
Ëåêöèÿ 2: SC-êîáîðäèçìû è óíèâåðñàëüíàÿ

2-çíà÷íàÿ ôîðìàëüíàÿ ãðóïïà

Â.Ì. Áóõøòàáåð

Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ
Ìàòåìàòè÷åñêèé öåíòð ìèðîâîãî óðîâíÿ ÌÈÀÍ

ÍÈÓ ÂØÝ, ôàêóëüòåò ìàòåìàòèêè

Ëåòíÿÿ øêîëà ïî òîïîëîãèè � 2026
�Òîðè÷åñêàÿ òîïîëîãèÿ, ãèïåðáîëè÷åñêàÿ ãåîìåòðèÿ

è êîìáèíàòîðíàÿ òåîðèÿ ãðóïï�
Ìåæäóíàðîäíûé ìàòåìàòè÷åñêèé öåíòð �Ñèðèóñ�

17�21 ìàÿ 2026 ã.



Òåíçîðíîå ïðîèçâåäåíèå íàä òåëîì H

Êàê ïîëó÷èòü àíàëîã ôîðìàëüíîé ãðóïïû â êâàòåðíèîííîì ñëó÷àå?

Ïðîáëåìà: òåíçîðíîå ïðîèçâåäåíèå âåêòîðíûõ ðàññëîåíèé íàä òåëîì
êâàòåðíèîíîâ íå ÿâëÿåòñÿ êâàòåðíèîííûì.

Ïóñòü
ζ1 = pr∗1(ζ), ζ2 = pr∗2(ζ)

� êâàòåðíèîííûå ëèíåéíûå ðàññëîåíèÿ, ãäå ζ � óíèâåðñàëüíîå êâàòåðíèîííîå
ëèíåéíîå ðàññëîåíèå íàä HP∞, è

prj : HP∞×HP∞ → HP∞

� äâå ïðîåêöèè íà äåêàðòîâû ñîìíîæèòåëè.

Îïðåäåëåíî âåùåñòâåííîå 4-ìåðíîå ðàññëîåíèå

ζ1 ⊗H ζ2 → HP∞×HP∞,

ãäå òåíçîðíîå ïðîèçâåäåíèå íàä íåêîììóòàòèâíûì òåëîì H îïðåäåëåíî
îòíîcèòåëüíî ëåâîé ñòðóêòóðû ïîñëîéíîãî H-ìîäóëÿ ζ1 è ïðàâîé ñòðóêòóðû
ïîñëîéíîãî H-ìîäóëÿ ζ2.
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Ñàìîñîïðÿæ¼ííûå ðàññëîåíèÿ

Ñàìîñîïðÿæ¼ííûì ðàññëîåíèåì íàä X íàçûâàåòñÿ ïàðà

(η, T ),

ãäå η → X � êîìïëåêñíîå âåêòîðíîå ðàññëîåíèå, à

T : η −→ η

� àíòèëèíåéíûé èçîìîðôèçì, ò.å. T (λv) = λT (v) äëÿ âñåõ λ ∈ C è v ∈ η.
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Îïåðàöèè ñ ñàìîñîïðÿæ¼ííûìè ðàññëîåíèÿìè

Ïóñòü (η1, T1) è (η2, T2) � äâà ñàìîñîïðÿæ¼ííûõ ðàññëîåíèÿ.

Èõ ñóììà îïðåäåëÿåòñÿ êàê

(η1, T1) + (η2, T2) := (η1 ⊕ η2, T1 ⊕ T2).

Èõ òåíçîðíîå ïðîèçâåäåíèå îïðåäåëÿåòñÿ êàê

(η1, T1)⊗ (η2, T2) := (η1 ⊗C η2, T1 ⊗ T2).

Çäåñü
(T1 ⊗ T2)(v1 ⊗ v2) = T1(v1)⊗ T2(v2).
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Ñëó÷àé T 2 = 1

Ðàññìîòðèì ñàìîñîïðÿæ¼ííîå ðàññëîåíèå (η, T ).

Åñëè
T 2 = id,

òî ìíîæåñòâî íåïîäâèæíûõ òî÷åê

ξ := {v ∈ η | T (v) = v}

ÿâëÿåòñÿ âåùåñòâåííûì ïîäðàññëîåíèåì â η.

Â ýòîì ñëó÷àå êîìïëåêñíîå ðàññëîåíèå η ïîëó÷àåòñÿ êîìïëåêñèôèêàöèåé:

η ∼= ξ ⊗R C.
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Ñëó÷àé T 2 = −1

Åñëè
T 2 = −id,

òî ó ðàññëîåíèÿ η íåò âåùåñòâåííîé ôîðìû êàê ìíîæåñòâà íåïîäâèæíûõ
òî÷åê.

Â ýòîì ñëó÷àå η èìååò ñòðóêòóðó ñèìïëåêòè÷åñêîãî, èëè êâàòåðíèîííîãî,
ðàññëîåíèÿ.

Îïåðàòîð T èãðàåò ðîëü óìíîæåíèÿ íà êâàòåðíèîííóþ åäèíèöó j:

j(v) := T (v), j2 = −1.

Àíòèëèíåéíîñòü T ñîîòâåòñòâóåò ïðàâèëó

j(λv) = λ j(v).
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Ìíîãîîáðàçèå CSGn,k

Îáîçíà÷èì ÷åðåç CSGn,k ìíîãîîáðàçèå, òî÷êàìè êîòîðîãî ÿâëÿþòñÿ ïàðû

(V, T ),

ãäå
V ⊂ Cn

� k-ìåðíîå êîìïëåêñíîå ïîäïðîñòðàíñòâî, à

T : V −→ V

� óíèòàðíûé àíòèàâòîìîðôèçì.

Íàä CSGn,k îïðåäåëåíî êàíîíè÷åñêîå k-ìåðíîå ñàìîñîïðÿæ¼ííîå ðàññëîåíèå

ξSC
n,k −→ CSGn,k .

