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Ýëåìåíòû òåîðèè ôîðìàëüíûõ ãðóïï

R � êîììóòàòèâíîå êîëüöî ñ 1.

Ôîðìàëüíûé ñòåïåííîé ðÿä F (u, v) ∈ R[[u, v ]] íàç. (êîììóòàòèâíîé
îäíîìåðíîé) ôîðìàëüíîé ãðóïïîé íàä R , åñëè

à) F (u, 0) = u, F (0, v) = v ;

á) F (F (u, v),w) = F (u,F (v ,w));

â) F (u, v) = F (v , u).

Èñõîäíûé ïðèìåð � ðàçëîæåíèå âáëèçè åäèíèöû îòîáðàæåíèÿ

óìíîæåíèÿ G × G → G â îäíîìåðíîé àëãåáðàè÷åñêîé ãðóïïå íàä

ïîëåì k. (×òî îáúÿñíÿåò òåðìèíîëîãèþ.)

Ôîðìàëüíàÿ ãðóïïà F íàä R ëèíåàðèçóåìà, åñëè ñóùåñòâóåò çàìåíà

êîîðäèíàò u 7→ gF (u) = u +
∑

i⩾1 giu
i+1 ∈ R[[u]], òàêàÿ, ÷òî

gF (F (u, v)) = gF (u) + gF (v).
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Òåîðåìà

Ëþáàÿ ôîðìàëüíàÿ ãðóïïà F ëèíåàðèçóåìà íàä R ⊗Q.

Äîêàçàòåëüñòâî.

Ðàññìîòðèì ðÿä ω(u) = ∂F (u,w)
∂w

∣∣
w=0

. Ïðèìåíèì ∂
∂w

∣∣
w=0

ê îáåèì
÷àñòÿì ðàâåíñòâà F (F (u, v),w) = F (u,F (v ,w)):

ω(F (u, v)) =
∂F (F (u, v),w)

∂w

∣∣∣
w=0

=
∂F (u,F (v ,w))

∂F (v ,w)
·
∂F (v ,w)

∂w

∣∣∣
w=0

=
∂F (u, v)

∂v
ω(v).

Îòñþäà dv
ω(v) =

dF (u,v)
ω(F (u,v)) , ãäå u � ïàðàìåòð. Ïîëîæèì

g(u) =

∫ u

0

dv

ω(v)
.

Èíòåãðèðóÿ ðàâåíñòâî dv
ω(v) =

dF (u,v)
ω(F (u,v)) , ïîëó÷àåì

g(w) =

∫ w

0

dv

ω(v)
=

∫ w

0

dF (u, v)

ω(F (u, v))
=

∫ F (u,w)

u

dt

ω(t)
= g(F (u,w))− g(u),

÷òî è îçíà÷àåò, ÷òî g ëèíåàðèçóåò F .

Ò. Å. Ïàíîâ Ëåêöèÿ 1. Ôîðìàëüíûå ãðóïïû è ðîäû 19 ìàÿ 2026 3 / 27



Ðÿä gF (u) = u +
∑

i⩾1 giu
i+1, óäîâëåòâîðÿþùèé ñîîòíîøåíèþ

gF (F (u, v)) = gF (u) + gF (v), íàçûâàåòñÿ ëîãàðèôìîì ô. ã. F . Åãî
ôóíêöèîíàëüíî îáðàòíûé ðÿä fF (t) ∈ R ⊗Q[[t]] íàçûâàåòñÿ
ýêñïîíåíòîé ô. ã. F , òàê ÷òî F (u, v) = fF (gF (u) + gF (v)) íàä R ⊗Q.

Åñëè R íå ñîäåðæèò êðó÷åíèÿ (ò. å. R → R ⊗Q � ìîíîìîðôèçì), òî

ô. ã. ïîëíîñòüþ îïðåäåëÿåòñÿ ñâîèì ëîãàðèôìîì.

Ïðèìåð

Ìóëüòèïëèêàòèâíàÿ ôîðìàëüíàÿ ãðóïïà

F (u, v) = (1+ u)(1+ v)− 1 = u + v + uv .

Èìååòñÿ 1-ïàðàìåòðè÷åñêàÿ ãðàäóèðîâàííàÿ âåðñèÿ

Fβ(u, v) = u + v − βuv , deg β = −2,

ñ êîýôôèöèåíòàìè â Z[β]. Å¼ ýêñïîíåíòà è ëîãàðèôì ñóòü

f (x) =
1− e−βx

β
, g(u) = − ln(1− βu)

β
∈ Q[β].
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Ïðèìåð

Êëàññè÷åñêèé ïðèìåð ïðîèñõîäèò èç òåîðèè ýëëèïòè÷åñêèõ ôóíêöèé.

