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Êîëüöî Λ

Äâóçíà÷íàÿ ôîðìàëüíàÿ ãðóïïà F±U (x, y) = B−1((
√
B(x)±

√
B(y))2)

íàä êîëüöîì ΩU[[x, y]] çàäàåòñÿ ðåøåíèåì êâàäðàòíîãî óðàâíåíèÿ
z2 −Θ1(x, y)z + Θ2(x, y) = 0.

Îáîçíà÷èì ÷åðåç Λ ⊂ ΩU ïîäêîëüöî â ΩU, ïîðîæäåííîå êîýôôèöèåíòàìè
ðÿäîâ Θ1(x, y) è Θ2(x, y).

Èìååì Λ =
⊕
n≥0

Λ4n, Λ4n ⊂ Ω−4n
U .

Â êîëüöå Λ ñîäåðæàòñÿ äâà ïîäêîëüöà Λ1 è Λ2, ïîðîæäåííûå
êîýôôèöèåíòàìè ðÿäîâ Θ1(x, y) è Θ2(x, y).

Íè îäíî èç êîëåö Λ1, Λ2 íå ñîâïàäàåò ñ êîëüöîì Λ.
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Êîëüöî Λ

Ïóñòü AU � àëãåáðà âñåõ êîãîìîëîãè÷åñêèõ îïåðàöèé òåîðèè êîìïëåêñíûõ
êîáîðäèçìîâ:

A
U
n
∼= Un(MU), A

U =
∏
n

A
U
n .

Êàíîíè÷åñêîå îòîáðàæåíèå ñïåêòðîâ MSp → MU, ñîîòâåòñòâóþùåå âëîæåíèÿì
Sp(n) ⊂ U(2n), n = 1, 2, . . ., îïðåäåëÿåò ýïèìîðôèçì AU � U∗(MSp) è âëîæåíèå
HomAU (U∗(MSp),ΩU) ↪→ ΩU.

Òåîðåìà (Áóõøòàáåð Â.Ì., Íîâèêîâ Ñ.Ï., 1971)

Êâàäàðòíîå óðàâíåíèå z2 −Θ1(x, y)z + Θ2(x, y) = 0, çàäàþùåå çàêîí óìíîæåíèÿ
â äâóçíà÷íîé ôîðìàëüíîé ãðóïïå F±(x, y), îïðåäåëåíî íàä êîëüöîì
HomAU (U∗(MSp),ΩU), è, áîëåå òîãî,

HomAU (U∗(MSp),ΩU)⊗ Z
[1

2

]
∼= Λ⊗ Z

[1
2

]
∼= ΩSp

[1
2

]
.

Îêàçàëîñü, ÷òî HomAU (U∗(MSp),ΩU) 6∼= Λ.
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Ôóíêòîð L∗

Ðàññìîòðèì îòðåçîê ñâîáîäíîé ðåçîëüâåíòû AU-ìîäóëÿ U∗(MSp):

0←− U∗(MSp) εSp←−−− AU d←−− C1⊗̂AU .

Çäåñü εSp � ãîìîìîðôèçì, èíäóöèðîâàííûé êàíîíè÷åñêèì îòîáðàæåíèåì
ñïåêòðîâ MSp→ MU.

Ïðèìåíÿÿ òî÷íûé ñëåâà ôóíêòîð HomAU( · , U∗(X)), ãäå X � êîíå÷íûé
êëåòî÷íûé êîìïëåêñ, ïîëó÷àåì òî÷íóþ ïîñëåäîâàòåëüíîñòü

0→ HomAU
(
U∗(MSp),U∗(X)

) ε∗Sp−−−→ U∗(X) d∗−−−→ C1⊗̂U∗(X).

Ïîëîæèì
L∗(X) := HomAU

(
U∗(MSp),U∗(X)

)
.
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Ôóíêòîð L∗

Ãîìîìîðôèçì
µSp

Λ : Sp∗(X) −→ L∗(X)

ñîâïàäàåò ñî ñëåäóþùåé êîìïîçèöèåé ãîìîìîðôèçìîâ ñïåêòðàëüíîé
ïîñëåäîâàòåëüíîñòè Àäàìñà�Íîâèêîâà äëÿ Sp∗(X):

Sp∗(X) q0−→ E2,0
∞ −→ E2,0

2 ' HomAU

(
U∗(MSp),U∗(X)

)
= L∗(X).

Çäåñü q0 � êðàåâîé ãîìîìîðôèçì.

Ýëåìåíòû êîëüöà L∗(X), íå ëåæàùèå â îáðàçå ãîìîìîðôèçìà q0,
íå ÿâëÿþòñÿ öèêëàìè âñåõ äèôôåðåíöèàëîâ.

