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Complex Grassmann manifolds G,» = G, »(C)

@ Gp consists of complex 2-dimensional subspaces in C”

@ The effective action of the torus 7" = T"/diag(T") on G2
induced by coordinate wise action of T” C U(n) on C".

The Pliicker embedding

p:Gpa— CPN N= <Z> -1,

is defined by p(L) = (P¥(L))1<i<j<n

o Let p?: T" — TN*1 is the second exterior representation,
N= () -1
@ The weight vectors for p? are Nj € Z"

Nij(i) =Ni(j) =1, Nj(k) =0, k#i,j, 1<i<j<n
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@ T"-action on CPN given as the composition of p? and the canonical
TN+1 action on CPN

o p(Gn2) C CPN is invariant for this T™-action.

The moment map p: G2 — R" for T" ~ G, is defined by:

_ 1 (V2N
p(L) = Z{u}e(g) IPI(L))]2 {i’j}ze(n) |PY(L)|“Aj;

@ Im(p) = convhull(Ay, I € ('2')) = A, 2 — hypersimplex
0 Npo={xeR"N0<x <1, i=1,...,n x1+...+x,=2}
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The moment map ji : CPN — A, , for T" ~ CPN is given by

L
fi(z) = > 1zl
> |zi|* =0

=0

where z = (zp : ... : zy).

The sets {0,..., N} and {/,/ € (3)} are related by: to the number /, it
corresponds the pair kI at the i-th place in the lexicographical order,
thatis (0,1,...,N)=(12,13,...,n— 1n).

It holds
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Stratification for CPN (B-T, 2019)

(C*)"-action on CPN defines its stratification CPN = UW,:
e forany o C {0,..., N},
the set W, = {z € CPN|z £ 0iff i € o} is a stratum
o All points from W, have the same stabilizer T,

@ The torus T? = T"/ T, acts freely on W,

o

o ji(W,) =P,= convexhull(Ay), where kl <+ i € o

@ The set {P,} consists of all polytopes that are convex hulls over
subsets of vertices for A, ».
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Theorem (B-T, 2019)
It holds:
e dimP, = dimT?°.
@ rank dfi, = dimP,, where z € W,,.

Corollary

x € Ap is a regular value of i : CPN — A, iff the stabilizer of a point
from fi~1(x) C CPN for the given T"-action is S* = diag(T").
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{P5} define the chamber decomposition {C,} of A, >, by all possible
non-empty intersections of P,.

The regular values of fi are the points x € C,, dimC, = (n—1) and
M)%N—I'H-l _ ﬁ_l(X) - (CPN

is a smooth (2N — n + 1)-dimensional manifold
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Stratification for G,

(C*)™-action on Gp» defines its stratification Gpp = UW,:

@ astratum is an non-empty set
W5 = {L € Gpo|PY(L) #0iff {i,j} € o}, where 0 C {('2’)}

@ All points from W, have the same stabilizer T,

@ The torus T? = T"/ T, acts freely on W,

o u(Wy) :/ga: convexhull(Ay), {i,j} € o

Svjetlana Terzi¢ University of Montenegro KCohomology of symplectic T"-reductions on 8/48



Theorem (B-T, 2019)
It holds:
o dmP, = dimT?.
@ rank du; = dimP,, where L € W,,.

Corollary

x € Ay is a regular value of 1 : G, — Ap iff the stabilizer of a point
from p~1(x) C Gp2 for the canonical T"-action is St = diag(T").
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{P5} define the chamber decomposition {C,} of A, >, by all possible
non-empty intersections of P,.

The regular values of y are the points x € C,,, dimC, = (n— 1) and
M7 = pH(x) € Gpa, MZ"T = MEVTTTEO (G 2)

for the Pliicker embedding p: G, — CPN.
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The chamber decomposition for A, > defined by T"-action G, can be
described by the hyperplane arrangement in R":

° A:{Xi1+--'+xis:171§i1<"'<i5§n’ 2§5§[g]}
o L(A) -lattice of A
o A:[,(A)QAn,Z

B-T, 2021

The lattice A coincides with the chamber decomposition of A, > defined
by the admissible polytopes for Gp .

