Mexaynapoanasi koudepennus «/HBapuaHTHOCTh U MHTErPUPYEMOCTH 2»,
npuypodeHHas K 60-jgeruro A.B.Mapniakosa

International conference “Invariance and integrabilty 2”
dedicated to Andrei Marshakov’s 60-th birthday

Annorarun jroksanios / Abstracts of the talks

e Alexei Basalaev
«Integrable systems associated to rational Hurwitz-Frobenius manifolds»

Consider the genus zero Hurwitz space. It has the structure of a Dubrovin—Frobenius
manifold. It’s well known that this Dubrovin—Frobenius manifold structure gives rise
to a KP hierarchy if the length of the ramification profile is one. We will discuss
the cases of the other ramification profiles connecting them to the other classical
integrable systems.

e Mikhail Bershtein
«Cluster Reductions, Mutations, and q-Painlevé Equationss

We propose an extension of the Goncharov-Kenyon class of cluster integrable systems
by their Hamiltonian reductions. In particular, this extension allows us to fill the
gap in cluster construction of the g-difference Painlevé equations. We also propose
natural equivalences between such reduced Goncharov-Kenyon integrable systems;
these equivalences correspond to mutations in another (dual, in some sense) cluster
structure.

Based on joint work with P. Gavrylenko, A. Marshakov, M. Semenyakin.

e Bacuiuii Bosibauan
«['unomesa ['onuaposa u evicuue 2pynnov. otcoys

Jns1 anredbpantdeckoro MHOr0o0Opasus MOXKHO OIPEIEIUTh €r0 BBICIINAE ITPYIIILI UKoy
(=MoruBHBIE KOrOMoOJiorun). [Ipo HUX MOXKHO JyMaThb Kak PO AHAJIOL CUHTYJISP-
HBIX TOMOJIOTHIT B ajredpantveckoil curyarnun. ['unnoresa ['oruaposa yTBepKIaeT 910
9TH T'PYIIBI U30MOPMHBI KOTOMOJIOTUAM TaK HA3bIBAEMOI'O ITOJIAIOrapuMUIECKOTO
KOMILJIEKCA, KOTOPbIH OTpazkaeT (pyHKITMOHAIbHBIE COOTHOIIEHUS JIJIT KJIACCUIeCKIX
HOJTUIOTapPU(MOB.

4 xouy pacckazaTh O JOKa3aTeIbCTBE 3TOM TMIIOTE3bl B HEKOTOPOM HOBOM CJIy-
Jae (CTermeHb paBHA MOTHBHOMY Becy MuHYC ojnH). JlokazareabcTBo 3aKirodaer-
¢ B HEIIOCPEJICTBEHHOM paboTe ¢ ajirebpandecKuMu nuKjaaMmu. [Ipu 3ToM Bo3HUKA-
€T HOBBIIl KOMIIJIEKC, KOTOPBII THIIOTETHYECKN KBAa3U-M30MOPMEH BBICIITUM I'DYIIIAM
Yxkoy.



e Harry Braden
«Some new applications of affine Toda Theorys

I will describe new and not so new applications of affine Toda Theory to the
description of su(2) Euclidean BPS monopoles with symmetry. This arose from
discussion of Seiberg-Witten theory with Marshakov, Mironov and Morozov some
years ago.

e Ajnekcanjp Bypsk

«/lepopmavus popmyave Jlybposuna ois napo. coeaacosarmnvx crxobox Ilyaccona
2U0POOUHAMUYECKO20 MUNA»