4 / 41



Ôóíêòîð L∗

Äëÿ ëîêàëüíî êîíå÷íûõ êëåòî÷íûõ êîìïëåêñîâ X ïîëîæèì

L∗(X) = lim←−L
∗(Xn),

ãäå Xn � n-ìåðíûé îñòîâ.

Íåïîñðåäñòâåííî èç êîíñòðóêöèè ãðóïïû L∗(X) ñëåäóåò, ÷òî ñîîòâåòñòâèå

X 7→ L∗(X)

îïðåäåëÿåò ãîìîòîïè÷åñêèé êîíòðàâàðèàíòíûé ôóíêòîð èç êàòåãîðèè
ëîêàëüíî êîíå÷íûõ êëåòî÷íûõ êîìïëåêñîâ â êàòåãîðèþ êîììóòàòèâíûõ
êîëåö.
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Êîëüöà L∗(X)

Ïóñòü L = L∗(pt). Êîëüöà L∗(X) èãðàþò êëþ÷åâóþ ðîëü â âû÷èñëåíèè êîëåö
Sp∗(X) ìåòîäîì ñïåêòðàëüíîé ïîñëåäîâàòåëüíîñòè Àäàìñà�Íîâèêîâà.

Îòìåòèì, ÷òî åñëè ïðîñòðàíñòâî X íå èìååò 2-êðó÷åíèÿ â ãîìîëîãèÿõ,
òî êîëüöî L∗(X) ÿâëÿåòñÿ ìèíèìàëüíûì àääèòèâíî ïðÿìûì ñëàãàåìûì
â êîëüöå U∗(X), ñîäåðæàùèì îáðàç êîëüöà Sp∗(X).

Îñîáûé èíòåðåñ ïðåäñòàâëÿåò êîëüöî L = L∗(pt) ⊂ ΩU, êîòîðîå
ìîæíî îòîæäåñòâèòü ñ êîëüöîì êîìïëåêñíûõ êîáîðäèçìîâ ñòàáèëüíî
êîìïëåêñíûõ ìíîãîîáðàçèé Mm, îáëàäàþùèõ íàêðûòèÿìè

M̂m −→Mm

ñî ñòàáèëüíî ñèìïëåêòè÷åñêîé ñòðóêòóðîé.

Èíà÷å ãîâîðÿ, ìíîãîîáðàçèå M̂m äîïóñêàåò âëîæåíèå

M̂m ⊂ Rm+4n,

íîðìàëüíîå ðàññëîåíèå êîòîðîãî èìååò ñòðóêòóðíóþ ãðóïïó Sp(n).
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Âû÷èñëåíèå êîëüöà L

Ïóñòü Λ̃ � ïîäêîëüöî â Λ
[ 1

2
]
, ïîðîæä¼ííîå êîýôôèöèåíòàìè ðÿäîâ

1
2Θ1(x, y), Θ2(x, y).

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Âåðíû ðàâåíñòâà:

L = Λ̃ ∩ ΩU , Λ̃ = Z[cn, n ≥ 1]

ãäå deg cn = −4n.
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Êîëüöî ΩSp
[1

2
]

Â ðàáîòå Ñ.Ï. Íîâèêîâà (1960) ìåòîäîì êëàññè÷åñêîé ñïåêòðàëüíîé
ïîñëåäîâàòåëüíîñòè Àäàìñà áûëî ïîêàçàíî, ÷òî

ΩSp

[
1
2

]
= Z

[
1
2

]
[bn, n = 1, 2, . . .], deg bn = −4n.

Òåì ñàìûì ïîñëå îáðàùåíèÿ äâîéêè, êîëüöî ñèìïëåêòè÷åñêèõ êîáîðäèçìîâ
ñòàíîâèòñÿ ïîëèíîìèàëüíûì êîëüöîì.

Îäíàêî ïîëíîå âû÷èñëåíèå êîëüöà ΩSp, âêëþ÷àÿ ñòðóêòóðó êîëüöà
ΩSp/(2-êðó÷åíèå), îñòà¼òñÿ îäíîé èç èçâåñòíûõ íåðåø¼ííûõ çàäà÷
àëãåáðàè÷åñêîé òîïîëîãèè.
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Ñåðâàíòíûå ðàñøèðåíèÿ

Ïóñòü B � êîììóòàòèâíîå êîëüöî ñ åäèíèöåé áåç àääèòèâíîãî êðó÷åíèÿ.
Ïóñòü A è Â � ïîäêîëüöà â B, òàêèå, ÷òî Â ñîäåðæèò A è âûïîëíåíî óñëîâèå

a ∈ A : a = nb äëÿ íåêîòîðîãî b ∈ B ⇔ b ∈ Â.

