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1. INTRODUCTION

Modal and intuitionistic propositional logics are often poly-time embeddable into their own fragments
with a few variables (typically, zero, one, or two), and similar embeddings are sometimes constructed of
fragments of logics with special properties into finite-variable fragments of those logics. The literature
on the topic is quite extensive [2, 27, 11, 12, 4, 29] and includes contributions by the authors of this
paper [3, 14, 15, 16, 17, 18, 20, 19, 21, 22, 23, 24, 25].

As a result, the validity problem for such fragments is as computationally hard as the validity
problem for the full logic. (In general, modal and superintuitionistic propositional logics, even linearly
approximable ones, may have arbitrarily hard fragments with a few variables since, for every set A C IN,
one can construct [26] a linearly approximable logic whose fragment with a few variables (typically zero,
one, or two) recursively encodes A. We obtain here similar embeddings for the intuitionistic modal logics
FS and MIPC, introduced by, respectively, Fisher Servi [7] and Prior [13]. These logics have been
introduced as counterparts of bimodal propositional logics, and can also be viewed as fragments of the
predicate intuitionistic logic QInt (for details, see [10]); we note that this is not the only approach
to constructing modal intuitionistic logics, cf. [5, 6, 28]. The complexity of FS and MIPC remains
unresolved, but the results presented here show that single-variable fragments of these logics have the
same complexity as the full logics.

2. PRELIMINARIES

The intuitionistic modal language contains a countable set P of propositional variables, the constant
L, binary connectives o, A, and —, and unary modal connectives ¢ and 0. Formulas are defined in
the usual way. A formula is positive if it does not contain occurrences of L. The set of propositional
variables of a formula ¢ is denoted by var ¢. The result of substituting a formula v for a variable p into
a formula ¢ is denoted by [¢)/p]e. The modal depth of a formula ¢, denoted by md p, is the maximal
number of nested modal connectives in ¢. The length of a formula ¢, defined as the number of symbols
in ¢ (with the binary encoding of variables), is denoted by |¢|.

We define the logics FS and MIPC semantically. A Kripke frame is a pair § = (W, R) where W is
a non-empty set of worlds and R is a partial order on W. An FS-frame is a triple § = (W, R, §), where
(W, R) is a Kripke frame and ¢ is a map associating with each w € W a structure (A, Sy), with A,
being a non-empty set of points and S,, a binary relation on A,, such that, for every w,v € W,

veERw) = A, CA, and S,CS,

An FS-frame § = (W, R, ) is an MIPC-frame if S,, = A,, X Ay, for every w € W. A valuation on
an FS-frame (W, R, §) is a map associating with each w € W and each p € P a subset V(w,p) of A,
in such a way that

v € R(w) = V(w,p) CV(v,p).
The pair M = (F, V), where F is an FS-frame and V' a valuation on §, is called an FS-model. An
MIP C-model is an FS-model over an MIPC-frame. The truth-relation |= is defined by recursion (here,
M is a model, w € W, x € Ay, and ¢ is a formula):
Mw,z Ep = z € V(w,p) ifpeP;
M,w,z & L
Mw,z = o, = Mw,z =@, and Mw, z E ¢y
Muw,z o Apy = Mw,x =@ or Mw,z = py;
Mow,z =9, — py = Mov,x =@, or Mo,z = @, whenever v € R(w);
M, w, z = vy = M, w,y = ¢, for some y € S, (z);
M, w, z = O, = M, v,y = ¢; whenever v € R(w) and y € S, (x).
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A formula ¢ is true in a model M (notation: M |= ¢) if M, w, x |= ¢, for every world w of M and
every point z of w. A formula ¢ is valid an FS-frame § if ¢ is true in every model over §. Logics F'S and
MIPC are defined as sets of formulas valid on, respectively, every FS-frame and every MIPC-frame.

