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Cellular Networking

1990s: voice calls, text 
messaging, basic data service

2000s: + web surfing, music

2010s: + video, live streaming, maps

2020s: + cloud AR/VR/Gaming, 
smart cities, robots

Evolution mainly due to physics

Evolution mainly 
due to 
mathematics

Inter
net

Core Network Base Station Mobile Station



Single antenna transmission Massive MIMO transmission – key 5G technology

Source of 
• Non-convex optimization problems
• Combinatorial optimization problems
• Stochastic optimization problems
• Dynamic control problems

• Evolution due to efficient resource utilization

• More sophisticated transmission requires 
cutting-edge mathematical methods



Channel ℎ𝑖𝑗:

ℎ𝑖𝑗 ∈ ℂ, ℎ𝑖𝑗 ≤ 1

𝑖 → 𝑗
Transmitter 
antenna 

Receiver
antenna 

𝑦1 = ℎ11 ⋅ 𝑝 ⋅ 𝑥1 + 𝑛𝑜𝑖𝑠𝑒

𝑆𝐼𝑁𝑅1 =
𝑃 𝑠𝑖𝑔𝑛𝑎𝑙

𝑃(𝑛𝑜𝑖𝑠𝑒 + 𝑖𝑛𝑡𝑒𝑟𝑓𝑒𝑟𝑒𝑛𝑐𝑒)
=

𝑝 ⋅ ℎ11
2

𝛿2

After modulation data is 
represented by a complex 
number (symbol):

𝑥1 ∈ ℂ

𝑥1
2 = 1

Describes signal transformation 
during transmission
from antenna 𝑖 to antenna 𝑗

Transmission with power 𝑝

Transmitted symbolReceived symbol

Shannon theorem: 
upper bound for information transmission capacity is log(1 + 𝑆𝐼𝑁𝑅)

Single antenna transmission



𝑦1 = ℎ11 …ℎ1𝑛 ⋅
𝑤1

1

⋮
𝑤𝑛

1
⋅ 𝑥1 + 𝑛𝑜𝑖𝑠𝑒

𝑆𝐼𝑁𝑅1 =
ℎ1, 𝑤

1∗ 2

𝛿2

ℎ11

ℎ1𝑛

𝑤1 =
𝑤1

1

⋮
𝑤𝑛

1
-- precoding vector

𝑤1 ∈ ℂ𝑛,

𝑤1 2

𝐿2
= 𝑝,

𝑛 – number of transmitting antennas

𝑤𝑘
1– “weight” of the symbol at antenna

Symbol 𝑥1 is multiplied by 𝑤𝑘
1 and 

then transmitted from 𝑘-th antenna

Which precoding vector 𝑤1 maximizes 𝑆𝐼𝑁𝑅
for user with channel ℎ1?

Multi antenna transmission

?



Answer:

𝑦1 = ℎ11 …ℎ1𝑛 ⋅
𝑤1

1

⋮
𝑤𝑛

1
⋅ 𝑥1 + 𝑛𝑜𝑖𝑠𝑒

𝑆𝐼𝑁𝑅1 =
ℎ1, 𝑤

1∗ 2

𝛿2

ℎ11

ℎ1𝑛

𝑤1 =
𝑤1

1

⋮
𝑤𝑛

1
-- precoding vector

𝑤1 ∈ ℂ𝑛,

𝑤1 2

𝐿2
= 𝑝,

𝑛 – number of transmitting antennas

𝑤𝑘
1– “weight” of the symbol at antenna

Symbol 𝑥1 is multiplied by 𝑤𝑘
1 and 

then transmitted from 𝑘-th antenna

Which precoding vector 𝑤1 maximizes 𝑆𝐼𝑁𝑅
for user with channel ℎ1?

