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ßçûê ìîäàëüíîé ëîãèêè

Àëôàâèò: PV ∪ {(, ), ⊥, →,□}
PV = {p1, p2, . . .} � ïðîïîçèöèîíàëüíûå ïåðåìåííûå

Ôîðìóëû: ϕ ::= ⊥ | p | (ϕ1 → ϕ2) | □ϕ

Ñîêðàùåíèÿ:

• ♢ϕ ≡ ¬□¬ϕ
• ⊤, ∧, ∨, ¬, ↔

ML � ìíîæåñòâî âñåõ ìîäàëüíûõ ôîðìóë
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Ñåìàíòèêà Êðèïêå

Øêàëà Êðèïêå:

F = (W , R) : R ⊆ W ×W

Ìîäåëü Êðèïêå:

M = (F , V ) V : PV → 2W � îöåíêà

Èñòèííîñòü ôîðìóëû â òî÷êå ìîäåëè M = (W , R, V ) �
ìîäåëü Êðèïêå, x ∈ W

• M, x ̸|= ⊥
• M, x |= p ⇐⇒ x ∈ V (p)

• M, x |= ϕ→ ψ ⇐⇒ M, x ̸|= ϕ èëè M, x |= ψ

• M, x |= □ϕ ⇐⇒ ∀y ∈ W (xRy =⇒ M, y |= ϕ)
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Îáùåçíà÷èìîñòü. Ëîãèêà. Ìíîãîîáðàçèå

Ôîðìóëà ϕ èñòèííà â òî÷êå x ∈ W M, x |= ϕ

Ôîðìóëà ϕ îáùåçíà÷èìà â ìîäåëè M |= ϕ ∀x ∈ W M, x |= ϕ

Ôîðìóëà ϕ îáùåçíà÷èìà â øêàëå F |= ϕ ∀V (F ,V ) |= ϕ

Ëîãèêà êëàññà øêàë Êðèïêå F

Log F := {ϕ | ∀F ∈ F (F |= ϕ)}

Ìíîãîîáðàçèå ìíîæåñòâà ôîðìóë Γ

Var Γ := {F | ∀ϕ ∈ Γ (F |= ϕ)}∗
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Ñëó÷àéíûé ýëåìåíò

Îïðåäåëåíèå

Ïóñòü

• (Ω, F , P) � âåðîÿòíîñòíîå ïðîñòðàíñòâî,

• (E , E) � èçìåðèìîå ïðîñòðàíñòâî.

Èçìåðèìîå îòîáðàæåíèå X : Ω → E íàçûâàåòñÿ ñëó÷àéíûì

ýëåìåíòîì ñî çíà÷åíèÿìè â E .

Êàê îïðåäåëèòü ñëó÷àéíûé ýëåìåíò ñî çíà÷åíèÿìè â êëàññå

øêàë Êðèïêå?

• Êëàññ âñåõ øêàë Êðèïêå íå ìîæåò áûòü èçìåðèìûì

ïðîñòðàíñòâîì

• Âñå êîíå÷íûå øêàëû Êðèïêå îáðàçóþò áåñêîíå÷íîå

ìíîæåñòâî

• Øêàëû Êðèïêå íà n òî÷êàõ îáðàçóþò êîíå÷íîå ìíîæåñòâî
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Ìîäåëè ñëó÷àéíîé øêàëû Êðèïêå

Èçìåðèìîå ïðîñòðàíñòâî øêàë Êðèïêå íà n òî÷êàõ:

Wn = {1, . . . , n}
Fn = {(Wn, R) | R ⊆ Wn ×Wn}

• 2Fn � ñèãìà-àëãåáðà.

• (Fn, 2
Fn) � èçìåðèìîå ïðîñòðàíñòâî.
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Ìîäåëè ñëó÷àéíîé øêàëû Êðèïêå

Ñëó÷àéíàÿ øêàëà Êðèïêå íà n òî÷êàõ � ñëó÷àéíûé ýëåìåíò ñî

çíà÷åíèÿìè â Fn.

• Ñóùåñòâóåò áåñêîíå÷íî ìíîãî ñëó÷àéíûõ øêàë Êðèïêå.