3. MAIN RESULTS

In this section, we prove that logics FS and MIPC are polynomial-time embeddable into their own
fragments with a single propositional variable. We first poly-time embed these logics into their own
positive fragments. Let ¢ be a formula and f € P\ var ¢. Define

ol =[f/Lg;  F=0Sm¥fof Fy=foosmder pr= AOS™ME(f o p),
pEvar Q

and put F' = FijoF5oF3.
Lemma 1. Let ¢ be a formula, f € P\ var ¢, and L € {FS,MIPC}. Then,
pel <= F—oyplel.

Since ¢/ and F are both positive, the map e: ¢ + (F — ¢f) embeds FS and MIPC into their own
positive fragments.

We next define a polytime computable function -* from the set of positive formulas to the set of
one-variable positive formulas and show that, for L € {FS, MIPC} and every positive ¢,

p*el <<= el
Hence, for every ¢,
peEL <— elp)el < e(p)*elL.

The formula ¢* shall be obtain from ¢ using a substitution. We next define the formulas that shall
be substituted for propositional variables of . These formulas, except G1, G2, and Gs, are divided
into ‘levels’, indexed by elements of IN; formulas of level 0 are denoted AY or BY, those of level 1, by
Al and B}, etc. We begin with Gy, Ga, and G3, as well as formulas of levels 0 and 1:

Gy = Op; Al = A%AY — BY A BS;
Gy = Op—p; A = A%BY — A A BY;
Gs = p— Up; AL = AY%BY — A A BY;
A(l) = Go9—G1 A G3; B% = AgOB(l) — A(l) A\ Bg,
Ag = G3— Gy NGy 321 = AgOBg — A(lJ A B%
B(lj = Gy — Gy NGs; B§ = B?OBg —)A?/\Ag
Bg = A(l)OAgOB? — G1 A G2 A G3;
We proceed by recursion. Let k > 1. Suppose the formulas A¥, ..., Aflk and BY, ..., Bﬁk have been

defined, with nj, being the number of formulas of the form A¥ and, also, the number of formulas of
the form BF (e.g., if k = 1, then n; = 3; the recursive definition for the cases where k > 2 is to be
given). Define a linear order < on the set (IN\ {0,1}) x (IN\ {0,1}) as in the following picture, so that
1,7y < (¢, 4y if, and only if, there exists a path along one or more arrows from (i, j) to (i, j'):
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We can then define an enumeration g of the pairs (i,75) € (IN\ {0,1}) x (IN'\ {0, 1}) according to <,
i.e., so that ¢(2,2) =1, g(3,2) = 2, g(3,3) = 3, ¢g(2,3) = 4, etc. Now, for every i,j € {2,...,n;}, define

AsEL = Af s BfaAFABE BitL = Bf — A AAFABY,

and let ng4q1 be the number of the formulas of the form Ai-”l (which is the same as the number of

formulas of the form BFT™) so defined; notice that ngy1 = (ng — 1)2. This completes the recursive
definition of A¥ and BE.
Next, put

lo = |AY+[BI| + |45 +|B3l.
Lemma 2. There exists kg € IN such that ni, > lo - 5* whenever k > ky.
Now, let ¢ be a positive formula with var ¢ = {p1,...,ps}. Let kp be the least integer k such that
lo| < lo-5*. By Lemma 2, Nhptko > lo - 5°¢1F0. hence,
Mhptky > lo - sRotko - sko lo] > || = s.

Lastly, define ¢* to be the result of substituting into ¢, for every r € {1,...,s}, the formula

kp+k kp+k
AP ABFTT

for the variable p, (this substitution is well defined since Mkptko > ).

We next show that ¢* is poly-time computable from ¢.
Lemma 3. For every k >0 and every i € {1,...,ng},
|AF| <1y - 5% and |BF| <l -5~
Lemma 4. The formula ¢* is computable in time polynomial in |p|.