Remark

The admissible polytopes and the chamber decompositions of A, > for
T"-actions on Gp» and CPN do not coincide for n > 5.
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Symplectic reduction

Let (M, w) be a symplectic manifold
T acts on M preserving the symplectic form w.
For v € t, by X, is denoted the corresponding T-invariant vector field.

T - action is said to be Hamiltonian if one form w(X,, -) is exact.

There exists a Hamiltonian H,, such that

w(X,,Y) = dH,(Y)

for any vector field Y on M.
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For a fixed basis {e;} for t and the corresponding Hamiltonians He,, it is
defined the moment map

M=, p(x)(e) = He(x).

Theorem (Atiyah, Guillemin-Sternberg)
The image (M) is a convex polytope in t* for a compact M. J
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Let u is proper, let x be a regular value of 4 and T acts freely on p~%(x).

Marsden-Weinstein
The quotient manifold p~1(x)/ T is endowed with a unique symplectic

form @& such that
pro = i*w,

it pu~t(x) = M - inclusion and p : p=1(x) — u~1(x)/ T - projection.

@ Symplectic manifold (u~1(x)/T,&) is referred to as the symplectic
reduction or symplectic quotient of M by T-action.

@ Symplectic quotient in general depends on a regular value x.

14 /48
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Symplectic manifolds G, and CcpN

e Gpo = U(n)/(U(2) x U(n—2)) admits Kahler metric invariant for
the canonical U(n)-action, thus U(n)-invariant symplectic form.

@ The moment map p comes from this symplectic form.

@ The Pliicker embedding p: G,> — CPN is isometric for the Kahler
metric on G2 and Fubini-Study metric on CPN,

15/48
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Related problems
For a regular value x € A, > describe:

o symplectic reductions M2N=n=1/Tn=1 and M3r—7/Tn~1
for T" ~CPNand T" ~ Gno.

@ smooth manifolds

M2N=n=1 < CPN and M3"7 = M2NV=""1 0 p(Gpo) C G

which produce symplectic reduction.
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For n =4 and N =5 it holds:
B-T, 2016

A symplectic reduction on CP® and Ga,» does not depend on a regular

value x € Aj»:
M{/T?=CP? M/T?=CP.

Theorem (B-T, 2025)

Smooth manifolds M and M2 do not depend on a regular value x € Ap:

M{ = S° x T> C CP°

M= S3x T? C Gy
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Cohomology of a symplectic reduction

The T - equivariant cohomology of M is defined by

HH(M) = H*(M7), My =ET x7 M= (ET x M)/T,

@ ET — BT is the universal bundle for T,
o T acts freely ET x M by the diagonal action.
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o T acts freely on pu~1(¢), which implies:

ET xru H(€) 2 ET x (u 1 (€)/T) =€)/ T.

@ The inclusion x~1(¢) — M induces inclusion = 1(¢)/ T — Mr, which
defines homomorphism

bt H(M) = H*(u™()/T).

By generalizing the techniques from Morse-Bott theory F. Kirwan proved
that the homomorphism £¢ is an epimorphism. J
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On R. Goldin's results

R. Goldins described the kernel of the Kirwan's map for F/,(C) and
G k(C), that is the cohomology ring with complex coefficients of their
symplectic reductions by the canonical action of T".