Åãî ñëîé íàä òî÷êîé (V, T ) ðàâåí V .
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Ñâÿçü ñ êîìïëåêñíûì ìíîãîîáðàçèåì Ãðàññìàíà

Ïóñòü CGn,k � êîìïëåêñíîå ìíîãîîáðàçèå Ãðàññìàíà.

Èìååòñÿ îòîáðàæåíèå

πn,k : CSGn,k −→ CGn,k, πn,k(V, T ) = V.

Ýòî îòîáðàæåíèå çàáûâàåò àíòèàâòîìîðôèçì T .

Îíî ÿâëÿåòñÿ ðàññëîåíèåì ñî ñëîåì

U(k).
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Îïèñàíèå ðàññëîåíèÿ πn,k

Ðàññëîåíèå
πn,k : CSGn,k −→ CGn,k

àññîöèèðîâàíî ñ ãëàâíûì U(k)-ðàññëîåíèåì íàä CGn,k îòíîñèòåëüíî
äåéñòâèÿ ãðóïïû U(k) íà ñåáå ñîïðÿæåíèåì:

ϕ : U(k)×U(k) −→ U(k),

ϕ(g, g1) = gg1g
−1.

Òåì ñàìûì ñëîé íàä òî÷êîé V ∈ CGn,k îòîæäåñòâëÿåòñÿ ñ ìíîæåñòâîì
óíèòàðíûõ àíòèàâòîìîðôèçìîâ ïðîñòðàíñòâà V .

8 / 45



Óíèâåðñàëüíîå ñàìîñîïðÿæ¼ííîå ðàññëîåíèå

Ïîëîæèì
BSC(k) := colim

n→∞
CSGn,k .

Òàêæå ïîëîæèì
ξ(k; SC) := colim

n→∞
ξSC
n,k.

Òîãäà
ξ(k; SC) −→ BSC(k)

ÿâëÿåòñÿ óíèâåðñàëüíûì k-ìåðíûì ñàìîñîïðÿæ¼ííûì ðàññëîåíèåì.
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Ïðîñòðàíñòâà BSC è BU

Ïîëîæèì
BSC := lim−→

n

BSC(n), BU := lim−→
n

BU(n).

π := lim−→
n

πn, mSC := lim−→
n,m

Bîn,m, mC := lim−→
n,m

Bin,m.

Ïðîñòðàíñòâà BSC è BU ÿâëÿþòñÿ êîììóòàòèâíûìè H-ïðîñòðàíñòâàìè, à

π : BSC −→ BU

ÿâëÿåòñÿ ãîìîìîðôèçìîì H-ïðîñòðàíñòâ.
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K-òåîðèÿ ñàìîñîïðÿæ¼ííûõ ðàññëîåíèé

Ïðîñòðàíñòâî BSC ÿâëÿåòñÿ êëàññèôèöèðóþùèì ïðîñòðàíñòâîì
äëÿ K-òåîðèè ñàìîñîïðÿæ¼ííûõ ðàññëîåíèé:

KSC∗(−).

Òåîðèÿ KSC∗(−) ÿâëÿåòñÿ ìóëüòèïëèêàòèâíîé è 4-ïåðèîäè÷åñêîé.

Îíà ñâÿçàíà ñ êîìïëåêñíîé K-òåîðèåé K∗(−) è âåùåñòâåííîé K-òåîðèåé
KO∗(−) òî÷íûìè ïîñëåäîâàòåëüíîñòÿìè.

Êîãîìîëîãè÷åñêàÿ è ãîìîòîïè÷åñêàÿ ñòðóêòóðà ïðîñòðàíñòâà BSC îïèñàíà
â ðàáîòå [Smith L., Stong R.E., 1968].
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Ñâÿçü ñ êîìïëåêñíîé K-òåîðèåé

Äëÿ êàæäîãî êîíå÷íîãî CW-êîìïëåêñà X èìååòñÿ òî÷íàÿ
ïîñëåäîâàòåëüíîñòü

· · · −→ K−1−q(X) −→ KSC−q(X) µK SC
K−−−−→ K−q(X) 1−t−−→ K−q(X) −→ · · ·

Çäåñü µKSC
K èíäóöèðîâàíî îòîáðàæåíèåì π : BSC −→ BU

è t : K(X) −→ K(X) � îïåðàòîð êîìïëåêñíîãî ñîïðÿæåíèÿ.

Çàäà÷è:

1. Äîêàæèòå, ÷òî

KSC−q(pt) =


Z, åñëè q ≡ 0 mod 4;
Z/2, åñëè q ≡ 1 mod 4;
0, åñëè q ≡ 2 mod 4;
Z, åñëè q ≡ 3 mod 4.

2. Âû÷èñëèòå KSC∗(CPn) è KSC∗(HPn) ïðè n > 0.
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Ñâÿçü ñ âåùåñòâåííîé K-òåîðèåé

Òàêæå èìååòñÿ òî÷íàÿ ïîñëåäîâàòåëüíîñòü

· · · −→ KO2−q(X) ×θ
2

−−→ KO−q(X) µKO
KSC−−−→ KSC−q(X) δ−→ KO3−q(X) −→ · · · .

Çäåñü µKO
KSC èíäóöèðîâàíî êîìïëåêñèôèêàöèåé âåùåñòâåííûõ ðàññëîåíèé,

à ×θ2 îçíà÷àåò óìíîæåíèå íà îáðàçóþùèé ýëåìåíò ãðóïïû

KO−2(pt) ∼= Z/2.
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Ñïåêòð Òîìà TSC

Ïîñëåäîâàòåëüíîñòè ðàññëîåíèé

ξ(n; SC) −→ BSC(n)

çàäàþò ìóëüòèïëèêàòèâíûé ñïåêòð Òîìà

TSC = {TSC(2n)}n≥0,

ãäå
TSC(2n) = Tξ(n; SC).