Â ýòîì ñëó÷àå êîëüöî Â íàçûâàåòñÿ ñåðâàíòíûì ðàñøèðåíèåì êîëüöà A
îòíîñèòåëüíî âëîæåíèÿ A ⊂ B.

Èç ñâîéñòâ ñïåêòðàëüíîé ïîñëåäîâàòåëüíîñòè Àäàìñà�Íîâèêîâà
äëÿ ñïåêòðà MSp ñëåäóåò, ÷òî êîëüöî L ÿâëÿåòñÿ ñåðâàíòíûì ðàñøèðåíèåì
êîëüöà ΩSp/Tors îòíîñèòåëüíî âëîæåíèÿ ΩSp/Tors ⊂ ΩU, ò.å.

ΩSp

[
1
2

]
∩ ΩU = L .
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Ôóíêòîð L∗

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Äëÿ ëþáîãî ëîêàëüíî êîíå÷íîãî êëåòî÷íîãî êîìïëåêñà X êàíîíè÷åñêèé
ãîìîìîðôèçì

µSp
U : Sp∗(X) −→ U∗(X)

ðàçëàãàåòñÿ â êîìïîçèöèþ

Sp∗(X)
µSp
L−−−→ L∗(X) −→ U∗(X),

è ãîìîìîðôèçì µSp
L èíäóöèðóåò èçîìîðôèçì

µSp
L

[
1
2

]
: Sp∗(X)

[
1
2

]
∼=−−→ L∗(X)

[
1
2

]
.
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Ïðîåêòîð κ
Ðàññìîòðèì ìóëüòèïëèêàòèâíóþ êîãîìîëîãè÷åñêóþ îïåðàöèþ

κ : U∗(X) −→ U∗(X)
[

1
2

]
,

îïðåäåëåííóþ ðÿäîì κ(u) = u + · · · ∈ U2(CP∞)
[ 1

2
]
, óäîâëåòâîðÿþùèì

ñèñòåìå óðàâíåíèé

κ(u) + κ(ū) = 0, κ(u)κ(ū) = x.

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Îïåðàöèÿ κ çàäàåò ìóëüòèïëèêàòèâíûé ïðîåêòîð

κ : U∗(X)
[

1
2

]
−→ U∗(X)

[
1
2

]
,

êîòîðûé âûäåëÿåò â U∗(X)
[ 1

2
]
îáðàç ãîìîìîðôèçìà µSp

U
[ 1

2
]
, ò.å.

Sp∗(X)
[

1
2

]
= Im

(
µSp

U (Sp∗(X)
)[1

2

]
= Imκ∗

(
U∗(X)

)
.
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Ìíîãîîáðàçèÿ Ñòîíãà

Ðàññìîòðèì (n+ 1)-ìåðíîå âåêòîðíîå ïðîñòðàíñòâî Hn+1

íàä òåëîì êâàòåðíèîíîâ H è ïîëîæèì

S4n+3 = {v ∈ Hn+1 | |v| = 1}.

Âëîæåíèå òîðà ãðóïïû Sp(1)

S1 ⊂ S3 = Sp(1)

èíäóöèðóåò äåéñòâèå ãðóïïû S1 íà S4n+3.

Îáîçíà÷èì ÷åðåç
CP 2n+1
∗ := S4n+3/S1

ñîîòâåòñòâóþùåå Sp-ìíîãîîáðàçèå.
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Ìíîãîîáðàçèÿ Ñòîíãà

Äëÿ ìíîãîîáðàçèÿ
CP 2n+1
∗ = S4n+3/S1

ñòàáèëüíîå êàñàòåëüíîå ðàññëîåíèå èìååò âèä

(n+ 1)(ξ + ξ),

ãäå ξ −→ CP 2n+1
∗ � êàíîíè÷åñêîå êîìïëåêñíîå ëèíåéíîå ðàññëîåíèå.

Òåì ñàìûì, ìíîãîîáðàçèå CP 2n+1
∗ áóäåì ðàññìàòðèâàòü êàê

Sp-ìíîãîîáðàçèå.

Çàäà÷à.

Äîêàæèòå, ÷òî êëàññ [CP 2n+1
∗ ] ∈ Ω−(4n+2)

U ðàâåí 0 äëÿ âñåõ n > 0.
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Ìíîãîîáðàçèÿ Ñòîíãà

Ïóñòü
ω = (n1, . . . , n2s)

� íàáîð ÷¼òíîãî ÷èñëà öåëûõ íåîòðèöàòåëüíûõ ÷èñåë.
Ïîëîæèì

CP ω
∗ =

2s∏
l=1

CP 2nl+1
∗ .