Proof. 1t suffices to show that |¢*| is polynomial in |¢[. Since kg is the least integer & such that
lo| < lo - 5%, surely Iy - 5" ™! < |¢l, and so

lo - 5ksp+k0 < 5k0+1|(,0|-
By Lemma 3, for every i € {1,... ,nk<p+k0},

k‘(p-‘rko

kop+k
A, | <lp- 5"t L Bhotl|g| and  |B, ¥ | < lo- 5P TR L pRotL|y).

Hence, |¢*| < 2 - 5kot1|p)2. O

To obtain the desired result, it remains to show the following:
Lemma 5. Let L € {FS,MIPC}. Then, for every positive formula ¢,
pel << *elL.
From Lemmas 1, 4, and 5, we immediately obtain the following:

Theorem 6. Let L € {FS,MIPC}. Then, there exists a polynomial-time computable function embed-
ding L into its own positive one-variable fragment.

Corollary 7. Let L € {FS,MIPC}. Then, the positive one-variable fragment of L is polytime-
equivalent to L.

The results presented here are not immediately applicable to obtaining the computational complexity
of finite-variable fragments of intuitionistic modal logics since the complexity of full logics remains
unknown (we are only aware of decidability results [9, 31, 30, 1, 8] for modal intuitionistic logics).

Acknowledgements. The work on this paper, carried out at the Institute for Information Transmission
Problems of the Russian Academy of Sciences, has been supported by Russian Science Foundation,
Project 21-18-00195.



74

[

2

3

[4

(5]
[6]

[7]
(8]

[9

(10]
(11]
(12]
(13]
(14]

(15]

[16]
(17]
(18]

(19]

(20]
(21]
(22]
(23]
(24]
25]
(26]

27]
28]

29]
(30]

(31]

M. RYBAKOV AND D. SHKATOV

REFERENCES

Natasha Alechina and Dmitry Shkatov. A general method for proving decidability of intuitionistic modal logics.
Journal of Applied Logic, 4(3):219-230, 2006.

Patrick Blackburn and Edith Spaan. A Modal Perspective on the Computational Complexity of Attribute Value
Grammar. Journal of Logic, Language, and Information, 2:129-169, 1993.

Alexander Chagrov and Mikhail Rybakov. How many variables does one need to prove PSPACE-hardness of modal
logics? In Philippe Balbiani, Nobu-Yuki Suzuki, Frank Wolter, and Michael Zakharyaschev, editors, Advances in
Modal Logic 4, pages 71-82. King’s College Publications, 2003.

Stéphane Demri and Philippe Schnoebelen. The complexity of propositional linear temporal logics in simple cases.
Information and Computation, 174, 84—103, 2002.

Kosta Dosen. Negative modal operators in intuitionistic logic. Publications de I’Institut Mathématique 35, 3—14, 1984.
Kosta Dosen. Negative modal operators in intuitionistic logic. Negation as a modal operator. Reports on Mathematical
Logic 20, 15-27, 1986.

Gisele Fischer Servi. On modal logic with an intuitionistic base. Studia Logica, 36(3):141-149, 1977.

Marianna Girlando, Roman Kuznets, Sonia Marin, Marianela Morales, Lutz Strafburger. Intuitionistic S4 is decid-
able. arXiv preprint arXiv:2304.12094.

Carsten Grefe. Fischer Servi’s intuitionistic modal logic has the finite model property. In M. Kracht, M. de Rijke,
H. Wansing, and M. Zakharyaschev, editors, Advances in Modal Logic, volume 1, pages 85-98. CSLI Publications,
1998.

Dov Gabbay, Agi Kurucz, Frank Wolter, and Michael Zakharyaschev. Many-Dimensional Modal Logics: Theory and
Applications, volume 148 of Studies in Logic and the Foundations of Mathematics. Elsevier, 2003.

Joseph Y. Halpern. The effect of bounding the number of primitive propositions and the depth of nesting on the
complexity of modal logic. Artificial Intelligence, 75(2):361-372, 1995.

Edith Hemaspaandra. The complexity of poor man’s logic. Journal of Logic and Computation, 11(4):609-622, 2001.
Arthur Prior. Time and Modality. Clarendon Press, Oxford, 1957.