• Çàôèêñèðóåì ðàñïðåäåëåíèå � âåðîÿòíîñòíóþ ìåðó

P : 2Fn → [0, 1]

• Îäèí èç ñïîñîáîâ ýòî ñäåëàòü � óêàçàòü âåðîÿòíîñòü

íàáëþäåíèÿ êàæäîé ôèêñèðîâàííîé øêàëû:

P ({X = F}) , F ∈ Fn
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Ñòàíäàðòíàÿ ñëó÷àéíàÿ øêàëà Êðèïêå

Ðàâíîìåðíîå ðàñïðåäåëåíèå íà Fn

∀F ∈ Fn : P({X = F}) = 1

|Fn|
=

1

2n
2

Îïðåäåëåíèå

Ñòàíäàðòíîé ñëó÷àéíîé øêàëîé Êðèïêå F r
n íàçîâ¼ì ñëó÷àéíóþ

øêàëó Êðèïêå íà n òî÷êàõ ñ ðàâíîìåðíûì ðàñïðåäåëåíèåì

íà Fn.
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Ñâîéñòâà F r
n

Êàê óñòðîåíà F r
n = (Wn, R)?

• Ñòðåëêè ïðîâîäÿòñÿ íåçàâèñèìî ñ âåðîÿòíîñòüþ 1

2
:

P({xRy}) = P({xRy}) = 1

2
∀x , y ∈ Wn.

Äîêàçàòåëüñòâî:

P({xRy}) = |{(Wn, R) ∈ Fn : xRy}|
Fn

=
2n

2−1

2n
2 =

1

2
.

• Âåðîÿòíîñòü êîíôèãóðàöèè èç n ôèêñèðîâàííûõ ñòðåëîê

P({x1S1y1, . . . , xnSnyn}) = 2−n, Sj ∈ {R, R}

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 10 èç 27
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Ñâîéñòâà F r
n

Ïðèìåð: âåðîÿòíîñòü òîãî, ÷òî R ñåðèàëüíî.

P({R ñåðèàëüíî})

= P

(
n⋂

i=1

{R(xi ) ̸= ∅}
)

= P

(
n⋂

i=1

n⋃
j=1

{xiRxj}

)

= P

(
n⋂

i=1

(
n⋂

j=1

{xiRxj}

))
=
∏n

i=1

(
1−

∏n
j=1

P(xiRxj)
)
= (1− 2−n)

n
.

Çàìåòèì, ÷òî ïðè n → ∞ :

P({R ñåðèàëüíî}) =
(
1− 2−n

)n ∼ 1− n2−n → 1.

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 11 èç 27



Ñâîéñòâà F r
n

Ïðèìåð: âåðîÿòíîñòü òîãî, ÷òî R ñåðèàëüíî.

P({R ñåðèàëüíî}) = P

(
n⋂

i=1

{R(xi ) ̸= ∅}
)

= P

(
n⋂

i=1

n⋃
j=1

{xiRxj}

)

= P

(
n⋂

i=1

(
n⋂

j=1

{xiRxj}

))
=
∏n

i=1

(
1−

∏n
j=1

P(xiRxj)
)
= (1− 2−n)

n
.

Çàìåòèì, ÷òî ïðè n → ∞ :

P({R ñåðèàëüíî}) =
(
1− 2−n

)n ∼ 1− n2−n → 1.

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 11 èç 27



Ñâîéñòâà F r
n

Ïðèìåð: âåðîÿòíîñòü òîãî, ÷òî R ñåðèàëüíî.

P({R ñåðèàëüíî}) = P

(
n⋂

i=1

{R(xi ) ̸= ∅}
)

= P

(
n⋂

i=1

n⋃
j=1

{xiRxj}

)

= P

(
n⋂

i=1

(
n⋂

j=1

{xiRxj}

))
=
∏n

i=1

(
1−

∏n
j=1

P(xiRxj)
)
= (1− 2−n)

n
.

Çàìåòèì, ÷òî ïðè n → ∞ :

P({R ñåðèàëüíî}) =
(
1− 2−n

)n ∼ 1− n2−n → 1.

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 11 èç 27



Ñâîéñòâà F r
n

Ïðèìåð: âåðîÿòíîñòü òîãî, ÷òî R ñåðèàëüíî.

P({R ñåðèàëüíî}) = P

(
n⋂

i=1

{R(xi ) ̸= ∅}
)

= P

(
n⋂

i=1

n⋃
j=1

{xiRxj}

)

= P

(
n⋂

i=1

(
n⋂

j=1

{xiRxj}

))

=
∏n

i=1

(
1−

∏n
j=1

P(xiRxj)
)
= (1− 2−n)

n
.