Ñóùåñòâóåò åäèíñòâåííàÿ ìåðîìîðôíàÿ ôóíêöèÿ f (x) ñ f (0) = 0 è

f ′(0) = 1, óäîâëåòâîðÿþùàÿ äèôôåðåíöèàëüíîìó óðàâíåíèþ

(f ′(x))2 = 1− 2δf 2(x) + εf 4(x)

ñ δ, ε ∈ C. Îíà óíèôîðìèçóåò ýëëèïòè÷åñêóþ êðèâóþ â ìîäåëè ßêîáè

y2 = 1− 2δx2 + εx4. Åñëè äèñêðèìèíàíò

∆ = ε(δ2 − ε)

íå îáðàùàåòñÿ â íóëü, òî êðèâàÿ íåâûðîæäåííàÿ, à f (x) �
äâîÿêîïåðèîäè÷åñêàÿ ôóíêöèÿ ýëëèïòè÷åñêèé ñèíóñ, îáîçíà÷àåòñÿ

sn(x). Å¼ îáðàòíàÿ çàäà¼òñÿ ýëëèïòè÷åñêèì èíòåãðàëîì

g(u) =

∫ u

0

dt√
1− 2δt2 + εt4

.
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Ïðèìåð

Ôîðìóëà ñëîæåíèÿ Ýéëåðà äëÿ sn(x):

Fell(u, v) = sn(x + y) =
u
√
1− 2δv2 + εv4 + v

√
1− 2δu2 + εu4

1− εu2v2
,

ãäå u = sn x , v = sn y , çàäà¼ò ýëëèïòè÷åñêóþ ôîðìàëüíóþ ãðóïïó ñ

ýêñïîíåíòîé sn(x) è ëîãàðèôìîì g(u) (ýëëèïòè÷åñêèé èíòåãðàë

âûøå).

Ðàññìàòðèâàÿ δ, ε êàê ôîðìàëüíûå ïàðàìåòðû ñ deg δ = −4,
deg ε = −8, ïîëó÷àåì óíèâåðñàëüíóþ ýëëèïòè÷åñêóþ ôîðìàëüíóþ

ãðóïïó íàä êîëüöîì Z[1
2
][δ, ε].

Âûðîæäåíèå ε = 0 äà¼ò ôîðìóëó ñëîæåíèÿ äëÿ f (x) = sin
√
2δx√
2δ

, à

âûðîæäåíèå ε = δ2 äà¼ ôîðìóë ñëîæåíèÿ äëÿ f (x) = tanh
√
δx√

δ
.
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Åñëè r : R → R ′ � ãîìîìîðôèçì êîëåö è F =
∑

k,l aklu
kv l � ô. ã. íàä

R , òî r(F ) :=
∑

k,l r(akl)u
kv l ∈ R ′[[u, v ]] � ô. ã. íàä R ′.

Ôîðìàëüíàÿ ãðóïïà F íàä êîëüöîì A íàçûâàåòñÿ óíèâåðñàëüíîé, åñëè

äëÿ ëþáîé ô. ã. F íàä ëþáûì êîëüöîì R ñóùåñòâóåò åäèíñòâåííûé

ãîìîìîðôèçì r : A → R , äëÿ êîòîðîãî F = r(F).

Ïðåäëîæåíèå

Óíèâåðñàëüíàÿ ôîðìàëüíàÿ ãðóïïà F(u, v) = u + v +
∑

k⩾1,l⩾1 aklu
kv l

ñóùåñòâóåò, à å¼ êîëüöî êîýôôèöèåíòîâ åñòü ôàêòîðêîëüöî

A = Z[ akl : k ⩾ 1, l ⩾ 1]/I, deg akl = −2(k + l − 1),

ïî ¾èäåàëó àññîöèàòèâíîñòè¿ I, ïîðîæä¼ííîìó êîýôôèöèåíòàìè
ðÿäà F(F(u, v),w)−F(u,F(v ,w)).

Áîëåå òîãî, F åäèíñòâåííà: åñëè F ′ � äðóãàÿ óíèâåðñàëüíàÿ ô. ã. íàä

A′, òî ñóùåñòâóåò èçîìîðôèçì r : A → A′, äëÿ êîòîðîãî F ′ = r(F).
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Îáðàòèì âíèìàíèå, ÷òî îïðåäåëåíèå ôîðìàëüíîé ãðóïïû íå

ïîäðàçóìåâàåò ãðàäóèðîâêè êîëüöà êîýôôèöèåíòîâ. Îäíàêî, êîëüöî

êîýôôèöèåíòîâ óíèâåðñàëüíîé ôîðìàëüíîé ãðóïïû îêàçûâàåòñÿ

åñòåñòåííî ãðàäóèðîâàííûì.

Åñòåñòâåííàÿ ãðàäóèðîâêà: deg u = deg v = 2, deg akl = −2(k + l − 1);
òîãäà âñ¼ âûðàæåíèå

F(u, v) = u + v +
∑

k⩾1,l⩾1

aklu
kv l

ñòàíîâèòñÿ îäíîðîäíûì ñòåïåíè 2.