Íà êàæäîì ñîìíîæèòåëå çàäàíî êàíîíè÷åñêîå ëèíåéíîå ðàññëîåíèå

ξl −→ CP 2nl+1
∗ .
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Îïðåäåëåíèå ìíîãîîáðàçèé Ñòîíãà

Ïóñòü q � ïîëîæèòåëüíîå öåëîå ÷èñëî. Ìíîãîîáðàçèåì Ñòîíãà (R. Stong)

M(ω; q)

íàçûâàåòñÿ Sp-ìíîãîîáðàçèå, êîòîðîå ðåàëèçóåòñÿ êàê ïîäìíîãîîáðàçèå
â CP ω

∗ , äâîéñòâåííîå ñèìïëåêòè÷åñêîìó ðàññëîåíèþ

qξ, ãäå ξ = ξ1 · · · ξ2s + ξ1 · · · ξ2s.

Ìíîãîîáðàçèÿ M(ω; 1) âïåðâûå áûëè ââåäåíû Ñòîíãîì.

Òåîðåìà (R. Stong, 1967)

Ìíîæåñòâî âñåõ êëàññîâ êîáîðäèçìîâ [M(ω; 1)] ìóëüòèïëèêàòèâíî
ïîðîæäàåò êîëüöî ΩSp

[ 1
2
]
.

Â íàñòîÿùåå âðåìÿ ìíîãîîáðàçèÿ Ñòîíãà ÿâëÿþòñÿ îñíîâíûìè ïðèìåðàìè
Sp-ìíîãîîáðàçèé è øèðîêî èñïîëüçóþòñÿ â âû÷èñëåíèÿõ ñèìïëåêòè÷åñêèõ
êîáîðäèçìîâ.
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Èíâîëþöèÿ è äâóëèñòíîå íàêðûòèå

Ïóñòü 1, i, j, k � ñòàíäàðòíûå îáðàçóþùèå òåëà êâàòåðíèîíîâ H íàä ïîëåì
âåùåñòâåííûõ ÷èñåë R. Òîãäà

(1, i) ∈ S1 ⊂ Sp(1) ⊂ H.

Ýëåìåíò
J = (j, . . . , j) ∈

∏
Sp(1)

îïðåäåëÿåò ñâîáîäíóþ èíâîëþöèþ íà ìíîãîîáðàçèè CP ω
∗ .

Òàêèì îáðàçîì, ïîëó÷àåì äâóëèñòíîå íàêðûòèå

π : CP ω
∗ −→ CP ω;J

∗ = CP ω
∗ /J .
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Ñàìîñîïðÿæ¼ííûå ðàññëîåíèÿ

Ëåììà

(i) Ñòàáèëüíîå êàñàòåëüíîå ðàññëîåíèå ê ìíîãîîáðàçèþ CP ω;J
∗

ÿâëÿåòñÿ êîìïëåêñíûì ñàìîñîïðÿæ¼ííûì ðàññëîåíèåì.

(ii) Íàä ìíîãîîáðàçèåì CP ω;J
∗ îïðåäåëåíî êîìïëåêñíîå ñàìîñîïðÿæ¼ííîå

ðàññëîåíèå ζ(J ), òàêîå, ÷òî π∗ζ(J ) = ζ.
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Ìíîãîîáðàçèÿ M(ω; q;J )

Îáîçíà÷èì ÷åðåç M(ω; q;J ) ìíîãîîáðàçèå, êîòîðîå ðåàëèçóåòñÿ
êàê ïîäìíîãîîáðàçèå â CP ω;J

∗ , äâîéñòâåííîå êîìïëåêñíîìó ñàìîñîïðÿæ¼ííîìó
ðàññëîåíèþ q · ζ(J ).

Òàê êàê
π∗ζ(J ) = ζ,

òî ìîæíî âûáðàòü ìíîãîîáðàçèÿ M(ω; q) è M(ω; q;J ) òàê, ÷òîáû èìåëî ìåñòî
íàêðûòèå

π : M(ω; q) −→M(ω; q;J ).

Ñëåäñòâèå
Ïóñòü

[M(ω; q)] è [M(ω; q;J )]
� êëàññû ñàìîñîïðÿæåííûõ êîáîðäèçìîâ ìíîãîîáðàçèé M(ω; q) è M(ω; q;J ).
Òîãäà

[M(ω; q)] = 2[M(ω; q;J )].
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Ïðèëîæåíèÿ îïåðàòîðîâ îáîáùåííîãî ñäâèãà

Ïóñòü
F2 −Θ1(x, y)F + Θ2(x, y) = 0

� äâóçíà÷íàÿ ôîðìàëüíàÿ ãðóïïà â êîáîðäèçìàõ íàä êîëüöîì Λ.

Ïåðâûé êàíîíè÷åñêèé èíâàðèàíòíûé äèôôåðåíöèàëüíûé îïåðàòîð èìååò
âèä

d1 = dx1 = 1
2ϕ1(x) d

dx
+ 1

8ϕ2(x) d
2

dx2 .