B oxnoit u3 cBoux paboT, MOCBSIIEHHBIX (PPOOEHIYCOBBIM MHOTOOOpasusm, Jyopo-
BUH TIPHIyMasl pOpMyJIy JIJIsi TOCTPOEHUs Taphl COTJIACOBAHHBIX CKOOOK Ilyaccona
TUIPOIMHAMIYIECKOTO THUIIA, CTAPTYs ¢ MOTEHIHAJIA ITPOU3BOJILHOIO (hPOOEHIyCOBa
MHOTro0Opasus. ¢ mpusery obobmenne gpopmysabl ybpoBuHa, 3ajaroliee JIUCIep-
CUOHHYTO J1e(pOPMAITIIO 9TOH Maphbl CKOOOK, CTAPTYs ¢ OIPEJIeIEHHOTO JIOKATLHOTO
dyHKIIMOHAJIA, KOTOPBII MOYKHO pacCMaTPUBATh, KAK JUCIIEPCUOHHYIO 1edOPMAIIIO
noreHIraaa GpodeHnycoBa MHOTOOOPa3us. ¥YIUBUTEIbHBIM 00Pa30M, HYKHBIE JIO-
KaJIbHbIE (DYHKIIMOHAJIBI CTPOSITCS 110 HEKOTOPBIM T'€OMETPUYIECKUM JTAHHBIM, CBS-
BaHHBIM C IPOCTPAHCTBOM MOJLYJIell CTaOMILHBIX KPUBBIX. B KadecTBe mpuMepa 3Toit
o0ITell KOHCTPYKIIMK, BOBHUKAIOT Iapbl CKOOOK, 3aJiatomue nepapxuio L'esbdania-
Jukoro, pacmupennyio nepapxuio Toabl, a Tak:Ke JpyTrie U3BeCTHbIE HepapXun Ma-
TemaTudeckoit dusukn. Jlokiaa ocHoBaH Ha coBMmecTHO# pabore ¢ Ilaoso Poccn.

¢ Boris Bychkov
«KP integrability in topological recursions

It is well known that potentials corresponding to the invariants of the Chekhov—
Eynard—Orantin topological recursion usually are logarithms of tau functions of
Kadomtsev—Petviashvili hierarchy. I will define what it means that topological recursion
invariants are KP integrable and prove that it is always the case if and only if the
spectral curve of this topological recursion is of genus 0.

e Dmitrii Bykov
«The deformed CP' sigma model in Gross-Neveu formalism»

I will review the recently established relation between 2D integrable sigma models
and Gross-Neveu (GN) models — a class of models with quartic interaction. This
framework can incorporate supersymmetric theories as well as deformed (i.e. non-
homogeneous) target spaces. As an example of the latter, one can consider the
deformed supersymmetric CP! model, also known as the ‘sausage’. I will show that
this geometry naturally arises as the solution of Ricci flow equations of the deformed
GN model, which incidentally are equivalent to Nahm’s equations from the theory



of monopoles. The conformal limit of this system is governed by the so-called super-
Thirring model, whose correlation functions can be computed explicitly.

Sergei Derkachev

«Reflection operator and iterative construction of eigenfunctions for noncompact
SL(2,C) open spin chains»

We consider noncompact open SL(2,C) spin chain and construct eigenfunctions of
B-element of monodromy matrix for the simplest case of the chain with one site.
We prove orthogonality and completeness of constructed eigenfunctions in the case
of one site. The reflection operator appearing in this construction can be used to
express eigenfunction for n sites in terms of the eigenfunction for (n — 1) sites. We
outline this iterative construction and its main building blocks — reflection operator
and general solution of Yang-Baxter equation.

Petr Dunin-Barkowski
«Symplectic duality and logarithmic topological recursion»

We introduce the new concept of logarithmic topological recursion, which allows to
extend spectral curve topological recursion to spectral curves for which the functions
x and y possess logarithmic singularities. This new definition is natural with respect
to the so-called x — y duality. Then we show that the so-called symplectic duality
can be expressed as a composition of x —y dualities. This allows to obtain a new and
uniform proof of (logarithmic) topological recursion for large families of weighted
double Hurwitz numbers.

The talk is based on a joint work with A.Alexandrov, B.Bychkov, M.Kazarian, and
S.Shadrin: arXiv:2312.16950 and arXiv:2405.10720.

Vladimir Fock
«Group cocycles and clusters»

Loop algebras of simple Lie algebras possess a well known central extensions. The
corresponding loop groups inherit such extensions, but the expression of the corresponding
cocycle is much more complicated. One such expression belongs to Kubota for
SL(2) and Matsumoto for other groups. We will present a Kubota-like formula with
elementary proofs (by drawing pictures) using cluster coordinates on the group.

We'll also discuss some generalizations and application of this cocycle.

Alexander Gorsky
«Matsuo-Cherednik duality and truncation of the Calogero eigenfunctionss

We use the Matsuo-Cherednik duality between the solutions to KZ equations and
eigenfunctions of Calogero-Moser Hamiltonians to get the polynomial p*-truncation
of the Calogero-Moser eigenfunctions at a rational coupling constant. The truncation


https://arxiv.org/abs/2312.16950
https://arxiv.org/abs/2405.10720

procedure uses the integral representation for the hypergeometric solutions to KZ
equations. The s — oo limit to the pure p-adic case has been analyzed in the n = 2
case.