Çàìåòèì, ÷òî ïðè n → ∞ :

P({R ñåðèàëüíî}) =
(
1− 2−n

)n ∼ 1− n2−n → 1.

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 11 èç 27



Ñâîéñòâà F r
n

Ïðèìåð: âåðîÿòíîñòü òîãî, ÷òî R ñåðèàëüíî.

P({R ñåðèàëüíî}) = P

(
n⋂

i=1

{R(xi ) ̸= ∅}
)

= P

(
n⋂

i=1

n⋃
j=1

{xiRxj}

)

= P

(
n⋂

i=1

(
n⋂

j=1

{xiRxj}

))
=
∏n

i=1

(
1−

∏n
j=1

P(xiRxj)
)
= (1− 2−n)

n
.

Çàìåòèì, ÷òî ïðè n → ∞ :

P({R ñåðèàëüíî}) =
(
1− 2−n

)n ∼ 1− n2−n → 1.

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 11 èç 27



Ñâîéñòâà F r
n

Ïðèìåð: âåðîÿòíîñòü òîãî, ÷òî R ñåðèàëüíî.

P({R ñåðèàëüíî}) = P

(
n⋂

i=1

{R(xi ) ̸= ∅}
)

= P

(
n⋂

i=1

n⋃
j=1

{xiRxj}

)

= P

(
n⋂

i=1

(
n⋂

j=1

{xiRxj}

))
=
∏n

i=1

(
1−

∏n
j=1

P(xiRxj)
)
= (1− 2−n)

n
.

Çàìåòèì, ÷òî ïðè n → ∞ :

P({R ñåðèàëüíî}) =
(
1− 2−n

)n ∼ 1− n2−n → 1.

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 11 èç 27



Àñèìïòîòè÷åñêèå âåðîÿòíîñòè

Îïðåäåëåíèå

Ïóñòü A = (An)n∈N � ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ ñîáûòèé.

Ãîâîðèì, ÷òî A âûïîëíÿåòñÿ àñèìïòîòè÷åñêè ïî÷òè íàâåðíîå

(à.ï.í.), åñëè limn→∞ P(An) = 1.

Â ïðåäûäóùåì ïðèìåðå F r
n |= AD à.ï.í.

Îáîçíà÷èì F r
n |=as φ, åñëè limn→∞ p(F r

n |= φ) = 1.

×òî ìîæíî ñêàçàòü î ìíîæåñòâå Kas := {φ ∈ ML | F r
n |=as φ}?

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 12 èç 27
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Ïî÷òè äîñòîâåðíûå èñòèíû â êëàññå êîíå÷íûõ øêàë

Kas := {φ ∈ ML | F r
n |=as φ}

Goranko, Valentin. �The Modal Logic of Almost Sure Frame

Validities in the Finite.� Advances in Modal Logic (2020).

Óòâåðæäåíèå

Kas � íîðìàëüíàÿ ìîäàëüíàÿ ëîãèêà.

• Òàâòîëîãèè è àêñèîìà íîðìàëüíîñòè âåðíû â ëþáîì

íàáëþäåíèè F r
n

• Ïðàâèëà âûâîäà...

F r
n |=as φ F r

n |=as φ→ ψ

P{F r
n |= φ} → 1 P{F r

n |= φ→ ψ} → 1

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 13 èç 27
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Ïî÷òè äîñòîâåðíûå èñòèíû â êëàññå êîíå÷íûõ øêàë

F r
n |=as φ F r

n |=as φ→ ψ

P{F r
n |= φ} → 1 P{F r

n |= φ→ ψ} → 1

Çàôèêñèðóåì ε > 0 è íàéä¼ì n ∈ N, íà÷èíàÿ ñ êîòîðîãî

P{F r
n ̸|= φ} < ε,

P{F r
n ̸|= φ→ ψ} < ε.

Òîãäà

P{F r
n ̸|= {φ, φ→ ψ}} ≤ 2ε.

=⇒ P{F r
n ̸|= ψ} ≤ 2ε.

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 14 èç 27
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Àêñèîìû Kas

Çàäà÷à

Çàäàòü Kas íàáîðîì àêñèîì.