Òåîðåìà (Ëàçàð)

Êîëüöî êîýôôèöèåíòîâ A óíèâåðñàëüíîé ôîðìàëüíîé ãðóïïû F
èçîìîðôíî ãðàäóèðîâàííîìó êîëüöó ìíîãî÷ëåíîâ Z[a1, a2, . . .] îò
áåñêîíå÷íîãî ÷èñëà ïåðåìåííûõ, deg ai = −2i .
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Êîíñòðóêöèÿ (ãåîìåòðè÷åñêèå êîáîðäèçìû)

Äëÿ êëåòî÷íîãî ïðîñòðàíñòâà X èìååì H2(X ) = [X ,CP∞]. Òàê êàê
CP∞ = MU(1), êàæäûé x ∈ H2(X ) çàäà¼ò êëàññ êîáîðäèçìà
ux ∈ U2(X ) � ãåîìåòðè÷åñêèé êîáîðäèçì. Ïîýòîìó H2(X ) ⊂ U2(X )
(ïîäìíîæåñòâî, íå ïîäãðóïïà!)

Åñëè X � ìíîãîîáðàçèå, òî ux ∈ U2(X ) ñîîòâ. ïîäìíîãîîáðàçèþ
M ⊂ X êîðàçìåðíîñòè 2 ñ êîìïëåêñíîé ñòðóêòóðîé â íîðì. ðàññëîåíèè.

Äåéñòâèòåëüíî, x ∈ H2(X ) çàäà¼ò ãîìîòîïè÷. êëàññ fx : X → CP∞.

Ñäåëàåì fx(X ) òðàíñâåðñàëüíûì ê ãèïåðïëîñêîñòè H ⊂ CPN ⊂ CP∞.

Òîãäà Mx = f −1x (H) � ïîäìíîãîîáðàçèå êîðàçìåðíîñòè 2 â X .
Ãîìîòîïèÿ îòîáðàæåíèÿ fx çàäà¼ò êîáîðäèçì âëîæåíèÿ Mx → X .

Îáðàòíî, äëÿ âëîæåíèÿ i : M ⊂ X êîìïîçèöèÿ

X → Th(ν) → MU(1) = CP∞ îòîáðàæåíèÿ Ïîíòðÿãèíà�Òîìà è

êëàññèôèöèðóþùåãî îòîáðàæåíèÿ íîðìàëüíîãî ðàññëîåíèÿ ν çàäà¼ò

ýëåìåíò xM ∈ H2(X ), ò. å. ãåîìåòðè÷åñêèé êîáîðäèçì.

Êëàññ i∗⟨M⟩ ∈ H∗(X ) äâîéñòâåí ïî Ïóàíêàðå ê xM ∈ H2(X ) (X îðèåíò.)
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Êîëüöåâûå îáðàçóþùèå äëÿ ΩU

Õàðàêòåðèñòè÷åñêîå ÷èñëî sn, ñîîòâåòñòâóþùåå ìíîãî÷ëåíó
tn1 + . . .+ tnn , îáðàùàåòñÿ â íóëü íà ðàçëîæèìûõ êîëüöà áîðäèçìîâ ΩU .

Áîëåå òîãî, ýòî ÷èñëî ðàñïîçíà¼ò íåðàçëîæèìûå ýëåìåíòû, êîòîðûå

ìîæíî âûáðàòü â êà÷åñòâå îáðàçóþùèõ êîëüöà ìíîãî÷ëåíîâ:

Òåîðåìà

Êëàññ áîðäèçìà [M] ∈ ΩU
2n ìîæíî âûáðàòü â êà÷åñòâå ïîëèíîìèàëüíîé

îáðàçóþùåé an êîëüöà êîáîðäèçìîâ ΩU ∼= Z[a1, a2, . . .] ò. è ò. ò., êîãäà

sn[M] =

{
±1, åñëè n ̸= pk − 1 äëÿ ïðîñòîãî p;

±p, åñëè n = pk − 1 äëÿ ïðîñòîãî p.

Óíèâåðñàëüíîå îïèñàíèå ìíîãîîáðàçèé, çàäàþùèõ ïîëèíîìèàëüíûå

îáðàçóþùèå an ∈ ΩU , îòñóòñòâóåò. Îäíàêî èìååòñÿ ñëåäóþùåå

ñåìåéñòâî ìíîãîîáðàçèé, êëàññû áîðäèçìà êîòîðûõ ìóëüòèïëèêàòèíî

ïîðîæäàþò êîëüöî ΩU .

Ò. Å. Ïàíîâ Ëåêöèÿ 1. Ôîðìàëüíûå ãðóïïû è ðîäû 19 ìàÿ 2026 10 / 27



Êîíñòðóêöèÿ (ãèïåðïîâåðõíîñòè Ìèëíîðà)

Ãèïåðïîâåðõíîñòü Ìèëíîðà â CP i × CP j (0 ⩽ i ⩽ j)

Hij = {(z0 : · · · : zi )× (w0 : · · · : wj) ∈ CP i ×CP j : z0w0 + · · ·+ ziwi = 0}

Çàìåòèì, ÷òî H0j
∼= CP j−1.