Ñòðóêòóðíûå îòîáðàæåíèÿ èìåþò âèä

T în : Σ2 TSC(2n) −→ TSC(2n+ 2),

T în,m : TSC(2n) ∧ TSC(2m) −→ TSC(2n+ 2m).
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Êîãîìîëîãè÷åñêàÿ òåîðèÿ SC∗(−)

Ñïåêòðó Òîìà TSC ñîîòâåòñòâóåò ìóëüòèïëèêàòèâíàÿ òåîðèÿ êîãîìîëîãèé

SC∗(−).

Òåîðèÿ SC∗(−) ÿâëÿåòñÿ òåîðèåé êîáîðäèçìîâ.

Îíà ïîñòðîåíà ïî ãëàäêèì ìíîãîîáðàçèÿì, â íîðìàëüíîì ðàññëîåíèè
êîòîðûõ ôèêñèðîâàí êëàññ ýêâèâàëåíòíîñòè ñòðóêòóðû ñàìîñîïðÿæ¼ííîãî
ðàññëîåíèÿ.

Çàäà÷à.

Äîêàæèòå, ÷òî ìóëüòèïëèêàòèâíûå òåîðèè êîãîìîëîãèé KSC∗(−) è
SC∗(−) ÍÅ ÿâëÿþòñÿ C-îðèåíòèïóåìûìè.
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Ìóëüòèïëèêàòèâíûå ïðåîáðàçîâàíèÿ

Îïðåäåëåíû êàíîíè÷åñêèå ìóëüòèïëèêàòèâíûå ïðåîáðàçîâàíèÿ
òåîðèé êîãîìîëîãèé

µSp
SC : Sp∗(−) −→ SC∗(−),

µCO
SC : CO∗(−) −→ SC∗(−),

ãäå òåîðèÿ CO∗ ïîñòðîåíà ïî ãëàäêèì ìíîãîîáðàçèÿì, â íîðìàëüíîì
ðàññëîåíèè êîòîðûõ ôèêñèðîâàí êëàññ ýêâèâàëåíòíîñòè ñòðóêòóðû
êîìïëåêñèôèêàöèè âåùåñòâåííîãî ðàññëîåíèÿ.

Îíè èíäóöèðóþòñÿ ñîîòâåòñòâóþùèìè ïðåîáðàçîâàíèÿìè ñòðóêòóð
â íîðìàëüíûõ ðàññëîåíèÿõ.
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Õàðàêòåðèñòè÷åñêèå êëàññû â SC-òåîðèè

Òåîðåìà (Â.Ì. Áóõøòàáåð, 1978 ÂÈÍÈÒÈ)

Â òåîðèè ñàìîñîïðÿæ¼ííûõ êîáîðäèçìîâ SC∗(−) îïðåäåëåíà ôóíêöèÿ,
ñîïîñòàâëÿþùàÿ êàæäîìó ñàìîñîïðÿæ¼ííîìó ðàññëîåíèþ

(η, T ) −→ X, dimC η = 2n,

õàðàêòåðèñòè÷åñêèé êëàññ

p(η; SC) = 1 + p1(η; SC) + · · ·+ pn(η; SC),

ãäå
pm(η; SC) ∈ SC4m(X).
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Õàðàêòåðèñòè÷åñêèå êëàññû â SC-òåîðèè

Åñëè T 2 = 1 è η = ζ ⊗R C, òî

pm(η; SC) = (−1)m µCO
SC
(
pCO
m (ζ)

)
.

Åñëè T 2 = −1, òî η èìååò ñòðóêòóðó ñèìïëåêòè÷åñêîãî ðàññëîåíèÿ ζ, è

pm(η; SC) = µSp
SC
(
pSp
m (ζ)

)
.

Êëàññû pSp
m íàçûâàþòñÿ êëàññàìè Áîðåëÿ�Êîííåðà�Ôëîéäà â Sp-òåîðèè

(â ÷åñòü A. Borel, P.E. Conner, E.E. Floyd).

Ïðè êàíîíè÷åñêîì ïðåîáðàçîâàíèè Sp→ KZ êëàññû pSp
m ïåðåõîäÿò

â êëàññè÷åñêèå êëàññû Áîðåëÿ.

Ïðè êàíîíè÷åñêîì ïðåîáðàçîâàíèè CO → KZ êëàññû pCO
m ïåðåõîäÿò â

êëàññè÷åñêèå êëàññû Ïîíòðÿãèíà.
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Òåíçîðíîå ïðîèçâåäåíèå íàä C

Â ëåêöèè 1 ââåäåíà ôîðìàëüíàÿ ãðóïïà ãåîìåòðè÷åñêèõ êîáîðäèçìîâ

F (u, v) = cU
1 (η1 ⊗C η2) ∈ U2(CP∞×CP∞) = ΩU[[u, v]],

ãäå
ηk = pr∗k η, k = 1, 2.

Çäåñü η � òàâòîëîãè÷åñêîå êîìïëåêñíîå îäíîìåðíîå ðàññëîåíèå íàä CP∞,

prk : CP∞ × CP∞ −→ CP∞, u = cU
1 (η1), v = cU

1 (η2).

Ïóñòü ζk = pr∗(ζ), ζ � îäíîìåðíîå òàâòîëîãè÷åñêîå êâàòåðíèîííîå ðàññëîåíèå
íàä HP∞. Ðàññëîåíèÿ ζk ÿâëÿþòñÿ ñàìîñîïðÿæåííûìè.

Ðàññëîåíèå ζ1 ⊗C ζ2 ÿâëÿåòñÿ ñàìîñîïðÿæåííûì íàä HP∞×HP∞, è ι∗(ζ1 ⊗C ζ2)
ÿâëÿåòñÿ ñèìïëåêòè÷åñêèì íàä CP∞×CP∞, ãäå ι : CP∞ → HP∞ � îòîáðàæåíèå,
èíäóöèðîâàííîå âëîæåíèåì S1 ↪→ Sp(1).