@ H - (n x n) complex Hermitian matrices, U(n) ~ H by
A-H=AHA"

@ Orbits Oy - manifolds with given spectrum A = (\1,...,A,)- real
o @ If \;# ), i # j (generic case) then

Ox Z4ifr Flo(C)

@ Otherwise, the stabilizer for Oy is U(ky) x --- x U(k), where ky, ..., k
are the number of \;'s equal to each other and ky + ...+ k =n

Ox it Fln k... .k, = U(n)/(U(k1) x ... U(ks))
@ In particular, for / = 2, that is A = (Alxkj)\;("*k))

Ox Z4iff Gnk(C) (notation Gp k(7))
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e O, are symplectic manifolds with the standard
Kirilov-Konstant-Souriau symplectic form wy

@ i) : Oy — R" - assigns to a Herimitian matrix its diagonal entries,
is a moment map defined by T"-action and wy

In this way there are exhibited a lot moment maps on G, x, one for each
pair of distinct real numbers. J
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Theorem

Let Oy be a generic orbit of U(n). The cohomology of Oy//T (&) is
isomorphic to the ring

Clx1y .-y Xn, ULy - -, Un)

(0i(x1y -y xn) —oi(Ut, ..., Un)y > Ui, 0,—1A(x, ur))
i=1

: (1)

for all v and T from S, such that Y71, 1 Ay < Doilyi1 &y for some
k=1,....,n—1 and deg x; = deg u; = 2.
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Theorem
The cohomology of G, i (\)// T (&) is isomorphic to the ring

(C[U,'(Xl, 000 7Xk)70'i(xk+]_7 000 ,Xn), Ui, ..., u,,] (2)

n )
(oi(x1, -y %n) — oi(U1, .., Un)y O Uiy 0,-1A(x, ur))
i=1

for all v and T from S, such that Z?:k+1 i) 27:k+1 &+ (i) for some k,
and 0,-1A(x, u;) is symmetric in x1, ..., Xk and Xx41, ..., Xn-

v

Here : { is a regular value for 1, A(x, u) = [[;;(xi — uj) and 9,, is
divided difference operator.
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Theorem
The T-equivariant cohomology of Fl,(C) and G, (C) is

Clx1y .-y Xn, U1, ... Up]
Hx(Fl,) = ) Xmy U1, _ ,
7(Fln) (0i(X1, -+ -y Xn) — (U1, - s Un), Sor—y Uj)
*(G ):(C[U,-(xl,...,xk),a,-(xk+1,...,x,,),ul,...u,,]
TRk i(Xa -y Xn) — Oi(U1y -y Un), S orq )

where deg x; = deg u; = 2 and o} is the i-th symmetric function, 1 < i < n.

T = T"1 torus in SU(n) that acts effectively on Fl, and G, «

The kernel of the Kirwan map & is given by 0,-1A(x, u;) for appropriate
choices of v, 7 € S,,. J
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The case of G,

Find A € H such that Oy =i Gp2 and py = p. )

@ Gpo can be identified with orthogonal projection operators
P :C" — C", whose images are 2-dimensional subspaces:

P = (P*)T, rank(P) = trace(P) = 2
o If represent L € Gpo by (2 x n) -matrix Ay it holds
PL= AF(ALATY 1AL,

where A# = (A*)T.

25 /48
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Let P = (pj(L)) is a (n x n)-orthogonal projection matrix for L and
Pi(L), i < j, are the Pliicker coordinates for L

Lemma
The entries p;(L) and PU(L) are related by

_ Tha PR(L)P(L)
Z/e{(g)} |PI(L)|2 '

pi(L)

Svjetlana Terzi¢ University of Montenegro KCohomology of symplectic T"-reductions on 26/48



Proposition

The moment map ) for A =(1,1,0,...,0) on Oy = G, coincides with
the standard moment map on G, given by the Pliicker embedding

G,,72 — (CPN_l, N = (g)

For an arbitrary A = (A1, A1, A2, ..., A2) this implies:

Corollary
© The moment map ) on Oy = G5 is given by

pa(L) = (A1 — A2)p(L) + (A2, - .., A2).

@ The image of u) is a polytope Af,‘,z - the convex hull of the vertices
A,)-J‘- € R" such that /\Z‘(/) = A;J\- /) = A1, while /\;J\-(k) =M\ for k £ i,j.