Hij ÿâëÿåòñÿ ãèïåðïëîñêèì ñå÷åíèåì âëîæåíèÿ Ñåãðå

σ : CP i × CP j → CP(i+1)(j+1)−1,

(z0 : · · · : zi )× (w0 : · · · : wj) 7→ (z0w0 : z0w1 : · · · : zkwl : · · · : ziwj),

Òàêæå, Hij îòîæäåñòâëÿåòñÿ ñ ìíîæñòâîì ïàð (ℓ, α), ãäå ℓ � ïðÿìàÿ â

Ci+1, à α � ãèïåðïëîñêîñòü â Cj+1, ñîäåðæàùàÿ ℓ.
Â ÷àñòíîñòè, H22 = Fl(C3) � ìíîãîîáðàçèå ôëàãîâ â C3.

Ïðîåêöèÿ Hij → CP i , (ℓ, α) 7→ ℓ, åñòü ðàññëîåíèå ñî ñëîåì CP j−1.
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Ïóñòü p1 è p2 � ïðîåêöèè CP i × CP j íà ñîìíîæèòåëè. Òîãäà

H∗(CP i × CP j) = Z[x , y ]/(x i+1 = 0, y j+1 = 0),

ãäå x = p∗1c1(η̄), y = p∗2c1(η̄) è η � òàâòîëîãè÷åñêîå ðàññëîåíèå.

Ïðåäëîæåíèå

Hij ïðåäñòàâëÿåò ãåîìåòðè÷åñêèé êîáîðäèçì CP i × CP j , ñîîòâ. êëàññó

x + y ∈ H2(CP i × CP j). Â ÷àñòíîñòè, îáðàç ôóíä. êëàññà ⟨Hij⟩ â
H2(i+j−1)(CP i × CP j) äâîéñòâåí ïî Ïóàíêàðå ê x + y .

Äîêàçàòåëüñòâî.

Èìååì x + y = c1(p
∗
1(η̄)⊗ p∗2(η̄)). Ðàññëîåíèå p∗1(η̄)⊗ p∗2(η̄) êëàññè-

ôèöèðóåòñÿ âëîæåíèåì Ñåãðå σ : CP i × CP j → CP(i+1)(j+1)−1 → CP∞.

Ïîäìíîãîîáðàçèå êîðàçìåðíîñòè 2 â CP i × CP j , ñîîòâåòñòâóþùåå

êëàññó x + y åñòü ïðîîáðàç σ−1(H) ãèïåðïëîñêîñòè îáùåãî ïîëîæåíèÿ

â CP(i+1)(j+1)−1. Ãèïåðïîâåðõíîñòü Ìèëíîðà Hij åñòü σ−1(H) äëÿ
îäíîé èç òàêèõ ãèïåðïëîñêîñòåé H.
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Ëåììà

si+j−1[Hij ] =

{
j ïðè i = 0;

−
(i+j

i

)
ïðè i > 1.

Äîêàçàòåëüñòâî.

Ñòàáèëüíî êîìïëåêñíàÿ ñòðóêóðà íà H0j = CP j−1 ïðîèñõîäèò èç
T (CP j−1)⊕ C ∼= η̄ ⊕ · · · ⊕ η̄ (j ñëàãàåìûõ) è x = c1(η̄), ïîýòîìó

sj−1[CP j−1] = jx j−1⟨CP j−1⟩ = j .

Ïóñòü ν íîðìàëüíîå ðàññëîåíèå âëîæåíèÿ ι : Hij ↪→ CP i × CP j . Òîãäà

T (Hij)⊕ ν = ι∗(T (CP i × CP j)).

Èìååì si+j−1(ν) = ι∗(x + y)i+j−1 è
si+j−1(T (CP i ×CP j)) = (i + 1)x i+j−1+ (j + 1)y i+j−1 = 0 ïðè i > 1, ò. å.

si+j−1[Hij ] = −si+j−1(ν)⟨Hij⟩ = −ι∗(x + y)i+j−1⟨Hij⟩
= −(x + y)i+j⟨CP i × CP j⟩ = −

(i+j
i

)
.
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Òåîðåìà

Êëàññû áîðäèçìà {[Hij ], 0 ⩽ i ⩽ j} ïîðîæäàþò êîëüöî ΩU .

Äîêàçàòåëüñòâî.

ÍÎÄ
((n+1

i

)
, 1 ⩽ i ⩽ n

)
=

{
p ïðè n = pk − 1,

1 â îñòàëüíûõ ñëó÷àÿõ.

Èç âû÷èñëåíèÿ si+j−1[Hij ] ïîëó÷àåì, ÷òî äëÿ íåêîòîðîé öåëî÷èñëåííîé

ëèíåéíîé êîìáèíàöèè êëàññîâ áîðäèçìà [Hij ] ñ i + j = n + 1 ÷èñëî

si+j−1 ðàâíî p èëè 1, êàê òðåáóåòñÿ äëÿ ïîëèíîìèàëüíîé îáð. an.