19 / 45



Ðàññëîåíèÿ íàä HP∞ ×HP∞

Ðàññìîòðèì ðàññëîåíèå

ζ1 ⊗C ζ2 −→ HP∞ ×HP∞.

Òàê êàê
ζ1 ⊗C ζ2 =

(
ζ1 ⊗H ζ2

)
⊗R C,

òî îïðåäåëåíû õàðàêòåðèñòè÷åñêèå êëàññû

Pm(ζ1 ⊗C ζ2; SC) = (−1)mµCO
SC pCO

m (ζ1 ⊗H ζ2).
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Ðàññëîåíèÿ íàä HP∞ ×HP∞

Èìååì
pm(ζ1 ⊗ ζ2; SC) ∈ SC4m(HP∞ ×HP∞).

Ïðè÷¼ì
pm(ζ1 ⊗ ζ2; SC) = 0 ïðè m > 2.

Èìååò ìåñòî èçîìîðôèçì

SC∗(HP∞ ×HP∞) ∼= ΩSC
[[
xSC

1 , xSC
2
]]
,

ãäå
xSC
i = p1(ζi; SC) = µSp

SCp
Sp
1 (ζi).
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Ôîðìàëüíûå ðÿäû Θ1 è Θ2

Ðàññìîòðèì êàíîíè÷åñêîå ïðåîáðàçîâàíèå

µSC
U : SC∗(−) −→ U∗(−).

Ïîëîæèì
Θi(x1, x2) = µSC

U pi(ζ1 ⊗ ζ2; SC), i = 1, 2.

Òîãäà
Θi(x1, x2) ∈ U4i(HP∞ ×HP∞) ∼= ΩU [[x1, x2]],

ãäå
xi = µSC

U xSC
i .
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Ïîäñòàíîâêà ìíîãîçíà÷íûõ ôîðìàëüíûõ ðÿäîâ

Ðàññìîòðèì äâà ìíîãîçíà÷íûõ ôîðìàëüíûõ ðÿäà:

Fn1 +
n∑
i=1

(−1)iΘi,1(x)F n−i
1 = 0,

Fm2 +
m∑
j=1

(−1)jΘj,2(x)F m−j
2 = 0.

Ïóñòü
Θi,1(0) = 0, 1 ≤ i ≤ n, Θj,2(0) = 0, 1 ≤ j ≤ m.

Òîãäà îïðåäåëåíà îïåðàöèÿ ïîäñòàíîâêèm-çíà÷íîãî ðÿäà F2(x) â n-çíà÷íûé
ðÿä F1(x).
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Ðåçóëüòàò ïîäñòàíîâêè

Ðåçóëüòàòîì ïîäñòàíîâêè ÿâëÿåòñÿ nm-çíà÷íûé ôîðìàëüíûé ðÿä

F(x) = F1(F2(x)).

Îí çàäà¼òñÿ óðàâíåíèåì

m∏
k=1

(
Fn +

n∑
i=1

(−1)iΘi,1
(
F (k)

2
)
F n−i

)
= 0.

Çäåñü

F (1)
2 , . . . ,F (m)

2

îáîçíà÷àþò ôîðìàëüíûå âåòâè m-çíà÷íîãî ðÿäà F2.
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Îäíîìåðíàÿ n-çíà÷íàÿ ôîðìàëüíàÿ ãðóïïà

Êîììóòàòèâíîé îäíîìåðíîé n-çíà÷íîé ôîðìàëüíîé ãðóïïîé íàä êîëüöîì
A íàçûâàåòñÿ n-çíà÷íûé ôîðìàëüíûé ðÿä F(x, y), çàäàâàåìûé óðàâíåíèåì

Fn +
n∑
i=1

(−1)iΘi(x, y)F n−i = 0,

ãäå
θi(x, y) ∈ A[[x, y]].

Ôîðìàëüíûé ðÿä F(x, y) äîëæåí óäîâëåòâîðÿòü óñëîâèÿì:

I. F(x, 0) çàäà¼òñÿ óðàâíåíèåì (F − x)n = 0.

II. F(F(x, y), z) = F(x,F(y, z)).

III. F(x, y) = F(y, x).

Àêñèîìà II ðàâíîñèëüíà ðàâåíñòâó n2-çíà÷íûõ ôîðìàëüíûõ ðÿäîâ
îò ïåðåìåííûõ x, y, z.

25 / 45



Ïðèìåðû äâóçíà÷íûõ ôîðìàëüíûõ ãðóïï

Äàëåå ïîëîæèì z(x, y) = F(x, y).

1. Ýëåìåíòàðíûå ôîðìàëüíûå ãðóïïû

z2 − 2(x+ y)z + (x− y)2 = 0, z2 − 2(x+ y)z + (x+ y)2 = 0.

2. Ìíîãî÷ëåí Áóõøòàáåðà

Ba(z;x, y) = (x+ y + z − a2xyz)2 − 4(1 + a3xyz)(xy + yz + xz + a1xyz),

ââåäåííûé â [Áóõøòàáåð Â.Ì., 1990], çàäàåò äâóçíà÷íóþ ôîðìàëüíóþ
ãðóïïó

Ba(z;x, y) = 0.

Ïðèëîæåíèÿ ýòîé äâóçíà÷íîé ãðóïïû ñì. [Buchstaber V.M., Gaiur I.Yu.,
Rubtsov V.N., 2026] è [Áóõøòàáåð Â.Ì., Êîðíåâ Ì.È., Ðóáöîâ Â.Í., 2026].
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Äâóçíà÷íàÿ ôîðìàëüíàÿ ãðóïïà â SC-òåîðèè

Îáîçíà÷èì ÷åðåç Λ ïîäêîëüöî â ΩU , ïîðîæä¼ííîå êîýôôèöèåíòàìè ðÿäîâ

Θ1(x1, x2), Θ2(x1, x2).