Svjetlana Terzi¢ University of Montenegro KCohomology of symplectic T"-reductions on 27 /48



Cohomology of symplectic reduction for G,

Theorem

Let & be a regular value of the standard moment map v : Gp> — R". The

cohomology ring H*(u=1(£)/ T) is the quotient of the ring of H(Gy,2) by
the relations: 0,-1A(x, u;) for all v, 7 € S, such that:

@ v(n) € {3,...,n} and 7 is arbitrary,
Q@ {v(1),v(n)} ={1,2} and 7 is arbitrary,

Q v(n) € {1,2}, v(j) € {1,2} for some2 < j < n—2 and 7 is such that
&grny + -+ &) > L

v
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Recall:

@ £ € Appis a regular value of p iff £ belongs to a chamber of a
maximal dimension (n — 1) defined by the hyperplane A.

o All u=1(¢) for ¢ being from the same chamber C,, are diffeomorphic.

H*(u=*(6)/T) = H*(n™1(&)/T) for any &,& € G..

Sp-action on R induces Sp-action on the set of all chambers in A, >:

Corollary J

Corollary

If C., and C,, of maximal dimension belong to the same S,-orbit, then

H* (0™ (€0)/T) = H (u(&2)/T),
for &1 € G, and & € C,.
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We prove: H*(u=1(€)/T) is completely determined by the supporting
hyperplanes of the walls of C, such that £ € C,,. These hyperplanes are
from the arrangement A.

Theorem

Let £ be a regular value of i and & € C,. Let vs = (isy, - -, s, ),
2 < jo» < n—2 are the normal vectors of the supporting hyperplanes of the
walls of C,, such that C, : N{x, +...+ Xy > 1}. The cohomology ring

H*(u=Y(&)/ T) is determined by v,T € S, such that:
e v(n) € {3,...,n} and T is arbitrary,
o {v(1),v(n)} ={1,2} and 7 is arbitrary,
o v(n) e {1,2}, v(j) € {1,2} forsome 2 < j < n—2 and 7 is such that
{isys - vyis } C{T( +1),...7(n)} for some s.

o
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Compactifications of moduli space M, ,

@ M, - moduli space of smooth genus g curves, Mg , - moduli space
of smooth genus g curves with n marked distinct ordered points.

e Deligne and Mumford in 1969 obtained the compactification M, of
My, g > 2. The main idea behind this compactification is to enlarge
the notion of a smooth, proper curve, to allow nodal singularities.
Such curves are called stable.

e Knudsen in 1983 worked out an extension M, , which allows Deligne
and Mumford construction to work for the spaces Mg ,, g > 0,
2g — 2+ n >0, in particular for genus zero curves and low-genus

cases.
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@ In 1992 Keel provided alternative constrtgtion of ﬂom to that of
Deligne-Mumford-Knudsen. The variety Mg , he described as
iterated blow up of (CP!)"3,

@ In 1993 Kapranov defined Chow quotient G, x//(C*)" as a
compactification of W, ,/(C*)" for the main stratum W, s in G, .
He proved:

@ An isomorphism between G, 5//(C*)" and My, can be established.
@ The variety ﬂom can be obtained from CP"~3 as iterated blowups.
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Many different problems led to many different compactification of Mg .

@ Losev and Manin in 2000 introduced the spaces Zg,s of genus g
curves with marked points parametrized by S and painted by black
and white, which satisfy certain stability conditions.

@ Hasset in 2003 introduced a family of compactifications given by
stable pointed weighted curves Mg y4(s).

@ @ Manin in 2004 showed that the spaces L, s are special case of
Hassett's compactification.
@ In particular, the compactifications Lo ,» with exactly two white points
can be exhibited as toric varieties over permutahedron.
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On (2n, k)-manifolds

@ In 2014 we introduced the class (2n, k)-manifold:
@ given by smooth manifolds M?" equipped with a smooth T*-action,
k < n,
@ generalize properties of manifolds with torus action, both with zero and
positive complexity.
@ In 2019 we worked out in detail the concept and axioms of
(2n, k)-manifolds:
@ It was introduced the notion of universal space of parameters F,, as a
compactification of the space of parameters F, of the main stratum
W,, for M2,
@ This was done for purpose of describing the topology of the orbit space
of a (2n, k)-manifold.
o It 2023 we presented a new explicit, constructive geometrical method
for the construction of F, for G, ».
@ The method comes out our work on description of the orbit space
Gp2/T" nad it is essentially used.
@ The space F, is proved to coincide with Mo,n-

34/48
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We recall:
o F,=pu1(&)/T" for € € C,, the spaces of parameters of the
chambers, are core ingredients in construction of a model for G,/ T".