Gerard Helminck
«Connecting KP and strict KP with their discrete versionss

In this talk we describe how the wave matrices of the discrete KP hierarchy and
its strict version relate to respectively the wave functions of the KP hierarchy and
those of its strict version.

Two applications of this connection will be given.

Alexei Ilin
«Moduli space of cactus flower curves and Gaudin modelss

I will explain the construction of a specific degeneration of Deligne-Mumford spaces
called the moduli space of cactus flower curves. I will also briefly discuss its relationship
with trigonometric and (inhomogeneous) rational Gaudin models.

Vladimir Kazakov

«Structure constants of huge 1/2-BPS operators of N = 4 SYM: matriz model and
Riemann-Hopf fluid dynamics»

I will describe a new matrix model representation for the protected structure constants
of arbitrary 1/2-BPS operators in N = 4 SYM. For the “huge” operators, with
dimensions of the order (Nc)?, the problem can be reformulated in terms of the
integrable Riemann-Hopf fluid dynamics and the underlying algebraic curves. I will
present new explicit solutions for particular, representative operators. The talk is
based on my paper with H.Murali and P.Vieira. arXiv:2406.01798.

Sergei Khoroshkin
«Ruijsenaars system: symmetries and spectral transforms»

Recent success in the study of Baxter () operators in Ruijsenaars hyperbolic system
led to discovery, besides of bispectral duality, of the duality statements concerning
reflection of the coupling constant. It also gives a way to prove orthogonality and
completeness of the wave functions. The orthogonality statements can be also stated
in nonunitary regimes, where we are able to prove an inversion theorem, which can
be regarded as multidimensional generalization of inversion theorem for Fourier and
Laplace transforms.

Hukura HekpacoB

«Tay Ppynruyus Kpuvesepa u xkarubposounvie meopuu addunro2o munas


https://arxiv.org/abs/2406.01798

Msuoro jer wazag Hamu ¢ A. MapmakoBeiM u A. JloceBbIM OBLIO TIOJMEYIEHO COOT-
BETCTBHE CYIIEPCUMMETPUYHON cTaTcyMMbl abe/ieBoil KajubpoBoIHOi Teopun (mrpo-
U3BOMAIIEN (PYHKIINN WHTETPAIOB IMOJUHOMOB OT KJIacCOB JepHa TaBTOJIOIMIECKOTO
paccyioenns HaJ, cxemoil ['uibbepra Todex Ha C2) 1 cTalMOHAPHBIM CEKTOPOM Teo-
pun ['pomosa-Burrena CP! (Bnociencrsun soipoctiee 8 GW/DT coorsercriue).
4l pacckaky 0 HOBBIX pe3y/IbTaTax, IHOJIYYeHHBIX B 9TOM HAIIPABJIEHUU B ITOCJIETHUE
rojiel (coBmecTro ¢ A.I'pekoBbim u V. KpudaeBepom), B 4aCTHOCTH O IIPEMOTEHIHAIIE
N = 2 Teopuu co crapmuMu Bpemenamu, obodrmaormm Teopuio Bepinka-Keposa.

Marina Nenasheva
«Isoperiodic foliation on the space of meromorphic real-normalized differentials»

We study spaces of meromorphic differentials on complex curves, such that all their
periods are real. Such differentials are referred to as real-normalized, they were
introduced in the works of I.Krichever. The spaces of real-normalized differentials
with the prescribed set of poles and residues at them may be stratified by the orders
of the zeroes of the differentials. Differentials with the prescribed group of periods
compose isoperiodic subspaces, respecting such stratification. In this talk I plan to
describe isoperiodic subspaces in the spaces of real-normalized differentials with a
single pole of order two and with two simple poles.

Aleksander Orlov
«Instanton sum of Fateev—Frolov-Schwartz as a tau function. Massive fermions»

We shall see that the instanton sum of Fateev-Frolov-Schwartz is a 2KP tau function,
however a singular one. For the regularization we relate massive and massless fermions
and present various correlation functions as determinants of Bessel functions. We
write down bilinear equation for the massive fermions.

Gaiane Panina
«Diagonal complexess
The talk is based on a joint paper with J. Gordon.