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978 ÂÈÍÈÒÈ)

Äâóçíà÷íûé ôîðìàëüíûé ðÿä

z2 −Θ1(x1, x2)z + Θ2(x1, x2) = 0 (1)

íàä êîëüöîì Λ çàäà¼ò äâóçíà÷íóþ ôîðìàëüíóþ ãðóïïó ïåðâîãî òèïà.

Äâóçíà÷íàÿ ôîðìàëüíàÿ ãðóïïà íàä êîëüöîìΛ, çàäàâàåìàÿ óðàâíåíèåì (1),
íàçûâàåòñÿ äâóçíà÷íîé ôîðìàëüíîé ãðóïïîé â êîáîðäèçìàõ.
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Îáðàòíûé îáðàç ðàññëîåíèÿ ζ1 ⊗C ζ2

Èìååì ñëåäóþùóþ äèàãðàììó îáðàòíûõ îáðàçîâ:

(η1 ⊕ η1)⊗C (η2 ⊕ η2) //

��

ζ1 ⊗C ζ2

��
CP∞×CP∞ ι×ι // HP∞×HP∞

ãäå ηj � óíèâåðñàëüíîå êîìïëåêñíîå ëèíåéíîå ðàññëîåíèå íàä j-ì ìíîæèòåëåì
è îòîáðàæåíèå ι : CP∞ → HP∞ èíäóöèðîâàíî âëîæåíèåì S1 ↪→ Sp(1).

Ñóùåñòâóåò èçîìîðôèçì êîìïëåêñíûõ âåêòîðíûõ ðàññëîåíèé:

(η1 ⊕ η1)⊗C (η2 ⊕ η2) ∼= (η1η2 ⊕ η1η2)⊕ (η1η2 ⊕ η1η2).

Ðàññëîåíèÿ
ξ1 = η1η2 ⊕ η1η2, ξ2 = η1η2 ⊕ η1η2

äîïóñêàþò êâàòåðíèîííûå ñòðóêòóðû.
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Ãðóïïà Ïèêàðà Pic(M) è äâóçíà÷íàÿ ãðóïïà Pic(M)/σ

Ðàññëîåíèå ζ1 ⊗C ζ2 íå äîïóñêàåò íèêàêîé êâàòåðíèîííîé ñòðóêòóðû.

Â òî æå âðåìÿ, (ζ1 ⊗C ζ2)⊗C ζ3 èìååò êâàòåðíèîííóþ ñòðóêòóðó.

Ïóñòü Pic(M) � ãðóïïà Ïèêàðà (â ÷åñòü E. Picard) êëàññîâ èçîìîðôèçìà ξ := [ξ]
êîìïëåêñíûõ ëèíåéíûõ ðàññëîåíèé íàä êîìïëåêñíûì ìíîãîîáðàçèåì M .

Ðàññìîòðèì èíâîëþöèþ σ : [ξ] 7→ [ξ]. Òî÷êè ñîîòâåòñòâóþùåãî ïðîñòðàíñòâà
îðáèò X := Pic(M)/σ îòîæäåñòâëÿþòñÿ ñ íåóïîðÿäî÷åííûìè ïàðàìè [ξ, ξ].

Ïîëó÷àåì 2-çíà÷íóþ êîñåòíóþ ãðóïïó ñ óìíîæåíèåì

[ξ, ξ] ∗ [η, η] = [[ξη, ξη], [ξη, ξη]]

è íåéòðàëüíûì ýëåìåíòîì [1C,1C], ãäå 1C îáîçíà÷àåò êëàññ òðèâèàëüíîãî
êîìïëåêñíîãî ëèíåéíîãî ðàññëîåíèÿ.

Åñòåñòâåííûé èçîìîðôèçì (ζ1 ⊗C ζ2) ⊗C ζ3 ∼= ζ1 ⊗C (ζ2 ⊗C ζ3) ýêâèâàëåíòåí
àññîöèàòèâíîñòè äâóçíà÷íîé îïåðàöèè ∗.

Îñíîâíûå îïðåäåëåíèÿ è êîíñòðóêöèè òåîðèè n-çíà÷íûõ ãðóïï äàíû â îáçîðå
[Buchstaber V.M., 2006].
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Êîíñòðóêöèÿ êâàäðàòà ìîäóëÿ

Ýòà äâóçíà÷íàÿ ãðóïïà ÿâëÿåòñÿ ãåîìåòðè÷åñêîé ðåàëèçàöèåé áîëåå îáùåé
êîíñòðóêöèè:

Ïðåäëîæåíèå

Ïóñòü G � àáåëåâà ãðóïïà è σ : g 7→ −g � èíâîëþöèÿ. Îáîçíà÷èì ÷åðåç X
ïðîñòðàíñòâî îðáèò G/σ ñ òî÷êàìè [g,−g]. Òîãäà X íàäåëÿåòñÿ ñòðóêòóðîé
èíâîëþòèâíîé êîììóòàòèâíîé äâóçíà÷íîé êîñåòíîé ãðóïïû ñ îïåðàöèåé

X ×X → Sym2 X

[g,−g] ∗ [h,−h] = [[g + h,−g − h], [g − h,−g + h]]

ñ íåéòðàëüíûì ýëåìåíòîì [0, 0], ãäå 0 � íåéòðàëüíûé ýëåìåíò ãðóïïû G.

Óñëîâèå íåéòðàëüíîãî ýëåìåíòà: 0 ∗ [g,−g] = [[g,−g], [g,−g]].

Àññîöèàòèâíîñòü: ([g,−g] ∗ [h,−h]) ∗ [t,−t] = [g,−g] ∗ ([h,−h] ∗ [t,−t]).