Ïðèìåð

ΩU
2 = Z, îáðàçóþùàÿ [CP1], òàê êàê 1 = 21 − 1 è s1[CP1] = 2;

ΩU
4 = Z⊕ Z, îáðàçóþùèå [CP1 ×CP1] è [CP2], òàê êàê 2 = 31 − 1

è s2[CP2] = 3;

[CP3] íåëüçÿ âçÿòü â êà÷åñòâå îáðàçóþùåé a3 ∈ ΩU
6 , òàê êàê

s3[CP3] = 4, à s3(a3) = ±2. Íà ñàìîì äåëå a3 = [H22] + [CP3].
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Ôîðìàëüíàÿ ãðóïïà ãåîìåòðè÷åñêèõ êîáîðäèçìîâ

Ïðèëîæåíèÿ ôîðìàëüíûõ ãðóïï â òåîðèè êîáîðäèçìîâ îñíîâàíû íà

ñëåäóþùåé ôóíäàìåíòàëüíîé êîíñòðóêöèè Ñ.Ï. Íîâèêîâà.

X � êëåòî÷íîå ïðîñòðàíñòâî è u, v ∈ U2(X ) � ãåîìåòðè÷åñêèå

êîáîðäèçì, ñîîòâåòñòâóþùèå êëàññàì x , y ∈ H2(X ). Îáîçíà÷èì
u +

H
v � ãåîìåòðè÷åñêèé êîáîðäèçì, ñîîòâåòñòâóþùèé êëàññó

êîãîìîëîãèé x + y .

Ïðåäëîæåíèå

Â U2(X ) èìååò ìåñòî ñîîòíîøåíèå

u +
H
v = FU(u, v) = u + v +

∑
k⩾1, l⩾1

αkl u
kv l ,

ãäå αkl ∈ Ω
−2(k+l−1)
U íå çàâèñÿò îò X . Ðÿä FU(u, v) ÿâëÿåòñÿ

ôîðìàëüíîé ãðóïïîé íàä êîëüöîì êîìïëåêñíûõ êîáîðäèçìîâ ΩU .
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Äîêàçàòåëüñòâî.

Âû÷èñëèì íà óíèâåðñàëüíîì ïðèìåðå X = CP∞ × CP∞. Òîãäà

U∗(CP∞ × CP∞) = ΩU [[u, v ]],

ãäå u, v � êàíîíè÷åñêèå ãåîìåòðè÷åñêèå êîáîðäèçìû, çàäàâàåìûå

ïðîåêöèÿìè CP∞ × CP∞ íà ñîìíîæèòåëè.

Èìååì ñîîòíîøåíèå â U2(CP∞ × CP∞):

u +
H
v =

∑
k,l⩾0

αkl u
kv l ,

ãäå αkl ∈ Ω
−2(k+l−1)
U .

Òåïåðü ïóñòü ãåîìåòðè÷åñêèå êîáîðäèçìû u, v ∈ U2(X ) çàäàþòñÿ
îòîáðàæåíèÿìè fu, fv : X → CP∞. Òîãäà u = (fu × fv )

∗(u),
v = (fu × fv )

∗(v) è u +
H
v = (fu × fv )

∗(u +
H
v), ãäå

fu × fv : X → CP∞ × CP∞. Ïðèìåíÿÿ (fu × fv )
∗ (ãîìîìîðôèçì

ΩU -ìîäóëåé) ê ñîîòíîøåíèþ âûøå, ïîëó÷èì òðåáóåìîå.
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Ðÿä u +
H
v = FU(u, v) íàçûâàåòñÿ ôîðìàëüíîé ãðóïïîé ãåîìåòðè÷åñêèõ

êîáîðäèçìîâ èëè ôîðìàëüíîé ãðóïïîé â êîìïëåêñíûõ êîáîðäèçìàõ.

Ïî îïðåäåëåíèþ, ãåîìåòðè÷åñêèé êîáîðäèçì u ∈ U2(X ) åñòü ïåðâûé
êëàññ Êîííåðà-Ôëîéäà-×æåíÿ cU1 (ξ) êîìïëåêñíîãî îäíîìåðíîãî
ðàññëîåíèÿ ξ íàä X , èíäóöèðîâàííîãî èç òàâòîëîãè÷åñêîãî
îòîáðàæåíèåì fu : X → CP∞.

Òàêèì îáðàçîì, ôîðìàëüíàÿ ãðóïïà ãåîìåòðè÷åñêèõ êîáîðäèçìîâ äà¼ò

âûðàæåíèå cU1 (ξ ⊗ η) ∈ U2(X ) â òåðìèíàõ êëàññîâ u = cU1 (ξ) è
v = cU1 (η) ñîìíîæèòåëåé:

cU1 (ξ ⊗ η) = FU(u, v).
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Òåîðåìà (Áóõøòàáåð)

FU(u, v) =

∑
i ,j⩾0[Hij ]u

iv j(∑
r⩾0[CP r ]ur

)(∑
s⩾0[CPs ]v s

) ,
ãäå Hij (0 ⩽ i ⩽ j) � ãèïåðïîâåðõíîñòè Ìèëíîðà è Hji = Hij .

