì òî÷íóþ ïîñëåäîâàòåëüíîñòü ãðóïï

1 → Gk((CF×,F×)K) → Gk((FP∞, ∗)K) → Gk(FP∞)×m → 1,

Gk(X ) := [Σ(F×)∧k ,X ].
Ïðè F = R ïîëó÷àåì òî÷íóþ ïîñëåäîâàòåëüíîñòü ãðóïï

1 → π1(RK)︸ ︷︷ ︸
=RC′

K

→ π1((RP∞, ∗)K)︸ ︷︷ ︸
=RCK

→ π1(RP∞)×m︸ ︷︷ ︸
=(Z/2)m

→ 1;

ïðè F = C ïîëó÷àåì òî÷íóþ ïîñëåäîâàòåëüíîñòü êâàçè-àëãåáð Ëè

0 → π∗(ZK) → π∗((CP∞, ∗)K) → π∗(CP∞)⊕m︸ ︷︷ ︸
=Zm, deg=2

→ 0.
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Ôëàãîâûé ñëó÷àé
Ïðÿìîóãîëüíàÿ ãðóïïà Êîêñòåðà:

RCK := ⟨g1, . . . , gm | g2
i = 1; (gi , gj) = 1, {i , j} ∈ K⟩.

Ëåãêî ïðîâåðèòü, ÷òî π1((RP∞, ∗)K) ∼= RCK, ïîýòîìó π1(RK) ∼= RC′
K.

Ñèìïëèöèàëüíûé êîìïëåêñ K ôëàãîâûé, åñëè ëþáîé íàáîð ïîïàðíî
ñîåäèí¼ííûõ âåðøèí îáðàçóåò ñèìïëåêñ (ýêâèâàëåíòíî, åñëè K � ýòî
êëèêîâûé êîìïëåêñ ãðàôà sk1K). Äàëåå K ïî óìîë÷àíèþ ôëàãîâûé.

Òåîðåìà (Äýâèñ / Ïàíîâ, Âåð¼âêèí)

K ôëàãîâûé ⇔ (RP∞, ∗)K àñôåðè÷íî ⇔ RK àñôåðè÷íî.

Êîìïëåêñíûé àíàëîã: îïèñàíèå àëãåáðû Ïîíòðÿãèíà H∗(ΩX ).

Òåîðåìà (Ïàíîâ, Ðýé)

K ôëàãîâûé ⇔ (CP∞, ∗)K êîôîðìàëüíî ⇔ èìååì èçîìîðôèçì

H∗(Ω(CP∞, ∗)K) ∼= T (u1, . . . , um)/(u
2
i = 0; [ui , uj ] = 0, {i , j} ∈ K).
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Ïðèñîåäèí¼ííàÿ àëãåáðà Ëè äèñêðåòíîé ãðóïïû
Íèæíèé öåíòðàëüíûé ðÿä ãðóïïû G � ýòî öåïî÷êà ïîäãðóïï

G = γ1(G ) ⊃ γ2(G ) ⊃ . . . , γk+1(G ) := (G , γk(G )).

Èçâåñòíî, ÷òî γk+1 ◁ γk è (γk , γℓ) ⊆ γk+ℓ. Ñëåäîâàòåëüíî, îïðåäåëåíû
àáåëåâû ãðóïïû Lk(G ) := γk(G )/γk+1(G ).

Òåîðåìà (Ìàãíóñ)

L(G ) :=
⊕

k≥1 Lk(G ) � ãðàäóèðîâàííîå êîëüöî Ëè îòíîñèòåëüíî
ñëîæåíèÿ + : Lk × Lk → Lk è ñêîáêè Ëè [−,−] : Lk × Lℓ → Lk+ℓ,

aγk+1 + a′γk+1 := aa′γk+1, [aγk+1, bγℓ+1] := (a, b)γk+ℓ+1.

Ìàãíóñ äîêàçàë, ÷òî, ÷òî L(F (g1, . . . , gm)) ∼= FLZ(x1, . . . , xm). Èçâåñòíî
îáîáùåíèå íà ïðÿìîóãîëüíûå ãðóïïû Àðòèíà:

L(F (g1, . . . , gm)/((gi , gj) = 1, {i , j} ∈ K) ∼=
FL(x1, . . . , xm)/([xi , xj ] = 0, {i , j} ∈ K).
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×òî èçâåñòíî ïðî L(RCK)

Ââåä¼ì ãðàô-àëãåáðó Ëè íàä ïîëåì èç äâóõ ýëåìåíòîâ,
LK := FLF2(x1, . . . , xm)/([xi , xj ] = 0, {i , j} ∈ K).

Åñëè x ∈ γk(RCK), òî x2 ∈ γk+1(RCK).

Ñëåäîâàòåëüíî, L(RCK) � àëãåáðà Ëè íàä F2.

Ñëåäîâàòåëüíî, îïðåäåë¼í ñþðúåêòèâíûé ãîìîìîðôèçì àëãåáð
Ëè φ : LK → L(RCK).