Îïåðàòîð d1 çàäàåò â ΩU[[x]] ñòðóêòóðó êîàëãåáðû ñ äèàãîíàëüþ

∆x
y : ΩU[[x]] −→ ΩU[[x, y]] : ∆x

y(xn) = 1
2(zn1 + zn2 ),

ãäå z1 + z2 = Θ1(x, y), z1z2 = Θ2(x, y) è ∆x
y � ãîìîìîðôèçì ΩU-ìîäóëåé.
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Ðÿäû Ψq(x)

Ïóñòü Ψq(x) ∈ Λ⊗Q[[x]], q > 0, � åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ

d1Ψq(x) = xq, Ψq(0) = 0.

Îáîçíà÷èì ÷åðåç uq(x, y) åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ îáîáùåííîãî
ñäâèãà

dx1uq(x, y) = dy1uq(x, y), uq(x, 0) = Ψq(x).

ò.å. uq(x, y) = ∆x
y(Ψq(x)).
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Ñâîéñòâà ðÿäîâ Hq(x, y)

Ïîëîæèì

Hq(x, y) = ∂2

∂x∂y
uq(x, y).

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Ðÿäû Hq(x, y) èìåþò ñëåäóþùèå ñâîéñòâà:

Hq(x, y) ∈ L[[x, y]], H0(x, y) = 0, H1(0, 0) = 1.

Ïðè q ≥ 1 èìååò ìåñòî ðåêóððåíòíîå ñîîòíîøåíèå

Hq+1(x, y) = Θ1(x, y)Hq(x, y)−Θ2(x, y)Hq−1(x, y).

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Ðÿä H1(x, y) íå ëåæèò â êîëüöå Λ[[x, y]], ò. å. âëîæåíèå Λ ⊂ L íå ÿâëÿåòñÿ
ýïèìîðôèçìîì.
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Ðÿäû Θ1, Θ2 è ìíîãîîáðàçèÿ Ñòîíãà

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Äëÿ ôîðìàëüíûõ ðÿäîâ Hq(x, y) ∈ L[[x, y]] èìååò ìåñòî ôîðìóëà:

Hq(x, y) = −
∑
k,l≥0

[M(k, l; q)]xkyl.

Ñëåäñòâèå (Áóõøòàáåð Â.Ì., 1978)

Äëÿ êîýôôèöèåíòîâ Θ1(x, y) è Θ2(x, y) äâóçíà÷íîé ôîðìàëüíîé ãðóïïû
â êîáîðäèçìàõ èìåþò ìåñòî ôîðìóëû:

Θ1(x, y) = H2(x, y)
H1(x, y) , Θ2(x, y) = Θ2

1(x, y)− H3(x, y)
H1(x, y) ,

ãäå H1(0, 0) = 1.
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Êîëüöî ΛSt ìíîãîîáðàçèé Ñòîíãà

Îáîçíà÷èì ÷åðåç ΛSt ïîäêîëüöî â ΩU , ïîðîæäåííîå êëàññàìè êîáîðäèçìîâ
[M(ω; q;J )] äëÿ âñåõ íàáîðîâ ω è ïîëîæèòåëüíûõ öåëûõ ÷èñåë q.

Èìååì âêëþ÷åíèå:

ΛSt ⊂ Im
{
µSCJ : ΩSC −→ ΩU

}
,

â ÷àñòíîñòè, ΛSt ⊂ L.

Ñëåäîâàòåëüíî, Λ ⊂ ΛSt. Ïðè ýòîì Λ 6= ΛSt.

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Êîëüöî ΛSt ïîðîæäåíî êëàññàìè êîáîðäèçìîâ ìíîãîîáðàçèé M(k, l; s;J ),
ãäå (k, l) ïðîáåãàåò âñå ïàðû íåîòðèöàòåëüíûõ ÷èñåë, à s = 1, 2, 3.

Ñëåäñòâèå (Áóõøòàáåð Â.Ì., 1978)

Êëàññ êîìïëåêñíûõ êîáîðäèçìîâ [M(ω; q)] ëþáîãî ìíîãîîáðàçèÿ Ñòîíãà
M(ω; q) ÿâëÿåòñÿ ïîëèíîìîì îò êëàññîâ [M(k, l; s;J )] äëÿ s = 1, 2, 3.
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Ðîä Òîääà ìíîãîîáðàçèé Ñòîíãà

Ðàññìîòðèì ðîä Òîääà è ñîîòâåòñòâóþùóþ åìó ôîðìàëüíóþ ãðóïïó

FT (u, v) = u+ v − auv.