Êàæäûé ýëåìåíò îáðàòåí ñåáå: [g,−g] ∗ [g,−g] = [[2g, 0], [−2g, 0]].
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Äâóçíà÷íàÿ ôîðìàëüíàÿ ãðóïïà GF

Êîíñòðóêöèÿ êâàäðàòà ìîäóëÿ èìååò ñëåäóþùèé èíôèíèòåçèìàëüíûé
àíàëîã:

Ïóñòü F (u, v) � êîììóòàòèâíàÿ ôîðìàëüíàÿ ãðóïïà íàä àëãåáðîé A
ñ ëîãàðèôìîì g(u) è ýêñïîíåíòîé f(u) (îíè îïðåäåëåíû íàä A⊗Q).

Ïóñòü x = uu, y = vv. Òîãäà ïî îïðåäåëåíèþ äâóçíà÷íàÿ ôîðìàëüíàÿ
ãðóïïà GF çàäàåòñÿ çàêîíîì

x ∗ y = [F (u, v)F (u, v), F (u, v)F (u, v)],

íåéòðàëüíûì ýëåìåíòîì x = 0 è îáðàòíûì ýëåìåíòîì inv(x) = x.
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Äâóçíà÷íàÿ ôîðìàëüíàÿ ãðóïïà GF

Îïðåäåëèì ñëåäóþùèå ôîðìàëüíûå ðÿäû:

z1 = F (u, v)F (u, v), z2 = F (u, v)F (u, v)
Θ1 = z1 + z2, Θ2 = z1z2.

Çàäà÷à. Äîêàçàòü, ÷òî ðÿäû Θ1 è Θ2 ïðèíàäëåæàò êîëüöó A[[x, y]].

Ïðåäëîæåíèå (Áóõøòàáåð Â.Ì., Íîâèêîâ Ñ.Ï., 1971)

Äâóçíà÷íàÿ ôîðìàëüíàÿ ãðóïïà GF îïðåäåëÿåòñÿ êîðíÿìè z1, z2
êâàäðàòíîãî ìíîãî÷ëåíà íàä êîëüöîì A[[x, y]]:

z2 −Θ1(x, y)z + Θ2(x, y) = 0,
x ∗ y = [z1, z2].
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Äâóçíà÷íàÿ ôîðìàëüíàÿ ãðóïïà GF

Ðÿä
B(x) = g(u)g(u) = −g(u)2

íàçûâàåòñÿ ëîãàðèôìîì äâóçíà÷íîé ôîðìàëüíîé ãðóïïû GF ïî ñëåäóþùåé
ïðè÷èíå:

Ïðåäëîæåíèå (Áóõøòàáåð Â.Ì., Íîâèêîâ Ñ.Ï., 1971)

z1,2 = B−1
((√

B (x)±
√
B (y)

)2
)
.

Äîêàçàòåëüñòâî. Èìååì B−1((
√
B(x)±

√
B(y))2) = B−1(−(g(u)± g(v))2).

Äîñòàòî÷íî ïðîâåðèòü, ÷òî B(z1,2) = −(g(u)± g(v))2.

Ðàññìîòðèì ñëó÷àé z1 (ñëó÷àé z2 ïîëíîñòüþ àíàëîãè÷åí).

Èìååì

B(z1) = B(V V ) = −g(V )2 = −(gg−1(g(u) + g(v)))2 = −(g(u) + g(v))2,

ãäå V = g−1(g(u) + g(v)). ×òî è òðåáîâàëîñü äîêàçàòü.
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Ä. ô. GFU ãðóïïà ãåîìåòðè÷åñêèõ êîáîðäèçìîâ

Ðàññìîòðèì ôîðìàëüíóþ ãðóïïó F (u, v) = FU(u, v) ãåîìåòðè÷åñêèõ
êîáîðäèçìîâ íàä êîëüöîì ΩU = U∗(pt) ñ ëîãàðèôìîì g(u) = gU(u)
è ýêñïîíåíòîé f(u) = fU(u).

Ââåäåì êëàññû z1, z2 ∈ U4(CP∞×CP∞) êàê êëàññû ×åðíà â U-òåîðèè:

z1 := cU
2 (η1η2 ⊕ η1η2) = cU

1 (η1η2)cU
1 (η1η2) = FU(u, v)FU(u, v),

z2 := cU
2 (η1η2 ⊕ η1η2) = cU

1 (η1η2)cU
1 (η1η2) = FU(u, v)FU(u, v),

ãäå u = cU
1 (η1), v = cU

1 (η2), u = cU
1 (η1), v = cU

1 (η2).
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Ä. ô. GFU ãðóïïà êîìïëåêñíûõ êîáîðäèçìîâ

Ïóñòü

x = µSp
SCι
∗pSp

1 (ζ1) = uu, y = µSp
SCι
∗pSp

1 (ζ2) = vv ∈ Sp4(CP∞),

ãäå pSp
1 (ζj) ∈ Sp4(HP∞) îáîçíà÷àåò êëàññ Áîðåëÿ�Êîííåðà�Ôëîéäà

â Sp-òåîðèè è ι : CP∞ → HP∞ � îòîáðàæåíèå, èíäóöèðîâàííîå âëîæåíèåì
S1 ↪→ Sp(1).
Îïðåäåëèì ðÿäû â êîëüöå ΩU [[x, y]]

Θ1 : = ι∗pCO
1 (ζ1 ⊗C ζ2) = pSp

1 ι∗(ζ1 ⊗C ζ2) = z1 + z2,

Θ2 : = ι∗pCO
2 (ζ1 ⊗C ζ2) = pSp

2 ι∗(ζ1 ⊗C ζ2) = z1z2.