Îí äàë¼ê îò èçîìîðôèçìà: åñëè K = ••, òî LK = FL(x1, x2),
L(RCK) ∼= F2 ⊕ F2

2 ⊕ F2 ⊕ F2 ⊕ . . . ;

Ïåðâîå ñîîòíîøåíèå, êîòîðîå åñòü â L(RCK), íî íå â LK:
[xi , [xi , xj ]] = [xj , [xi , xj ]].

Èçâåñòåí áàçèñ â L≤3(RCK).

Â íåîïóáëèêîâàííîé äèññåðòàöèè Ð.Ïðåíåðà îïèñàíà àääèòèâàÿ
ñòðóêòóðà L(RCK) â ñëó÷àå, êîãäà K � íåñâÿçíîå îáúåäèíåíèå
ñèìïëåêñîâ. Íà îñíîâå ýòîãî ðåçóëüòàòà îïèñàí áàçèñ â L4(RCK).
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Íîâàÿ îïåðàöèÿ â L′(G ) =
⊕

k≥2 γk(G )/γk+1(G )
Ïóñòü ãðóïïà G ïîðîæäåíà èíâîëþöèÿìè g1, . . . , gm.
Òîãäà âûïîëíåíî ñâîéñòâî: åñëè x ∈ γk , òî x2 ∈ γk+1. Ìîæíî
ïîïûòàòüñÿ îïðåäåëèòü îïåðàöèþ h : Lk(G ) → Lk+1(G ),

h(xγk+1) := x2γk+2 ∈ γk+1/γk+2.

Òåîðåìà (Â., Âåð¼âêèí)

Îïåðàöèÿ h : Lk(G ) → Lk+1(G ) êîððåêòíî îïðåäåëåíà ïðè k ≥ 2, è
èìååò ñëåäóþùèå ñâîéñòâà:

h(a+ b) = h(a) + h(b);

h([a, b]) = [h(a), b], a ∈ L≥2;

h([g i , g j ]) = [g i , [g i , g j ]], ãäå g i := giγ2 ∈ L2(G ).

h([g i1 , [. . . [g ik , g j ] . . . ]]) = [g i1 , [g i1 , [. . . [g ik , g j ] . . . ]]].

Â ÷àñòíîñòè, h � ëèíåéíàÿ îïåðàöèÿ ñòåïåíè +1 íà
L′(G ) =

⊕
k≥2 Lk(G ), óäîâëåòâîðÿþùàÿ òîæäåñòâó [h(a), b] = h([a, b]).
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Îñíîâíîé ðåçóëüòàò

Äëÿ ãðàäóèðîâàííîé àëãåáðû Ëè g ââåä¼ì ñòðóêòóðó àëãåáðû Ëè íà
g[t] :=

⊕
k≥0 gt

k ïî ïðàâèëó: |xtk | := |x |+ k , [xtk , ytℓ] := [x , y ]tk+ℓ.

Îïðåäåëåíèå

NK ⊂ LK � ýòî ïîäàëãåáðà Ëè, ïîðîæä¼ííàÿ ýëåìåíòàìè âèäà
[xi1 , [. . . [xik , xj ] . . . ]], k ≥ 1 òàêèìè, ÷òî i1, . . . , ik , j ïîïàðíî ðàçëè÷íû.

Òåîðåìà (Â., Âåð¼âêèí)

Îïðåäåë¼í ñþðúåêòèâíûé ãîìîìîðôèçì àëãåáð Ëè

ψ : NK[t] → L′(RCK), xtk := h(h(. . . h︸ ︷︷ ︸
k ðàç

(φ(x)) . . . )).

Ãèïîòåçà: ψ � èçîìîðôèçì. Åñëè îíà âåðíà, òî èìååì ðàñøèðåíèå
àëãåáð Ëè

0 → NK[t] → L(RCK) → F⊕m
2 → 0.
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Àääèòèâíàÿ ñòðóêòóðà F2-àëãåáðû Ëè NK
Â [Vyleghanin'25] è [Grbi�c,Panov,Theriault,Wu'15] ïîëó÷åíû ðåçóëüòàòû
î ñòðóêòóðå àëãåáðû Õîïôà H∗(ΩZK;k).

Òåîðåìà (Â., Âåð¼âêèí)

U(NK) ∼= H∗(ΩZK;F2).

NK ìèíèìàëüíî çàäà¼òñÿ
∑

J⊂[m] dim H̃0(KJ) îáðàçóþùèìè ïî
ìîäóëþ

∑
J⊂[m] dimH1(KJ ;F2) ñîîòíîøåíèé. Â êà÷åñòâå

ïîðîæäàþùèõ ìîæíî âçÿòü ÿâíîå ìíîæåñòâî GPTW .

NK � ñâîáîäíàÿ àëãåáðà Ëè ⇔ sk1K � õîðäîâûé ãðàô (è â ýòîì
ñëó÷àå NK ∼= FLF2(GPTW )).