Çàäà÷à

Äîêàçàòü, ÷òî äâóçíà÷íàÿ ôîðìàëüíàÿ ãðóïïà êâàäðàòà ìîäóëÿ
ôîðìàëüíîé ãðóïïû FT çàäàåòñÿ óðàâíåíèåì

z2 −ΘT
1 (x, y)z + ΘT

2 (x, y) = 0,

ãäå
ΘT

1 (x, y) = 2x+ 2y − a2xy, ΘT
2 (x, y) = (x− y)2.

Ñëåäîâàòåëüíî,

hT (x) =− x(4− a2x),
σT (x, y) = xy(4− a2x)(4− a2y).
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Ðîä Òîääà ìíîãîîáðàçèé Ñòîíãà

Èç ôîðìóë Θ1 = H2/H1, Θ2 = Θ2
1 − H3/H1 è èç ÿâíîãî âèäà ðÿäà Hq

ïîëó÷àåì:

Òåîðåìà

Äëÿ ìíîãîîáðàçèé Ñòîíãà M(k, l; i) èìåþò ìåñòî ôîðìóëû∑
k,l>0

T
(
[M(k, l; 1)]

)
xkyl ≡ −1,

∑
k,l>0

T
(
[M(k, l; 2)]

)
xkyl ≡ −ΘT

1 (x, y),

∑
k,l>0

T
(
[M(k, l; 3)]

)
xkyl ≡ (x− y)2 −

(
ΘT

1 (x, y)
)2
.
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Ñèãíàòóðà ìíîãîîáðàçèé Ñòîíãà

Ðàññìîòðèì ôîðìàëüíóþ ãðóïïó, ñîîòâåòñòâóþùóþ ñèãíàòóðå:

F τ (u, v) = u+ v

1 + buv
.

Çàäà÷à
Äîêàçàòü, ÷òî äâóçíà÷íàÿ ôîðìàëüíàÿ ãðóïïà êâàäðàòà ìîäóëÿ ôîðìàëüíîé
ãðóïïû F τ çàäàåòñÿ óðàâíåíèåì

z2 −Θτ
1(x, y)z + Θτ

2(x, y) = 0,

ãäå

Θτ
1(x, y) = 2 x+ y + 4bxy + b2xy(x+ y)

(1− b2xy)2 , Θτ
2(x, y) = (x− y)2

(1− b2xy)2 .

Çàäà÷à

Âû÷èñëèòü τ
(
[M(k, l; q)]

)
, q = 1, 2, 3.
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Äåéñòâèå îïåðàòîðà d1

Ïóñòü d1 � ïåðâûé îïåðàòîð èíâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ
íà ôîðìàëüíîé ãðóïïå ãåîìåòðè÷åñêèõ êîáîðäèçìîâ FU (u1, u2).
Íàïîìíèì, ÷òî

d1u = du

dg(u) = 1
CP(u) ,

ãäå u = cU1 (ξ(1;C)) ∈ U2(CP∞).
Äëÿ ëþáîãî êëåòî÷íîãî êîìïëåêñà X èìååò ìåñòî èçîìîðôèçì

U∗(X × CP∞) ' U∗(X)[[u]].

Îïåðàòîð d1 îïðåäåëÿåò ãîìîìîðôèçì U∗(X)-ìîäóëåé

d1 : U∗(X)[[u]] −→ U∗(X)[[u]].

Êîëüöî L∗(X × CP∞) ⊂ U∗(X)[[u]] íå çàìêíóòî îòíîñèòåëüíî îáû÷íîãî
äèôôåðåíöèðîâàíèÿ d

du , íî çàìêíóòî îòíîñèòåëüíî äèôôåðåíöèðîâàíèÿ d1.

Íàïðèìåð,

x = uu ∈ L4(CP∞), dx

dg(u) ∈ L
2(CP∞), íî

dx

du
/∈ L2(CP∞).
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Çàìêíóòîñòü îòíîñèòåëüíî d1

Ëåììà
Ïóñòü X � êëåòî÷íûé êîìïëåêñ, ó êîòîðîãî ãðóïïû ãîìîëîãèé íå èìåþò
2-êðó÷åíèÿ. Òîãäà åñëè

a ∈ L∗(X × CP∞),

òî
d1a ∈ L∗(X × CP∞).

Òàêèì îáðàçîì, êîëüöî
L∗(X × CP∞)

çàìêíóòî îòíîñèòåëüíî èíâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ

d1 = d

dg(u) .

Ñëåäñòâèå

Êîëüöî L∗(CP∞) ÿâëÿåòñÿ äèôôåðåíöèàëüíûì ðàñøèðåíèåì êîëüöà
L∗(HP∞) îòíîñèòåëüíî îïåðàòîðà d1 = d

dg(u) .
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Êîëüöî L∗(CP∞)

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Èìååò ìåñòî èçîìîðôèçì

L∗(CP∞) ' L
[[
x,

dx

dg(u)

]]/{( dx

dg(u)

)2
− h(x)

}
.