Íåïîëíàÿ àêñèîìàòèêà äëÿ Kas :

• MLr2 := □2p → p;

• MLr3 := □2p → □3p;

• MLr4 := p → □2♢2p;

• MODEXTn :=
n∧

i=1

♢2(pi ∧□qi ) → ♢2
n∧

i=1

(♢pi ∧ qi ) ,

ãäå n ∈ N.

Óòâåðæäåíèå

MLr := K+MLr2 +MLr3 +MLr4 + {MODEXTn}n∈N ⊆ Kas.

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 15 èç 27
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Ñâîéñòâî EXTk

Îïðåäåëèì ñåìåéñòâî ñâîéñòâ EXTk .
Ïóñòü...

• F = (W , R) � øêàëà Êðèïêå;

• A, B ⊆ {1, . . . , k};
• c ∈ {⊤, ⊥};
• u1, . . . , uk � íåêîòîðûå ðàçëè÷íûå òî÷êè øêàëû (W , R).

Òîãäà ñóùåñòâóåò òî÷êà v ∈ W , òàêàÿ ÷òî

• ujRv ⇐⇒ j ∈ A;

• vRuj ⇐⇒ j ∈ B;

• vRv ⇐⇒ c .

Óòâåðæäåíèå

F r
n ∈ EXTk à.ï.í. äëÿ ëþáîãî k ∈ N.

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 16 èç 27
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Ñâîéñòâî EXTk

Âåðîÿòíîñòü òîãî, ÷òî äëÿ ôèêñèðîâàííûõ ðàçëè÷íûõ

u1, . . . , uk íå ñóùåñòâóåò òàêîãî v . . .

P(E (u1, . . . , uk)) = P
(⋂n

j=1
{ òî÷êà xj íå ïîäõîäèò}

)
= (P{x1 íå ïîäõîäèò})n

=
(
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Ñâîéñòâî EXTk

Ñëåäñòâèÿ èç EXTk

• R2 = W ×W (ïðè k = 2);

• ⋂k
j=1

(R(xj) ∩ R−1(xj)) ̸= ∅ äëÿ ëþáûõ x1, . . . , xk ∈ W .

Àêñèîìû Kas . . .

• MLr2 := □2p → p;

• MLr3 := □2p → □3p;

• MLr4 := p → □2♢2p;

• MODEXTn :=
n∧

i=1

♢2(pi ∧□qi ) → ♢2
n∧

i=1

(♢pi ∧ qi ) .
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Îáîáùåíèÿ

• Kas � �ëîãèêà ïî÷òè âñåõ êîíå÷íûõ øêàë Êðèïêå�.

• Îáîáùåíèÿ íà äðóãèå êëàññû øêàë?

• Ìîäàëüíî îïðåäåëèìûå êëàññû?

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 19 èç 27
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Âåðîÿòíîñòíûå ëîãèêè ïðîèçâîëüíûõ êëàññîâ øêàë

Ïåðâûé ïîäõîä (óíèâåðñàëüíûé)

Ïóñòü K � êëàññ øêàë Êðèïêå.

Ðàññìîòðèì ñëó÷àéíóþ øêàëó Êðèïêå Xn ñ ðàâíîìåðíûì

ðàñïðåäåëåíèåì íà K ∩ Fn.

P{Xn = F} = 1

|K∩Fn| =
1

|Fn|

(
|K∩Fn|
|Fn|

)−1

=

= P({F r
n = F} | {F r

n ∈ K}).

Óñëîâíàÿ âåðîÿòíîñòü: P(A | B) = P(A∩B)
P(B) .

Äëÿ ëþáîé ìîäàëüíîé ëîãèêè L îïðåäåëèì

Las := {φ ∈ ML | lim
n→∞

P({F r
n |= φ} | {F r

n |= L}) = 1}.
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Âåðîÿòíîñòíûå ëîãèêè ïðîèçâîëüíûõ êëàññîâ øêàë

Âòîðîé ïîäõîä

• Ìû ìíîãî çíàåì ïðî F r
n (ñ ðàâíîìåðíûì ðàñïðåäåëåíèåì)

• Èäåÿ: ïðåîáðàçîâàòü F r
n ÷òîáû ïîëó÷èòü øêàëó â çàäàííîì

êëàññå

Õîðíîâû ìîäàëüíûå ëîãèêè

• Õîðíîâû ïðåäëîæåíèÿ:

∀x1, . . . , xn (xi1Rxj1 ∧ . . . ∧ xikRxjk → xmRxl)

• Êëàññ øêàë F õîðíîâ, åñëè F çàäà¼òñÿ íàáîðîì õîðíîâûõ

ïðåäëîæåíèé.