Äîêàçàòåëüñòâî.

Ðàññìîòðèì îòîáðàæåíèå äâîéñòâåííîñòè Ïóàíêàðå�Àòüÿ

D : U2(CP i × CP j) → U2(i+j)−2(CP i × CP j) è àóãìåíòàöèþ

ε : U∗(CP i × CP j) → U∗(pt) = ΩU .

Êîìïîçèöèÿ εD : U2(CP i × CP j) → ΩU
2(i+j)−2 ïåðåâîäèò ãåîìåòð.

êîáîðäèçìû â êëàññû áîðäèçìà ñîîòâåòñòâóþùèõ ïîäìíîãîîáðàçèé.

Â ÷àñòíîñòè, εD(u +
H
v) = [Hij ], εD(ukv l) = [CP i−k ][CP j−l ]. Ïðèìåíÿÿ

εD ê u +
H
v = FU(u, v), ïîëó÷èì [Hij ] =

∑
k, l αkl [CP i−k ][CP j−l ].Òîãäà

∑
i ,j

[Hij ]u
iv j =

(∑
k, l

αklu
kv l

)(∑
i⩾k

[CP i−k ]ui−k
)(∑

j⩾l

[CP j−l ]v j−l
)
.
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Ñëåäñòâèå

Êîýôôèöèåíòû ôîðìàëüíîé ãðóïïû FU ãåîìåòðè÷åñêèõ êîáîðäèçìîâ

ïîðîæäàþò êîëüöî êîìïëåêñíûõ êîáîðäèçìîâ ΩU .

Òåîðåìà (Ìèùåíêî)

Ëîãàðèôì ôîðìàëüíîé ãðóïïû FU çàäà¼òñÿ ðÿäîì

gU(u) = u +
∑
k⩾1

[CPk ]
uk+1

k + 1
∈ ΩU ⊗Q[[u]].

Äîêàçàòåëüñòâî.

dgU(u)

du
=

1
∂FU(u,v)

∂v

∣∣∣
v=0

=
1+

∑
k>0[CPk ]uk

1+
∑

i>0([Hi1]− [CP1][CP i−1])ui
.

Èìååì [Hi1] = [CP1][CP i−1] (èç âû÷èñëåíèÿ ÷èñåë ×æåíÿ), ÷òî äà¼ò
dgU(u)

du = 1+
∑

k>0[CPk ]uk .
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Òåîðåìà (Êâèëëåí)

Ôîðìàëüíàÿ ãðóïïà FU ãåîìåòðè÷åñêèõ êîáîðäèçìîâ óíèâåðñàëüíà.

Äîêàçàòåëüñòâî.

Ïóñòü F � óíèâåðñàëüíàÿ ôîðìàëüíàÿ ãðóïïà íàä êîëüöîì A. Òîãäà
èìååì ãîìîìîðôèçì r : A → ΩU , ïåðåâîäÿùèé F â FU .

Ðÿä F , ðàññìàòðèâàåìûé êàê ô. ã. íàä êîëüöîì A⊗Q, îáëàäàåò
ñâîéñòâîì óíèâåðñàëüíîñòè äëÿ ô. ã. íàä Q-àëãåáðàìè. Çàïèñûâàÿ
ëîãàðèôì F êàê

∑
bk

uk+1

k+1 , ïîëó÷àåì A⊗Q = Q[b1, b2, . . .].

Ïî ôîðìóëå Ìèùåíêî äëÿ ëîãàðèôìà, r(bk) = [CPk ] ∈ ΩU . Òàê êàê

ΩU ⊗Q ∼= Q[[CP1], [CP2], . . .], ïîëó÷àåì, ÷òî r ⊗Q � èçîìîðôèçì.

Ïî òåîðåìå Ëàçàðà êîëüöî A íå èìååò êðó÷åíèÿ, ò. å. r èíúåêòèâíî.

Ñ äðóãîé ñòîðîíû, èç ôîðìóëû Áóõøòàáåðà äëÿ FU(u, v) ïîëó÷àåì,
÷òî r(A) ñîäåðæèò êëàññû áîðäèçìà [Hij ] ∈ ΩU , 0 ⩽ i ⩽ j . Îíè
ïîðîæäàþò âñ¼ êîëüöî ΩU , ò. å. r ñþðúåêòèâíî.
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Ðîäû Õèðöåáðóõà (êîìïëåêñíûå)

Ãîìîìîðôèçì φ : ΩU → R èç êîëüöà êîìïëåêñíûõ êîáîðäèçìîâ â

êîììóòàòèâíîå êîëüöî R ñ åäèíèöåé äà¼ò ìóëüòèïëèêàòèâíûé

èíâàðèàíò êëàññîâ áîðäèçìà. Òàêîé ãîìîìîôèçì íàçûâàåòñÿ

(êîìïëåêñíûì) R-ðîäîì.