@ For dim C, = n— 1, the spaces F, are smooth manifolds with a
symplectic structure obtained by symplectic reduction.

B-T, 2024

Such F, are isomorphic to Hassett spaces Mg 4 of weighted stable genus
zero curves for an appropriate A’ s.
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B-T introduced in 2024 the Hassett category 7?[07,,:

© objects are those Hassett spaces Mg 4, which are isomorphic to the
spaces of parameters F,,

@ initial object Mg 4, = Mo, where Ag = (1,...,1),

© morphisms are given by the reduction morphisms
PAg,A = Mo a, = Mo a.

Theorem (B-T, 2025)

This category is distinguished by the property that it can be topologically
modeled on Gpo/T".

Svjetlana Terzi¢ University of Montenegro KCohomology of symplectic T"-reductions on 36/48



The appropriate weights A are given as follows:

© Don={(a1,...,an)|0 <a; <1, ag+...+ ap > 2} - the domain of
weights.

@ The coarse chamber decomposition of Dy , is defined by the
hyperplane arrangement

Wc:{ij:1|SC{1,...,n},2<|5| < n—2},
JjeS

the corresponding chambers we denote by w,.
@ The boundary of Dy , is defined by

dDon={(a1,...,an)|la1+...+an=2,0<a; <1, i=1,...,n}.

A weight A is appropriate if :

A € we C Dy p such that dim(we N 0Dy ) = n — 1.

Svjetlana Terzi¢ University of Montenegro KCohomology of symplectic T"-reductions on 37/48



Main effective theorem
Theorem

The cohomology ring of a space Mo 4, A # Ao from the Hassett category
7?[0 is given by

C i ; sy O PICII ) P
H* (Mo.a) — [oi(x1,x2),0i(x3 Xn), U1 up]

(0i(X1y -y %xn) —oi(U1, ..., Un), > Ui, 0,—1A(x, ur))
i=1

for all v and T such that:

e v(n) € {3,...,n} and T is arbitrary,
o {v(1),v(n)} ={1,2} and 7 is arbitrary,

o v(n) e {1,2}, v(j) € {1,2} forsome 2 < j < n—2 and 7 is such that
Lisys - yis, } C{T( +1),...7(n)} for some s,
where {is,, ..., s, } are the normal vectors of the supporting hyperplanes
of the walls of the chamber C,, C Ap» such that C, N wc # ) for the
chamber we C Dy, such that A € w.
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Computation for n = 4

Corollary

H (= Y(e)) T = Cloi(x1,x2), 0i(x3, xa), Ui, o Ug)
(oi(x1, ..., xa) —oi(ur,...,ua), Y ;4 Ui, 0,-1A(x, 7))
for v, 7 € Sy such that
o v(4) € {3,4} and 7 is arbitrary,
o {v(1),v(4)} = {1,2} and 7 is arbitrary,

o {r(2),v(4)} = {1,2} and 7 is such that i € {7(3),7(4)} for some
fixed 1 < i < 4.

Corollary

The cohomology ring of =1(€)/T* C Gao/T* is given by

H* (™ (€)/ T*) = Clx)/ (x%).
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Computation for n =5

Note (B-T, 2025):
= (%, e %) € As is a regular value for ,
o £ € Gy =Micicjes{Xi +x <1} = Micicjck<s{Xi + X + x> 1},
o 11(¢)/T5 is isomorphic to F5 & Mys.
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Corollary

Cloi(x1,x2), 0i(x3, Xa, X5), U1, - . ., Us]

H*(Ho,s) =

for v, 7 € Sy such that
e v(5) € {3,4,5} and 7 is arbitrary,
o {v(1),v(5)} = {1,2} and 7 is arbitrary,
o {v(2),v(5)} = {1,2} and 7 is arbitrary.