Çäåñü

h(x) = 1
4
∂σ(x1, x2)

∂x2

∣∣∣∣x1=x
x2=0

= − ∂

∂x2

(
x1Θ1(x1, x2)−Θ2(x1, x2)

)∣∣∣∣x1=x
x2=0

è σ(x1, x2) = H2
1 (x1, x2)h(x1)h(x2).

Êîëüöî L∗(CP∞) ÿâëÿåòñÿ êâàäðàòè÷íûì äèôôåðåíöèàëüíûì
ðàñøèðåíèåì êîëüöà L∗(HP∞) ∼= L[[x]].

Çàäà÷à.

Âû÷èñëèòå d2x
dg(u)2 .

29 / 41



Êîëüöî L4∗(CP∞ × CP∞)

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Èìååò ìåñòî èçîìîðôèçì

L4∗(CP∞ × CP∞) ' L[[x1, x2, Z]]
/{

Z2 −Θ1(x1, x2)Z + Θ2(x1, x2)
}
.

Äëÿ ýëåìåíòà Z âûïîëíåíà ôîðìóëà

2 dZ

dg(u1) = ∂Θ1(x1, x2)
∂x1

dx1

dg(u1) + ∂Θ1(x1, x2)
∂x2

dx2

dg(u2) .

Òàêèì îáðàçîì, L4∗(CP∞ × CP∞) ÿâëÿåòñÿ êâàäðàòè÷íûì ðàñøèðåíèåì

êîëüöà L4∗(HP∞×HP∞) ∼= L[[x1, x2]] ïðè ïîìîùè çàêîíà äâóçíà÷íîé

ôîðìàëüíîé ãðóïïû.
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Êîëüöî L∗(CP∞ × CP∞)

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Äëÿ ëþáîãî ýëåìåíòà a ∈ L4∗+2(CP∞ × CP∞) èìååò ìåñòî ôîðìóëà

2a = B1(x1, x2) dx1

dg(u1) +B2(x1, x2) dx2

dg(u2) ,

ãäå Bi(x1, x2) ∈ L[[x1, x2]], i = 1, 2.

Êîëüöî L∗(CP∞ × CP∞) ÿâëÿåòñÿ ñåðâàíòíûì äèôôåðåíöèàëüíûì

ðàñøèðåíèåì êîëüöà L4∗(CP∞ × CP∞) ⊂ U∗(CP∞ × CP∞) ñ îïåðàòîðàìè

d

dg(u1) è
d

dg(u2) .
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Êîëüöî L∗(CP∞ × CP∞ × CP∞)

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Äëÿ ëþáîãî ýëåìåíòà a ∈ L4∗(CP∞ × CP∞ × CP∞) èìååò ìåñòî
ïðåäñòàâëåíèå

2a = 2B1(x1, x2, x3) +
∑

1≤i<j≤3
Bij(x1, x2, x3)Zij ,

ãäå Zij = π∗ijZ è πij : CP∞1 × CP∞2 × CP∞3 −→ CP∞i × CP∞j � î÷åâèäíàÿ
ïðîåêöèÿ.
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Êîëüöî L∗(CP∞ × CP∞ × CP∞)

Òåîðåìà (Áóõøòàáåð Â.Ì., 1978)

Äëÿ ýëåìåíòà W = m∗(3)x, ãäå m(3) : CP∞ × CP∞ × CP∞ −→ CP∞
è m∗(3)(ξ) = ξ1ξ2ξ3, èìååò ìåñòî ôîðìóëà

2W = Θ1(x1, Z23) + Θ1(x2, Z13) + Θ1(Z12, x3)− Ω(x1, x2, x3).

Çäåñü Ω(x1, x2, x3) � ôîðìàëüíûé ðÿä, ñòîÿùèé â ëåâîé ÷àñòè ïåðâîãî

óðàâíåíèÿ àññîöèàòèâíîñòè äâóçíà÷íîé ôîðìàëüíîé ãðóïïû

â êîáîðäèçìàõ.

Çàäà÷à.

Äàéòå ïîëíîå îïèñàíèå êîëüöà
L∗(CP∞ × CP∞ × CP∞) ⊂ U∗(CP∞ × CP∞ × CP∞)
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Õàðàêòåðèñòè÷åñêèå h∗-÷èñëà

Ïóñòü B = Z[b1, . . . , bn, . . .], deg bn = −2n.
Êàæäîé C-îðèåíòèðîâàííîé òåîðèè êîãîìîëîãèé

(
h∗(·), uh

)
ñîîòâåòñòâóåò

C-îðèåíòèðîâàííàÿ òåîðèÿ
(
h∗(·;B), uBh

)
, ãäå

h∗(·;B) = h∗(·)⊗Z B è uBh = t+
∑
n>1

bnt
n+1, t = uh.