Ïóñòü R íå èìååò àääèòèâíîãî êðó÷åíèÿ. Òîãäà êàæäûé R-ðîä φ
ïîëíîñòüþ îïðåäåëÿåòñÿ ñîîòâåòñòâóþùèì ãîìîìîðôèçìîì

ΩU ⊗Q → R ⊗Q, êîòîðûé ìû áóäåì ïðîäîëæàòü îáîçíà÷àòü φ.

Êîíñòðóêöèÿ Õèðöåáðóõà îïèñûâàåò ãîìîìîðôèçìû

φ : ΩU ⊗Q → R ⊗Q â òåðìèíàõ R-çíà÷íûõ õàðàêòåðèñòè÷åñêèõ
êëàññîâ ñïåöèàëüíîãî âèäà.
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Ðàññìîòðèì ãîìîìîðôèçì âû÷èñëåíèÿ e : ΩU → H∗(BU) êàñàòåëüíûõ
õàðàêòåðèñòè÷åñêèõ ÷èñåë. Òîãäà e èíúåêòèâåí, à

e ⊗Q : ΩU ⊗Q → H∗(BU;Q) � èçîìîðôèçì.

Òàêèì îáðàçîì, ëþáîé ãîìîðôèçì φ : ΩU ⊗Q → R ⊗Q çàäà¼òñÿ

ýëåìåíòîì èç HomQ(H∗(BU;Q),R ⊗Q) = H∗(BU;Q)⊗ R, èëè
ïîñëåäîâàòåëüíîñòüþ ìíîãî÷ëåíîâ {Ki (c1, . . . , ci ), i ⩾ 0}, degKi = 2i .

Òîò ôàêò, ÷òî φ ÿâëÿåòñÿ êîëüöåâûì ãîìîìîðôèçìîì, íàêëàäûâàåò

îãðàíè÷åíèÿ íà ïîñëåäîâàòåëüíîñòü {Ki}. À èìåííî, òîæäåñòâî

1+ c1 + c2 + · · · = (1+ c ′1 + c ′2 + · · · ) · (1+ c ′′1 + c ′′2 + · · · )

âëå÷¼ò òîæäåñòâî∑
n⩾0

Kn(c1, . . . , cn) =
∑
i⩾0

Ki (c
′
1, . . . , c

′
i ) ·

∑
j⩾0

Kj(c
′′
1 , . . . , c

′′
j ).

Òàêàÿ ïîñëåäîâàòåëüíîñòü K = {Ki (c1, . . . , ci ), i ⩾ 0} ñ K0 = 1

íàçûâàåòñÿ ìóëüòèïëèêàòèâíîé ïîñëåäîâàòåëüíîñòüþ Õèðöåáðóõà.
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Ïðåäëîæåíèå

Ìóëüòèïëèêàòèâíàÿ ïîñëåäîâàòåëüíîñòü K ïîëíîñòüþ çàäà¼òñÿ ðÿäîì

Q(x) = 1+ q1x + q2x
2 + · · · ∈ R ⊗Q[[x ]],

ãäå x = c1 è qi = Ki (1, 0, . . . , 0). Êðîìå òîãî, ëþáîé òàêîé ðÿä Q(x)
çàäà¼ò ìóëüòïëèêàòèâíóþ ïîñëåäîâàòåëüíîñòü.

Äîêàçàòåëüñòâî.

Èç òîæäåñòâà

1+ c1 + · · ·+ cn = (1+ x1) · · · (1+ xn)

è ñâîéñòâà ìóëüòïëèêàòèâíîñòè âûòåêàåò, ÷òî

Q(x1) · · ·Q(xn) = 1+ K1(c1) + K2(c1, c2) + · · ·
+ Kn(c1, . . . , cn) + Kn+1(c1, . . . , cn, 0) + · · · .
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Íàðÿäó ñ Q(x) óäîáíî ðàññìàòðèâàòü ðÿä f (x) ∈ R ⊗Q[[x ]] = x + · · · ,
ãäå Q(x) = x

f (x) .

Äëÿ ðîäà φ : ΩU ⊗Q → R ⊗Q ñîîòâåòñòâóþùàÿ ìóëüòèïëèêàòèâíàÿ

ïîñëåäîâàòåëüíîñòü Õèðöåáðóõà çàäà¼òñÿ êàê

Kn(c1, . . . , cn) = ÷àñòü ñòåïåíè 2n îò

n∏
i=1

xi
f (xi )

∈ R ⊗Q[[c1, . . . , cn]].

Ðàññìàòðèâàåì
∏n

i=1
xi

f (xi )
êàê óíèâåðñàëüíûé õàðàêòåðèñòè÷åñêèé

êëàññ êîìïëåêñíûõ n-ìåðíûõ ðàññëîåíèé. Òîãäà çíà÷åíèå ðîäà φ íà

2n-ìåðíîì ñòàáèëüíî êîìïëåêñíîì ìíîãîîáðàçèè M åñòü

φ[M] =
( n∏
i=1

xi
f (xi )

(T M)
)
⟨M⟩.