𝒘𝒐𝒑𝒕
𝟏 = 𝒄 ⋅ 𝒉𝟏

∗

𝑤𝑜𝑝𝑡
1

Multi antenna transmission



𝑦1 = ℎ11 …ℎ1𝑛 ⋅
𝑤1

1

⋮
𝑤𝑛

1
⋅ 𝑥1 +

𝑤1
2

⋮
𝑤𝑛

2
⋅ 𝑥2 + 𝑛𝑜𝑖𝑠𝑒1

𝑆𝐼𝑁𝑅1(𝑊) =
ℎ1, 𝑤

1∗ 2

ℎ1, 𝑤
2∗ 2

+ 𝛿1
2

ℎ11

ℎ1𝑛

User 1

User 2

ℎ21
ℎ2𝑛

𝑦2 = ℎ21 …ℎ2𝑛 ⋅
𝑤1

1

⋮
𝑤𝑛

1
⋅ 𝑥1 +

𝑤1
2

⋮
𝑤𝑛

2
⋅ 𝑥2 + 𝑛𝑜𝑖𝑠𝑒2

𝑦 = 𝐻 ⋅ 𝑊 ⋅ 𝑥 + 𝑛𝑜𝑖𝑠𝑒

Transmit two symbols to two different users simultaneously

Precoding matrixChannel matrix

𝑆𝐼𝑁𝑅2(𝑊) =
ℎ2, 𝑤

2∗ 2

ℎ2, 𝑤
1∗ 2

+ 𝛿2
2

How to choose precoding matrix?

Maximizing weighted sum of spectral efficiency: 

 

𝑘∈𝑈

𝛼𝑘 ⋅ log(1 + 𝑆𝐼𝑁𝑅𝑘) → max
𝑊

𝑤𝑘 =
𝑤1

𝑘

⋮
𝑤𝑛

𝑘

𝑤𝑘 ∈ ℂ𝑛,

 𝑘 𝑤𝑘

𝐿2

2
= 𝑝,

Multi-user transmission



 

𝑢∈𝑈

𝛼𝑢 ⋅ log(1 + 𝑆𝐼𝑁𝑅𝑢(𝑊)) → max
𝑊

𝑆𝐼𝑁𝑅𝑘(𝑊) =
ℎ𝑘 , 𝑤

𝑘∗ 2

ℎ𝑘 , 𝑤
𝑙∗

2
+ 𝛿1

2

Classic solution #1: Maximum-rate transmission

𝑤𝑀𝑅𝑇
𝑘 = 𝑐𝑘 ⋅ ℎ𝑘

∗
𝑤𝑀𝑅𝑇

1

𝑤𝑀𝑅𝑇
2

Classic solution #2: Zero Forcing

𝑤𝑍𝐹
1

𝑤𝑍𝐹
2

𝑆𝐼𝑁𝑅𝑘(𝑊𝑍𝐹) =
ℎ𝑘 , 𝑤𝑍𝐹

𝑘 ∗ 2

𝛿1
2

𝑤𝑍𝐹
𝑘 ∈< ℎ1, … , ℎ𝑘−1,ℎ𝑘+1, … , ℎ𝑛 >⊥

𝑤𝑍𝐹
𝑘 maximizes ℎ𝑘 , 𝑤𝑍𝐹

𝑘 ∗ 2
in this subspace 

ZF beam orthogonal to all other users channel vectors: 

WZF = 𝐻∗ ∙ 𝐻𝐻∗ −1

Multi-user beamforming

WZF is a pseudo-inverse matrix to 𝐻:



 

𝑘∈𝑈

𝛼𝑘 ⋅ log(1 + 𝑆𝐼𝑁𝑅𝑘(𝑊)) → max
𝑈⊆𝐴
𝑊

Not necessary to transmit to all active users 𝐴

How to select optimal subset 𝑈 ⊆ 𝐴 of users for transmission?

Set 𝑈 ⊆ 𝐴

 

𝑘∈𝑈

𝛼𝑘 ⋅ log(1 + 𝑆𝐼𝑁𝑅𝑘) → max
𝑊

 

𝑘∈𝑈

𝛼𝑘 ⋅ log(1 + 𝑆𝐼𝑁𝑅𝑘) → max
𝑈⊆𝐴

𝑊

Multi-user pairing

Joint user selection and beamforming?