It is known that the partially ordered set of all tuples of pairwise non-intersecting
diagonals in an n-gon is isomorphic to the face lattice of a convex polytope called
the associahedron. We replace the n-gon (viewed as a disc with marked points on
the boundary) by an arbitrary oriented surface with a set of labelled marked points
(‘vertices’). After appropriate definitions we arrive at a cell complex D (generalizing
the associahedron) with the barycentric subdivision BD.

When the surface is closed, the complex is homotopy equivalent to the space of

metric ribbon graphs RGgfﬁt, or, equivalently, to the decorated moduli space M.

For bordered surfaces we prove the following.



1) Contraction of an edge does not change the homotopy type of the complex.

2) Contraction of a boundary component to a new marked point yields a forgetful
map between two diagonal complexes which is homotopy equivalent to the Kontsevich
tautological circle bundle. Thus we obtain a natural simplicial model for the tautological
bundle. As an application, we compute the psi-class, that is, the first Chern class in
combinatorial terms. This result is obtained by using a local combinatorial formula.

3) In the same way, contraction of several boundary components corresponds to the
Whitney sum of tautological bundles.

Alexander Popolitov
«Superintegrability of (q,t)-deformed matriz models in the framework of DIM algebras

(q,t)-deformed matrix models are a peculiear generalization of the matrix integrals,
with many connections to other branches of modern mathematical physics: to Macdonald
polynomials on the algebraic side, and to localization calculations in supersymmetric
gauge theories, on the physical side. In my talk I will review the recently emerged
approach to discovery of superintegrability formulas in these models, as well as
construction of related (generalized) integrable systems, which utilizes the intricate
structure of DIM algebra.

Vadim Prokofev
«Large BKP, B-Toda, Coupled KP hierarchies different approachess»

We will discuss hierarchy of KP type, which was rediscovered several times in
different approaches. It is known by the names of Large BKP, D’_, coupled KP, and
B-Toda hierarchies. We will give different descriptions of this hierarchy in terms of
free fermions, and tau functions.

Vadim Prokofev
«Large BKP, B-Toda, Coupled KP hierarchies different approaches»

We will discuss hierarchy of KP type, which was rediscovered several times in
different approaches. It is known by the names of Large BKP, D/ _, coupled KP, and
B-Toda hierarchies. We will give different descriptions of this hierarchy in terms of
free fermions, and tau functions.

Vladimir Roubtsov
«Higher Bessel functions. From periods to combinatoricss»

We discuss some geometric and combinatorial aspects of the analytic solution to
N-quantum differential equation for PV,

Based on the joint paper with Ilia Gaiur and Duco van Straten (arXiv:2405.03015).


https://arxiv.org/abs/2405.03015

e Anjnpeit CemeHOB
«Caunarue uHcmanmonos u ahhexm ysievenus 6 0rHco3ehcoH08CKUT KOHMAKMAL»

B noknaze paccmaTpuBaeTcs IpocTasi CHCTEMa U3 JABYX J12K03e(COHOBCKUX KOHTAK-
TOB. /IMHaMMUKa 3TOM CUCTEMBI B OJTHOM U3 IIPEJICIbHBIX CJIyYaeB SKBUBAJICHTHA 3,13~
e 0 CaydaiiHOM OJIYKJIaHUKM YaCTUILI B JBYMEPHOM IIEPUOINIECKOM IoTeHuae. B
KBAHTOBOM CJIydae 3TO COOTBETCTBYET ITOCJIEOBATEIBHOMY TYHHEJINPOBAHUIO MEK-
Oy MUHUMYMaMW MOTEHIAJIa U OMUCHIBAETCA PA3JINYHBIMA MHOTOMHCTAHTOHHBIMUA
TPAEKTOPUAMU.

Bruto obnapykeno, 4To B Takoil cucTeMe HEKOTOpPble MHCTAHTOHBI MOTYT O0be/IU-
HATHCH B CBA3aHHBIC APbI, YTO MPUBOJIUT K BO3SHUKHOBEHUIO HOBOTO (PU3UUECKOIO
apjeHus — 3bdexTa yBiedennd. B okiaase OyJaeT moka3aHo, YTO HEOOBIYHOTO B
JIAHHOM SBJICHUU W IIPE/IOYKEHBI TIOJIXOIbI K €r0 TEOPETUIECKOMY OIMUCAHUIO.

e Alexandra Skripchenko
«How to generalize interval exchange transformations?»