• Ìîäàëüíàÿ ëîãèêà L õîðíîâà, åñëè Var(L) � õîðíîâ êëàññ.

• Ïðèìåðû: K4, K5, S4, S5.

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 21 èç 27
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Õîðíîâî çàìûêàíèå

Îïðåäåëåíèå

Ïóñòü F = (W , R) � øêàëà Êðèïêå, F � êëàññ øêàë.

F -çàìûêàíèåì øêàëû F íàçîâ¼ì øêàëó F ′ = (W , R ′), ãäå R ′ �
ìèíèìàëüíîå îòíîøåíèå, óäîâëåòâîðÿþùåå óñëîâèÿì

1 R ⊆ R ′;

2 (W , R ′) ∈ F .

Óòâåðæäåíèå

Åñëè F � õîðíîâà ëîãèêà, òî F-çàìûêàíèå ëþáîé øêàëû F
ñóùåñòâóåò è åäèíñòâåííî.

Îáîçíà÷åíèå: F
F
; F

L
= F

Var(L)
.
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ñóùåñòâóåò è åäèíñòâåííî.

Îáîçíà÷åíèå: F
F
; F

L
= F

Var(L)
.
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Ëîãèêà F
as

Ïóñòü L � õîðíîâà ìîäàëüíàÿ ëîãèêà.

Îïðåäåëèì

L
as
= {φ ∈ ML | F r

n
L |=as φ}.

Îñíîâíûå ñâîéñòâà

• L
as
� íîðìàëüíàÿ ìîäàëüíàÿ ëîãèêà;

• L ⊆ L
as
;

• MLr ⊆ L
as
.

• Çàìåòèì, ÷òî îáùåçíà÷èìîñòü MLr ñîõðàíÿåòñÿ ïðè

ðàñøèðåíèè R.
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Ïðèìåðû

• Tas ⊇ MLr + AT ;

• KBas ⊇ MLr + AB;

• TBas ⊇ MLr + AB + AT .

Çàìåòèì...

KB+ {MODEXTk}k∈N = KB+


 k∧

j=1

♢2pj

→ ♢2

k∧
j=1

pj


k∈N
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Ëîãèêà K4
as

Ïîëó÷èì ïîëíóþ àêñèîìàòèçàöèþ K4
as
.

1 F
K4

� òðàíçèòèâíîå çàìûêàíèå F ;

2 Â F r
n à.ï.í. R2 = Wn ×Wn;

3 F r
n
K4

= (Wn, Wn ×Wn) à.ï.í;

4 F r
n
K4 |=as S5;

5 S5 = Log({Wn, Wn ×Wn})n∈N ⊆as Log(F r
n
K4
.)

Èòîãî,

K4
as
= S5.
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Ëîãèêà K5
as

Ïîëó÷èì ïîëíóþ àêñèîìàòèçàöèþ K5
as
.

1 F
K5

� åâêëèäîâî çàìûêàíèå F ;

2 Â F r
n à.ï.í. ∀x , y ∈ W ∃z : zRx , zRy (ïî EXT2);

3 F r
n
K5

= (Wn, Wn ×Wn) à.ï.í;

Àíàëîãè÷íî ïðåäûäóùåìó ñëàéäó,

K5
as
= S5.

Òî æå ñïðàâåäëèâî äëÿ âñåõ õîðíîâûõ ëîãèê, ñîäåðæàùèõ K4

èëè K5!
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Âûâîäû

Äëÿ ëþáîé õîðíîâîé ìîäàëüíîé ëîãèêè L :

1 L
as
� íîðìàëüíàÿ ìîäàëüíàÿ ëîãèêà;

2 L ⊆ L
as
;

3 MLr ⊆ L
as
;

4 Åñëè A4 ∈ L, òî L
as
= S5;

5 Åñëè A5 ∈ L, òî L
as
= S5.

Ñïàñèáî çà âíèìàíèå!

Â. Â. Ñëþñàðåâ Ìîñêâà, 2023 Ñòð. 27 èç 27
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