Mikhail Rybakov. Embedding of intuitionistic logic into its two-variable fragment and the complexity of this fragment.
Logical Investigations, 11:247-261, 2004. (In Russian)

Mikhail Rybakov. Complexity of intuitionistic and Visser’s basic and formal logics in finitely many variables. In
Guido Governatori, Ian M. Hodkinson, and Yde Venema, editors, Advances in Modal Logic 6, pages 393—-411. College
Publications, 2006.

Mikhail Rybakov. Complexity of the constant fragment of the propositional dynamic logic. Herald of Twver State
University. Series: Applied Mathematics, 5:5-17, 2007. (In Russian)

Mikhail Rybakov. Complexity of finite-variable fragments of EXPTIME-complete logics. Journal of Applied Non-
classical logics, 17(3):359-382, 2007.

Mikhail Rybakov. Complexity of intuitionistic propositional logic and its fragments. Journal of Applied Non-Classical
Logics, 18(2-3):267-292, 2008.

Mikhail Rybakov and Dmitry Shkatov. Complexity and expressivity of branching- and alternating-time temporal
logics with finitely many variables. In B. Fischer B. and T. Uustalu, editors, Theoretical Aspects of Computing—
ICTAC 2018, volume 11187 of Lecture Notes in Computer Science, pages 396-414, 2018.

Mikhail Rybakov and Dmitry Shkatov. Complexity and expressivity of propositional dynamic logics with finitely
many variables. Logic Journal of the IGPL, 26(5):539-547, 2018.

Mikhail Rybakov and Dmitry Shkatov. On complexity of propositional linear-time temporal logic with finitely many
variables. In J. van Niekerk and B. Haskins, editors, Proceedings of SAICSIT2018, pages 313-316. ACM, 2018.
Mikhail Rybakov and Dmitry Shkatov. Complexity of finite-variable fragments of propositional modal logics of
symmetric frames. Logic Journal of the IGPL, 27(1):60-68, 2019.

Mikhail Rybakov and Dmitry Shkatov. Complexity of finite-variable fragments of products with K. Journal of Logic
and Computation, 31(2):426-443, 2021.

Mikhail Rybakov and Dmitry Shkatov. Complexity of finite-variable fragments of products with non-transitive modal
logics. Journal of Logic and Computation, 32(5):853-870, 2022.

Mikhail Rybakov and Dmitry Shkatov. Complexity of finite-variable fragments of propositional temporal and modal
logics of computation. Theoretical Computer Science, 925:45-60, 2022.

Mikhail Rybakov and Dmitry Shkatov. Complexity function and complexity of validity of modal and superintuitionis-
tic propositional logics. To appear in Journal of Logic and Computation, https://doi.org/10.1093/1logcom/exac085.
Edith Spaan. Complexity of Modal Logics. PhD thesis. University of Amsterdam, 1993.

Stanislav O. Speranski. Negation as a modality in a quantified setting. Journal of Logic and Computation 31(5),
1330-1355, 2021.

Vitéslav Svejdar. The decision problem of provability logic with only one atom. Archive for Mathematical Logic,
42(8):763-768, 2003.

Frank Wolter and Michael Zakharyaschev. Intuitionistic modal logics as fragments of classical bimodal logics. In
E. Orlowska, editor, Logic at Work, pages 168-186. Springer, Berlin, 1999. p

Frank Wolter and Michael Zakharyaschev. Modal description logics: modalizing roles. Fundamenta Informaticae,
39(4):411-438, 1999.

(M. Rybakov) IITP RAS, Moscow, Russia AND HSE UNIVERSITY, Moscow, Russia

(D. Shkatov) UNIVERSITY OF THE WITWATERSRAND, JOHANNESBURG, SOUTH AFRICA
Email address, M. Rybakov: m_rybakov@mail.ru
Email address, D. Shkatov: shkatov@gmail.com