Interval exchange transformations can be seen as a very simple combinatorial object:
a piecewise linear map of the half-interval that is just a translation on each interval
of continuity. These maps play very important role in dynamical systems due to their
connection with measured foliations on surfaces and billiards in rational polygons.
So the ergodic and combinatorial properties of IETs were widely studied and are
quite well understood.

In my talk I will outline certain generalizations of IETs and possible extensions of
the results known for IETs to these maps.

e Alexey Sleptsov
«Vogel’s algebra, kernel of sly weight system and implications for knot invariantss

The Vogel’s algebra A is a 3-valent connected diagram modulo AS and THX relations
with vertex product. Closed Jacobi diagrams are A- modules. Pierre Vogel, using
character theory, was able to determine the elements of this algebra A, which vanish
on weight systems of simple Lie algebras. Using such elements, one can find Jacobi
diagrams that are in the kernel of the weight system of a given simple Lie algebra.
We discuss this construction in the case of the sly weight system, and also discuss
possible consequences for the Vassiliev invariants and the corresponding quantum
knot invariants (colored HOMFLY-PT polynomials).

e Alexei Yung

«Flowing between string vacua for the critical non-Abelian vortex with deformation
of N = 2 Liouville theorys

It has been shown that non-Abelian solitonic vortex string supported in four-dimensional
(4D) N = 2 supersymmetric QCD (SQCD) with the U(2) gauge group and Ny =4



quark flavors becomes a critical superstring. This string propagates in the ten-
dimensional space formed by a product of the flat 4D space and an internal space
given by a Calabi-Yau noncompact threefold, namely, the conifold. The spectrum of
low lying closed string states was found and interpreted as a spectrum of hadrons
in 4D N = 2 SQCD. In particular, the lowest string state appears to be a massless
BPS baryon associated with the deformation of the complex structure modulus b
of the conifold. It was recently shown that the Coulomb branch of the associated
string sigma model which opens up at strong coupling can be described by N = 2
Liouville theory. Building on these results we switch on quark masses in 4D N = 2
SQCD and study the interpolation of the initial U(2) SQCD with Ny = 4 quarks
to the final SQCD with the U(4) gauge group and N; = 8 quarks. To find the
true string vacuum which arises due to the mass deformation we solve the effective
supergravity equations of motion associated with the deformed world sheet Liouville
theory. We show that the massless BPS baryon b survives the deformation and that
finding of the spectrum of low lying massive hadrons in the final SQCD is linked to
the Calogero problem.

Anton Zabrodin
«Multicomponent DKP hierarchy and its dispersionless limits

Using the free fermions technique and bosonization rules we introduce the multicomponent
DKP hierarchy as a generating bilinear integral equation for the tau-function. Bilinear
equations of the Hirota-Miwa type are corollaries of it. We also consider the dispersionless
version of the hierarchy as a set of nonlinear differential equations for the dispersionless
limit of logarithm of the tau-function (the F-function). We show that there is an
elliptic curve built in the structure of the hierarchy, with the elliptic modulus being

a dynamical variable. This curve can be uniformized by elliptic functions, and in

the elliptic parametrization many dispersionless equations of the Hirota-Miwa type
become equivalent to a single equation having a nice form. This is the joint work
with A.Savchenko.

Peter Zograf
«Asymptotics of intersection numbers on moduli spaces of curvess»

Intersection numbers of tautological classes on moduli spaces of n-pointed genus ¢
complex algebraic curves appear in various areas of mathematics and theoretical
physics. We will survey the large g and n behavior of these intersection numbers
and discuss some of applications.

Andrei Zotov

«Relativistic interacting tops at classical and quantum levels and related q-deformed
long-range spin chains»

First, we review classical elliptic integrable systems of Calogero-Ruijsenaars family
and their spin generalizations. The most general is the GL(N M) model of relativistic

8



interacting tops, which turns into the spin Ruijsenaars-Schneider model when N =
1, and turns into GL(N) relativistic Euler-Arnold top in the case M = 1. Next,
we describe construction of quantum commuting Hamiltonians for the model of
interacting relativistic tops. Finally, we explain that the Polychronakos freezing
trick being applied to the Hamiltonians provides a new family of ¢-deformed long-
range spin chains. As a simple example this family contains ¢-deformation of the
Haldane-Shastry model introduced by Uglov.