(0i(X1s 5 x5) — ailun, - us), S0 4 uiy By 1 A(x, uy))

Proposition
— Clx, u1,. .., us]
<Z‘?:1 Uy, Uil — X2, u,2 + 4x2, uix)

T
<
(=]
I
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Note (B-T, 2025):
_ (22222 :
° (= (§7 .55 §) € As > is a regualr value of 1,
o (€ C={xa+x>1}N) Micicj<s (ij3£{12) (X +x <1},

o u~1(&)/T is isomorphic to the Losev-Manin space Lgs,

° [0,5 is isomorphic to the toric manifold over the hexagon.

Proposition
H*(L ~ Clun, u3, ug, us]
(Log) = ——————
(relations)
where the relations are:
Upu3 = Upla = UpUs, U3l = U3Us = Ugus = —9upus,

u3 = 1lwuz, U3 = ui =

u2 = 16w u3.
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Comparison with the Chow ring of A*(Mjs)

o A*(Moy,,) was computed by Keel (1992) and then by Tavakol (2017),
@ The generators - the divisors in a compactification of Mg , to Mg .

e It coincides with cohomology ring H*(Mo,p).

Corollary
H*(Mo,s) has five 2-degree generators D'?, D13 D14 D' D23 and

DliDlj _ 07 I#J? D12D23 _ D13D23 _ 0’

(DIJ)2 _ _D14D23 _ —D15D23.
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Lemma

The relations between the two generators for H*(Mo5) are
D2 = up — uz, D = uy — us, D™ = V/5(2x + tp + u3),
1
DY = V/5(—2x + ug + us), D*3 = %(a(uz + u3) + b(us + us) + cx),

where b= —a—10, c =5a+ 25 and a®> + 10a+ 15 = 0.
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Comparison with the Chow ring A*(Mg 4)
@ Mogfor A=(1,...,1,e,...,¢),
\W—’ ~——

n—m

spaces. A*(Mo 4) is explicitly described (Kannan, Karp, Li, 2021)
@ The Losev-Manin space Lo,5 = Mo 4 for A= (1,1, a3,as,as5), a; < %

—, - heavy/light

Corollary
H*(Lo ) has four 2-degree generators D23, D?* D25 D234 and

D23 D24 D23 D25 D24 D25 D25 D234 0

(D2i) (D234) D23 D234 D24 D234.

Lemma

The relation between the two generators for H*(Lg ) are

D23 = U —us, D24 = Up — Uy, D25 = Uy — Uus, D234 = —U2—U3—U4—2U5.
v
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Comparison with a toric manifold X

A*(X) 2 H*(X) =2 Zvi, . .., v /U + J)

° [0,5 is a toric variety over hexagon.
Corollary

H*(Z075) is generated by 2-degree classes vi, ..., v and
vitvs+va+ve=0, vi +wvo+vs+vs5=0,

ViV3 = V1V4 = V1V = WV4 = VoV = WV = V3V = V3Vg = V4V = 0.

Lemma

The relation between the two generators for H*(Lg 5) are

VI = Up — U3, V3= Up— U4, V5 = Up — Us, Vo = —Up — U3 — Ug — 2Us,

V4=—U2—2U3—U4—U5, V6=—U2—U3—2U4—U5.

v
™y = = = et
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Recall:

° Mo,5 is a blowop of
7 N3 e e
L075 C (CP ) " CijCik Gk = CjjCik€;

at one point ((1:1),(1:1),(1:1)).
o It is the same as doing blow up of CP? at four points
(1:0:0:),(0:1:0),(0:0:1),(1:1:1):

Mo s =2 CP?#4CP2

o Lo s — toric over hexagon - blowing up - X7 toric over heptagon.

Mo s gis dPs Zair X7 J

This does not give a toric structure on Moj
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