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978 ÂÈÍÈÒÈ)

Ä. ô. ãðóïïà â êîáîðäèçìàõ íàä êîëüöîì Λ ⊂ ΩU ïðè ãîìîìîðôèçìå µSC
U

ïåðåõîäèò â ä. ô. ãðóïïó, ïîñòðîåííóþ ïðè ïîìîùè êîíñòðóêöèè êâàäðàòà

ìîäóëÿ ôîðìàëüíîé ãðóïïû ãåîìåòðè÷åñêèõ êîáîðäèçìîâ.
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Äâóçíà÷íûå ôîðìàëüíûå ãðóïïû îñíîâíîãî òèïà

Äâóçíà÷íàÿ ôîðìàëüíàÿ ãðóïïà

z2 −Θ1(x, y)z + Θ2(x, y) = 0

íàä êîëüöîì R íàçûâàåòñÿ ãðóïïîé ïåðâîãî òèïà, åñëè

Θ2(x, y) ≡ (x− y)2 (mod deg 3),

è ãðóïïîé âòîðîãî òèïà, åñëè

Θ2(x, y) ≡ (x+ y)2 (mod deg 3).

Òåîðåìà (Áóõøòàáåð Â.Ì., 1975)

Íàä êîëüöîì R áåç äåëèòåëåé íóëÿ ëþáàÿ 2-çíà÷íàÿ ôîðìàëüíàÿ ãðóïïà
èìååò ïåðâûé èëè âòîðîé òèï.
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Óíèâåðñàëüíîñòü ä. ô. â êîìïëåêñíûõ êîáîðäèçìàõ

Ä. ô. ãðóïïà GF ñ äâóçíà÷íûì çàêîíîì z2 − Θ1z + Θ2 = 0 è êîëüöîì
êîýôôèöèåíòîâ R íàçûâàåòñÿ óíèâåðñàëüíîé, åñëè äëÿ ëþáîé äðóãîé
ä. ô. ãðóïïû G

F̃
ñ äâóçíà÷íûì çàêîíîì z2 − Θ̃1z + Θ̃2 = 0 è êîëüöîì

êîýôôèöèåíòîâ R̃ ñóùåñòâóåò è åäèíñòâåííåí ãîìîìîðôèçì ϕ : R → R̃,
òàêîé, ÷òî Θ̃j = ϕ(Θ), j = 1, 2.

Çàäà÷à. Äîêàæèòå ñóùåñòâîâàíèå óíèâåðñàëüíîé äâóçíà÷íîé ãðóïïû.

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Äâóçíà÷íàÿ ôîðìàëüíàÿ ãðóïïà â êîáîðäèçìàõ íàä êîëüöîì Λ ⊂ ΩU
èçîìîðôíà óíèâåðñàëüíîé ä. ô. ãðóïïå ïåðâîãî òèïà.

Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ íà êîëüöî R óíèâåðñàëüíàÿ
ôîðìàëüíàÿ ãðóïïà âòîðîãî òèïà èìååò âèä

(z − FU(x, y))2 = 0,

ãäå FU(x, y) � ôîðìàëüíàÿ ãðóïïà ãåîìåòðè÷åñêèõ êîáîðäèçìîâ,
ñì. [Áóõøòàáåð Â.Ì., 1976].
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Ýêñïîíåíòà äëÿ GFU � ýòî õàðàêòåð ×åðíà�Äîëüäà

Ïóñòü z � îáðàçóþùèé ãðóïïû H4(HP∞,Z) òàêîé, ÷òî ι∗z = −t2,
ãäå t � îáðàçóþùèé ãðóïïû H2(CP∞,Z).

Ïóñòü ζ � óíèâåðñàëüíîå êâàòåðíèîííîå ëèíåéíîå ðàññëîåíèå íàä HP∞,
è η � óíèâåðñàëüíîå êîìïëåêñíîå ëèíåéíîå ðàññëîåíèå íàä CP∞.

Ìû çíàåì, ÷òî x = ι∗cU
2 (ζ) = cU

1 (η)cU
1 (η) = uu.

Òîãäà chU(g(u)) = t è chU(B(x)) = −t2 = ι∗z, ãäå B(x) = g(u)g(u) = −g(u)2

è chU(x) � õàðàêòåð ×åðíà�Äîëüäà

chU : U∗(HP∞)→ H∗(HP∞,ΩU ⊗Q) ∼= ΩU ⊗Q[[z]],

ââåäåííûé â [Áóõøòàáåð Â.Ì., 1970].

Ïîýòîìó îáðàòíûé ñòåïåííîé ðÿä B−1(z), íàçûâàåìûé ýêñïîíåíòîé,
ñîâïàäàåò ñ õàðàêòåðîì ×åðíà:

B−1(cU
2 (ζ)) = chU(x) ∈ H∗(HP∞,ΩU ⊗Q).

38 / 45



Äâóçíà÷íûå ôîðìàëüíûå ãðóïïû íàä Q-àëãåáðàìè

Òåîðåìà (Áóõøòàáåð Â.Ì., 1975)

(i) Ïóñòü x ∗ y = {z | z2 −Θ1(x, y)z + Θ2(x, y) = 0} � ïðîèçâîëüíàÿ äâóçíà÷íàÿ
ôîðìàëüíàÿ ãðóïïà G(R) â ôîðìàëüíûõ ñòåïåííûõ ðÿäàõ íàä ïðîèçâîëüíîé
Q-àëãåáðîé R. Ïóñòü B(x) � åå ëîãàðèôì.
Òîãäà B(x) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ

1
2ϕ1(x)B′(x) + 1

8ϕ2(x)B′′(x) = 1

ñ íà÷àëüíûì óñëîâèåì B(0) = 0, ãäå

ϕ1(x) = ∂Θ1(x, y)
∂y

∣∣∣∣
y=0

, ϕ2(x) = ∂σ(x, y)
∂y

∣∣∣∣
y=0

, σ(x, y) = Θ2
1 − 4Θ2.
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Äâóçíà÷íûå ôîðìàëüíûå ãðóïïû íàä Q-àëãåáðàìè

Åñëè G(R) èìååò ïåðâûé òèï, òî åñòü Θ2(x, y) ≡ (x− y)2 mod deg 3,
òî ðÿä B(x) çàäàåò ñòðîãèé èçîìîðôèçì ýòîé äâóçíà÷íîé ôîðìàëüíîé ãðóïïû
ñ ýëåìåíòàðíîé äâóçíà÷íîé ôîðìàëüíîé ãðóïïîé, îïðåäåëåííîé ìíîãî÷ëåíîì

z2 − 2(x+ y)z + (x− y)2.