Îïðåäåëåíî ìóëüòèïëèêàòèâíîå ïðåîáðàçîâàíèå µUB : U∗(·) −→ h∗(·;B)
è ñîîòâåòñòâóþùèé ãîìîìîðôèçì êîëåö µUB : ΩU −→ Ωh ⊗Z B.

Äëÿ ñòàáèëüíî êîìïëåêñíîãî ìíîãîîáðàçèÿ M2n èìååì

µUB([M2n]) = µUh ([M2n]) +
∑
|ω|>0

chω([M2n]) bω, (1)

ãäå ω = (i1, . . . , ik, . . .), bω = bi11 · · · b
ik
k · · ·

Êîýôôèöèåíòû chω([M2n]) ∈ Ωh â ðàçëîæåíèè (1) íàçûâàþòñÿ
õàðàêòåðèñòè÷åñêèìè h∗-÷èñëàìè ìíîãîîáðàçèÿ M2n.
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Çàäà÷è I: Õàðàêòåðèñòè÷åñêèå h∗-÷èñëà

Ïóñòü H∗(·;Z) � êëàññè÷åñêèå êîãîìîëîãèè ñ îðèåíòàöèåé

t ∈ H2(CP∞;Z).

Çàäà÷à 1.
Ïîñòðîèòü ìóëüòèïëèêàòèâíûå áàçèñû

{a∗n} ⊂ ΩU , {b∗n} ⊂ B,

òàêèå, ÷òî
µUB(a∗n) = λnb

∗
n, n = 1, 2, . . . ,

è íàéòè ÷èñëà
λn ∈ Z.
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Çàäà÷è I: Õàðàêòåðèñòè÷åñêèå h∗-÷èñëà

Ïóñòü K∗ � êîìïëåêñíàÿ K-òåîðèÿ íàä êîëüöîì

Z[β−1, β]

ñ îðèåíòàöèåé
(1− ξ)β−1 ∈ K2(CP∞),

ãäå ξ � òàâòîëîãè÷åñêîå êîìïëåêñíîå ëèíåéíîå ðàññëîåíèå.

Çàäà÷à 2.

Äîêàçàòü, ÷òî äëÿ a ∈ Ω−2n
U ñóùåñòâóåò

ã ∈ Ω−2n
U

òàêîé, ÷òî
a = mã, m ∈ Z,

òîãäà è òîëüêî òîãäà, êîãäà

µUK(a) = mµUK(ã).
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SU -êîáîðäèçìû

Ïóñòü MSU � ñïåêòð Òîìà òåîðèè SU -êîáîðäèçìîâ. Êàíîíè÷åñêîå îòîáðàæåíèå

MSp −→MU

ðàçëàãàåòñÿ â êîìïîçèöèþ

MSp −→MSU −→MU.

Èñïîëüçóÿ îòðåçîê ñâîáîäíîé ðåçîëüâåíòû AU -ìîäóëÿ U∗(MSU),
ââåä¼ì ìóëüòèïëèêàòèâíûé ôóíêòîð

L∗SU (X) = HomAU

(
U∗(MSU), U∗(X)

)
.
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Çàäà÷è II: SU -êîáîðäèçìû

Íàïîìíèì
L∗Sp(X) = L∗(X) = HomAU

(
U∗(MSp), U∗(X)

)
.

Òîãäà ïîëó÷àåì ïîñëåäîâàòåëüíîñòü ïðåîáðàçîâàíèé ìóëüòèïëèêàòèâíûõ
ôóíêòîðîâ

L∗Sp(X) −→ L∗SU (X) −→ U∗(X).

Çàäà÷à 3.

Âû÷èñëèòü L∗SU (X) äëÿ ñëåäóþùèé ïðîñòðàíñòâ X:

pt, CP∞, CP∞ × CP∞, CP∞ × CP∞ × CP∞.
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Çàäà÷è III: SC-êîáîðäèçìû

Ïîëîæèì
L∗SC(X) = HomAU

(
U∗(MSC), U∗(X)

)
.

Òîãäà ïîëó÷àåì ïîñëåäîâàòåëüíîñòü ïðåîáðàçîâàíèé ìóëüòèïëèêàòèâíûõ
ôóíêòîðîâ

L∗Sp(X) −→ L∗SC(X) −→ U∗(X).

Çàäà÷à 4.

Âû÷èñëèòü L∗SC(X) äëÿ ñëåäóþùèé ïðîñòðàíñòâ X:

pt, CP∞, CP∞ × CP∞, CP∞ × CP∞ × CP∞.
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Ñïàñèáî çà âíèìàíèå!
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