Ðîä Õèðöåáðóõà, ñîîòâåòñòâóþùèé ðÿäó f (x) = x + · · · ∈ R ⊗Q[[x ]],
åñòü ãîìîìîðôèçì φ : ΩU → R ⊗Q, çàäàííûé ôîðìóëîé âûøå.
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Òåîðåìà

Äëÿ ëþáîãî ðîäà φ : ΩU → R ýêñïîíåíòà ôîðìàëüíîé ãðóïïû φ(FU)
åñòü ðÿä f (x) ∈ R ⊗Q[[x ]], ñîîòâåòñòâóþùèé ðîäó φ.

Ýòî ìîæíî äîêàçàòü íåïîñðåäñòâåííî, èñïîëüçóÿ êîíñòðóêöèþ

ãåîìåòðè÷åñêèõ êîáîðäèçìîâ, ëèáî âû÷èñëÿÿ çíà÷åíèÿ ðîäà φ íà

ïðîåêòèâíûõ ïðîñòðàíñòâàõ è ñðàâíèâàÿ ñ ôîðìóëîé äëÿ ëîãàðèôìà

ôîðìàëüíîé ãðóïïû.

Ïðèìåð

Óíèâåðñàëüíûé ðîä îòîáðàæàåò ñòàáèëüíî êîìïëåêñíîå ìíîãîîáðàçèå

M â åãî êëàññ áîðäèçìà [M] ∈ ΩU , ò. å. ñîîòâåòñòâóåò òîæäåñòâåííîìó

ãîìîìîðôèçìó φU = id : ΩU → ΩU .

Åãî ñîîòâåòñòâóþùèé ðÿä fU(x) åñòü ýêñïîíåíòà óíèâåðñàëüíîé
ôîðìàëüíîé ãðóïïû ãåîìåòðè÷åñêèõ êîáîðäèçìîâ.
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Ïðèìåð

Ïîëîæèì R = Z â ýòèõ ïðèìåðàõ.

1. Ñòàðøèé êëàññ ×æåíÿ åñòü ðîä c[M] = cn[M] äëÿ [M] ∈ ΩU
2n. Çäåñü

Q(x) = 1+ x è f (x) = x
1+x . Äëÿ ïî÷òè êîìïëåêñíîãî ìíîãîîáðàçèÿ

c[M] ðàâíî ýéëåðîâîé õàðàêòåðèñòèêå.

2. L-ðîä L[M] ñîîòâåòñòâóåò ðÿäó f (x) = tanh(x). L-ðîä ñîâïàäàåò ñ

ñèãíàòóðîé sign(M) ìíîãîîáðàçèÿ ñîãëàñíî êëàññè÷åñêîé òåîðåìå

Õèðöåáðóõà. Ýòî ñëåäóåò èç ñîîòíîøåíèé sign(CP2k) = 1 è

sign(CP2k+1) = 0 è âû÷èñëåíèÿ ôóíêöèîíàëüíî îáðàòíîãî ðÿäà g(u)
(ëîãàðèôìà ðîäà).

3. Ðîä Òîääà td[M] ñîîòâåòñòâóåò ðÿäó f (x) = 1− e−x .

Ñîîòâåòñòâóþùàÿ ôîðìàëüíàÿ ãðóïïà åñòü F (u, v) = u + v − uv , òàê
÷òî ðîä Òîääà ïðèíèìàåò öåëûå çíà÷åíèÿ íà êëàññàõ áîðäèçìîâ.

Ëîãàðèôì åñòü − ln(1− u) =
∑

k⩾1
uk

k , ÷òî îçíà÷àåò td[CP
k ] = 1 äëÿ

ëþáîãî k . Ñîîòâåòñòâóþùèé Q-ðÿä åñòü

Q(x) = x
1−e−x =

∑
k⩾0(−1)k

Bk
k! x

k .
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Ïðèìåð

4. χy -ðîä Õèðöåáðóõà ñîîòâåòñòâóåò ðÿäó

f (x) =
1− e−x(1+y)

1+ ye−x(1+y)
,

ãäå y � ïàðàìåòð. Ïîëàãàÿ y = −1, y = 0 è y = 1, ïîëó÷àåì cn[M],
ðîä Òîääà td[M] è L-ðîä L[M] = sign(M), ñîîòâåòñòâåííî.

Ïðè ðàáîòå ñ ãðàäóèðîâàííûìè êîëüöàìè ïîëåçíî ðàññìîòðåòü

2-ïàðàìåòðè÷åñêèé ðîä, ñîîòâåòñòâóþùèé ðÿäó

f (x) =
eax − ebx

aebx − beax
, deg a = deg b = −2.

Îí íàçûâàåòñÿ χa,b-ðîäîì.

Èñõîäíûé χy -ðîä ïîëó÷àåòñÿ ïðè a = y , b = −1.
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