Áîëåå òîãî, äëÿ ëîãàðèôìà ãðóïïû G(R) èìååì:

B(x) =

 √x∫
0

dt√
ϕ(t2)

2

, ϕ2(x) = 8
x∫

0

ϕ1(t) dt,

ãäå ϕ(t) = ϕ2(t)/(16t) è ϕ(0) = 1.
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Äâóçíà÷íûå ôîðìàëüíûå ãðóïïû íàä Q-àëãåáðàìè

(ii) Åñëè F (x, y) � ä. ô. ãðóïïà âòîðîãî òèïà, òî ðÿä B(x) óñòàíàâëèâàåò
ñèëüíûé èçîìîðôèçì ýòîé ä. ô. ãðóïïû ñ ä. ô. ãðóïïîé

F 2
1 − 2(x+ y)F1 + (x+ y)2 − δ(x, y) = 0,

ãäå

δ(x, y) = A(x, y)−A(x)−A(y), A(x) =
x∫

0

a(x) dx,

a(x) = ϕ2
(
B−1(x)

)( dx
dB−1(x)

)
è êîýôôèöèåíòû ðÿäà

a(x) =
∞∑
n=2

anx
n

óäîâëåòâîðÿþò óñëîâèÿì anam = 0 äëÿ âñåõ ïàð (n,m), n+m ≥ 4.
Â ÷àñòíîñòè, åñëè êîëüöî R íå ñîäåðæèò íèëüïîòåíòíûõ ýëåìåíòîâ, òî
δ(x, y) ≡ 0.

41 / 45



Ñïèñîê ëèòåðàòóðû I

L. Smith, R.E. Stong,
The structure of BSC.
Inventiones mathematicae, 5:2 (1968), 138�159.

Â.Ì. Áóõøòàáåð,
Õàðàêòåð ×æåíÿ�Äîëüäà â êîáîðäèçìàõ, I.
Ìàòåì. ñá., 83(125):4(12) (1970), 575�595.

Â.Ì. Áóõøòàáåð, Ñ.Ï. Íîâèêîâ,
Ôîðìàëüíûå ãðóïïû, ñòåïåííûå ñèñòåìû è îïåðàòîðû Àäàìñà.
Ìàòåì. Ñá., 84(126):1 (1971), 81�118.

Â.Ì. Áóõøòàáåð,
Äâóçíà÷íûå ôîðìàëüíûå ãðóïïû. Àëãåáðàè÷åñêàÿ òåîðèÿ è ïðèëîæåíèÿ
ê êîáîðäèçìàì. I
Èçâ. ÀÍ ÑÑÑÐ, Ñåð. ìàòåì., 39:5 (1975), 1044�1064.

Â.Ì. Áóõøòàáåð,
Äâóçíà÷íûå ôîðìàëüíûå ãðóïïû. Àëãåáðàè÷åñêàÿ òåîðèÿ è ïðèëîæåíèÿ
ê êîáîðäèçìàì. II
Èçâ. ÀÍ ÑÑÑÐ, Ñåð. ìàòåì., 40:2 (1976), 289�325.

42 / 45



Ñïèñîê ëèòåðàòóðû II

Â.Ì. Áóõøòàáåð,
Õàðàêòåðèñòè÷åñêèå êëàññû â êîáîðäèçìàõ è òîïîëîãè÷åñêèå ïðèëîæåíèÿ
òåîðèé îäíîçíà÷íûõ è äâóçíà÷íûõ ôîðìàëüíûõ ãðóïï.
Èòîãè íàóêè è òåõíèêè, Ñîâð. Ïðîáë. ìàòåì., ò. 10, ÂÈÍÈÒÈ, Ì., 1978,
5�178.

Â.Ì. Áóõøòàáåð,
Òîïîëîãè÷åñêèå ïðèëîæåíèÿ òåîðèè äâóçíà÷íûõ ôîðìàëüíûõ ãðóïï.
Èçâ. ÀÍ ÑÑÑÐ, ñåð. ìàò., 42:1 (1978), 130�184.

Â.Ì. Áóõøòàáåð,
Ôóíêöèîíàëüíûå óðàâíåíèÿ, àññîöèèðîâàííûå ñ òåîðåìàìè ñëîæåíèÿ
äëÿ ýëëèïòè÷åñêèõ ôóíêöèé, è äâóçíà÷íûå àëãåáðàè÷åñêèå ãðóïïû.
ÓÌÍ, 45:3 (1990), 185�186.

V.M. Buchstaber,
n-valued groups: theory and applications.
Moscow Math. J., 6:1 (2006), 57�84.

43 / 45



Ñïèñîê ëèòåðàòóðû III

V.M. Buchstaber, I.Yu. Gaiur, V.N. Rubtsov,

Algebraic 2-valued group structures on P 1, Kontsevich-type polynomials,
and multiplication formulas, I.
Izv. Math., 90:1 (2026), 34�69.

V.M. Buchstaber, M.I. Kornev, V.N. Rubtsov,
Two-valued groups, Chazy equation, Dubrovin�Frobenius structures,
and QYBE.
arXiv:2604.26641 v1 [math.AG] 29 Apr 2026 (48 pp).

44 / 45



Ñïàñèáî çà âíèìàíèå!

45 / 45