Åñëè ni := dim(NK)i , òî
∏

i≥2(1− t i )ni =
∑

J⊂[m](1− χ(KJ))t
|J|.

Ñëåäñòâèå

Ãèïîòåçà âåðíà ⇔ dim Lk(RCK) ≥ n2 + · · ·+ nk äëÿ âñåõ k ≥ 2.

Èç ðåçóëüòàòîâ Âåð¼âêèíà ñëåäóåò, ÷òî îíà âåðíà ïðè k = 2, 3.
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Ýëåìåíòû GPTW

Îïðåäåëåíèå

[xi1 , [xi2 . . . [xik , xj ] . . . ]] � GPTW-ýëåìåíò, åñëè âûïîëíåíû óñëîâèÿ:

i1 < · · · < ik > j , j ̸= i1, . . . , ik ;

ik è j ëåæàò â ðàçíûõ êîìïîíåíòàõ ñâÿçíîñòè êîìïëåêñà K{i1,...,ik ,j};

j � íàèìåíüøàÿ âåðøèíà â ñâîåé êîìïîíåíòå ñâÿçíîñòè.

ßñíî, ÷òî òàêèõ ýëåìåíòîâ ðîâíî
∑

J⊂[m] dim H̃0(KJ).

Òåîðåìà (Ãðáè÷, Ïàíîâ, Òåðèî, Âó)

GPTW � ìèíèìàëüíûé íàáîð ïîðîæäàþùèõ äëÿ àëãåáðû H∗(ΩZK) ⊂
H∗(Ω(CP∞, ∗)K) ∼= T (u1, . . . , um)/(u

2
i = 0; [ui , uj ] = 0, {i , j} ∈ K).

Òåîðåìà (Ïàíîâ, Âåð¼âêèí)

GPTW � ìèíèìàëüíûé íàáîð ïîðîæäàþùèõ äëÿ ãðóïïû RC′
K.

Â êàæäîì èç ýòèõ ñëó÷àåâ ñâîáîäíîñòü ðàâíîñèëüíà õîðäîâîñòè.
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Àíàëîã â ãîìîòîïè÷åñêèõ ãðóïïàõ

Ñâîéñòâà îïåðàöèè h : Lk(G ) → Lk+1(G ) áûëè óãàäàíû ïî àíàëîãèè ñî
ñâîéñòâàìè êîìïîçèöèîííîé îïåðàöèè (−) ◦ η : πn+1(X ) → πn+2(X ),
ãäå η := Σn−2η2, η2 ∈ π3(S

2) � ðàññëîåíèå Õîïôà. À èìåííî:

(α+ α′) ◦ Σf = α ◦ Σf + α′ ◦ Σf ;
[α ◦ Σf , β] = [α, β] ◦ Σ|β|f ;

[α ◦ η2, β] = [α, β] ◦ η − [α, [α, β]];

Òàêèì îáðàçîì, äëÿ êàíîíè÷åñêèõ ýëåìåíòîâ
t1, . . . , tm ∈ π2((CP∞, ∗)K) âûïîëíåíî [ti , [ti , β]] = [ti , β] ◦ η.
Â ÷àñòíîñòè,

[ti , [ti , tj ]] = [tj , [ti , tj ]] ̸= 0 ∈ π4((CP∞, ∗)K), {i , j} /∈ K;

[ti1 , [ti1 , [ti2 , [. . . [tik , tj ] . . . ]]]] = [ti1 , [ti2 , [. . . [tik , tj ] . . . ]]] ◦ η.
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Èòåðèðîâàííûå ñêîáêè Óàéòõåäà

Ýëåìåíòû t1, . . . , tm ∈ π2((CP∞, ∗)K) èíäóöèðóþò îòîáðàæåíèÿ
f : (S2)∨m → (CP∞, ∗)K, g :

∨
x∈GPTW S |x | → (CP∞, ∗)K,

f∗ : π∗((S
2)∨m) → π∗((CP∞, ∗)K),

Φ :=
⊕
i

ti ⊕ g∗ : Zm ⊕ π∗(∨x∈GPTWS |x |) → π∗((CP∞, ∗)K).

Im f∗ ⊂ π∗ ïîðîæäåíî ýëåìåíòàìè t1, . . . , tm îòíîñèòåëüíî ñêîáîê
Óàéòõåäà è êîìïîçèöèé ñ ýëåìåíòàìè ãîìîòîïè÷åñêèõ ãðóïï ñôåð.

Òåîðåìà (Ïàíîâ, Òåðèî, Â.)

Im f∗ = ImΦ.

Φ ñþðúåêòèâíî ⇔ K ôëàãîâûé.

Φ èíúåêòèâíî ⇔ sk1K õîðäîâûé.

Åñëè sk1K õîðäîâûé � ìû òàêæå îïèñûâàåì ïîä-êâàçè-àëãåáðó Ëè â
π∗, ïîðîæä¼ííóþ t1, . . . , tm.
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Ñïàñèáî çà âíèìàíèå!
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