𝑦1 = ℎ11 …ℎ1𝑛 ⋅
𝑤1

1

⋮
𝑤𝑛

1
⋅ 𝑥1 +

𝑤1
2

⋮
𝑤𝑛

2
⋅ 𝑥2 + 𝑛𝑜𝑖𝑠𝑒1

𝑦2 = ℎ21 …ℎ2𝑛 ⋅
𝑤1

1

⋮
𝑤𝑛

1
⋅ 𝑥1 +

𝑤1
2

⋮
𝑤𝑛

2
⋅ 𝑥2 + 𝑛𝑜𝑖𝑠𝑒2

𝑦 = 𝐻 ⋅ 𝑊 ⋅ 𝑥 + 𝑛𝑜𝑖𝑠𝑒

Precoding matrixChannel matrix

W is selected as singular vectors of SVD 
decomposition of H:

𝐻 = 𝑈 ⋅ Λ ⋅ 𝑉∗

𝑊 = 𝑉

Multi-stream transmission

SVD-based Single-User precoding

Physical meaning:
1. Choose the best transmitting 

direction
2. Choose the next best 

direction in the orthogonal 
complement to the first one

3. etc…

𝑅𝑎𝑡𝑒 ≤ log2 det 𝐼 +
𝑃

𝑁 ⋅ 𝛿2
𝐻𝑊 𝐻𝑊 ∗

Shannon formula:

Capacity optimization:
Ideal receiver is assumed



If we know channel matrix, we may speed up 
transmission several times: 

TDD: Uplink Measurement for Downlink Beamforming

Full H

Beamforming

64 dim

4
 d

im H

Channel Reconstruction

Inefficient
Beamforming

FDD: Downlink Measurement and/or Channel Reconstruction



Link adaption problem

MCS – Modulation and Coding Scheme

29 options 
for MCS

Modulation: 
how many 
bits are 
encoded into 
a complex 
number
(4 / 16 / 64)

Coding: 
how many 
parity bits 
are used in 
an error 
correcting 
code

MCS should correspond to channel quality. 
Higher MCS values
• allow more information to be transmitted
• increase risk of unsuccessful transmission! 

Retransmissions are painful.

Channel quality varies in time:
• Fading effect
• Inaccuracy of beam-forming:

Beam is focused on user
User moves out of beam

Beam is focused on new
user position

Which number of layers is 
optimal for transmission?

Which MCS is optimal for 
transmission?



Uplink Equalization Problem

𝑦 = 𝐻 ⋅ 𝑥 + 𝑟

𝑟 – random noise
𝐻 – channel matrix
𝑥 – transmitted signal (dimension = number of users)
𝑦 – received signal (dimension = number of base station 
antennas)

𝑬𝑟,𝑥 𝐺 ⋅ 𝑦 − 𝑥
2

2
→ min

𝐺

𝑦𝑘 = 𝑔𝑘1 …𝑔𝑘𝑛 ⋅
ℎ1
1

⋮
ℎ𝑛
1

⋅ 𝑥1 +
ℎ1
2

⋮
ℎ𝑛
2

⋅ 𝑥2 + ⋯+

𝑟1
⋮
𝑟𝑛

 

𝑘∈𝑈

𝛼𝑘 ⋅ log(1 + 𝑆𝐼𝑁𝑅𝑘(𝐺)) → max
𝐺

 𝑥 = 𝐺 ⋅ 𝐻 ⋅ 𝑥 + 𝐺 ⋅ 𝑟

𝑆𝐼𝑁𝑅𝑘 𝑊 =
𝑔𝑘 , ℎ𝑘

∗ 2

𝑔𝑘 , ℎ
𝑙∗

2
+ 𝑔𝑘 , 𝑟

∗ 2
𝐺𝑀𝑀𝑆𝐸 = 𝐻∗ ⋅ 𝐻 ⋅ 𝐻∗ +

𝜎2

𝜌
⋅ 𝐼

−1

MMSE formulation Non-convex formulation



Beamforming problem
 Non-convex optimization
 Complex analysis
 Probability theory

User pairing problem
 Combinatorial optimization
 Submodular optimization
 Graph theory

Equalization problem
 Statistical estimations
 Probability theory
 Statistical physics 

Link adaption problem
 Information theory
 Dynamic control theory
 Machine learning

Multi-stream transmission problem
 Information theory
 Computational linear algebra
 Probability theory

Channel Reconstruction problem
 Non-convex optimization
 Complex analysis
 Stochastic process



Thanks!

My email: zaev.danila1@huawei.com


